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PREFACE. 

This Book is published at the request of many Teachers. 
It is intended to assist, firsty Masters who cannot devote 
much time to the examination of the work of their pupils, 
and secondly, Students who are unable to obtain the help 
of competent instructors. In working the Exercises, the 
simplest and most obvious methods of solution have in all 
cases been adopted. 

J. HAMBLIN SMITH. 
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33- (x + 8)(a + 3)(a;-2) = («2 + lla + 24)(a;-2)=x5 + 9x2 + 2a;-48; 
therefore the coefficient of x is 2. 

34. (aJ-2)(x-3)(x + 4)=(a58-5x + 6)(x + 4)=x3«jB2«14j. + 24; 
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therefore the coefficient of x is a& + oc + &c. 

36. (x2+3a;-2)(a2-3a; + 2)(x*-6) = (3C*-9x2+12aj-4)(aJ*-6) 

=x8_9a^+12x«-9x* + 45x'-60a; + 20; 
therefore the coefficient of x is— 60. 

37. (x«-x+l)(x2+x-l)(a?*-x2+l) = (x*-x? + 2x-l)(x*-«»+l) 

=x«-2x« + 2«* + x*-2x? + 2x-l ; 
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38. (x2-wix+l)(x2-wix-l)(x*-m2x-l) 

s (x*— 2wix' + mV - 1) (x*— m^x— 1) = x^— 2iwx^ + nM—wM 
+ 2mV-2x*-mV+27wa;3-m2x2 + m2x+l; 
therefore the coefficient of x is m^ 
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—m+n — r— 3 



6m8 + em^n - 7m7i2 - 13r3 + 17r2 + 45r 

- 5m%- 6mn2 + 7n' - 39r2 + 51r + 135 



5^8 + ^2^ _ 131^^2 ^. 7^8 -13r3-22r2 + 96r + 135 



KEY TO ELEMENTARY ALGEBRA. 

-■ 

12. 7a:3-8x*a-92!* 13. -x* + x*y-aV 

-ac— a — 05— y 

14 — x^— x^— xy^— 2/^ 



x*+x^+xy H-xy' 

+ X'^y + X^2 4- jcyS + y4 

x* + 2x^ + 2x2y2 + 2x^ + y* 



X. 

12. (x* + 2x - 3)2 = X* + 4x» + 9 + 4x8 - 6x8 - 12x = x* + 4x« - 2a;2- 

12X + 9. 

13. (x2-6x + 7)2=x* + 36x2 + 49-12x8 + 14x2-84x 

=x* - 12x3 + 50x2 - 84x + 49. 

14. (2x2 -7x + 9)2=:4x* + 49x2 + 81 -28x8 + 36x2 -126x 

=4x*-28x3 + 86x2-126x + 81. 

16. (x*-4x2y2 + y4)2^jB8 + i6a^ + ^„8a^y2 + 2xY-8xY 
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27. (a + 6 + c)3=(a + 6)3 + 3(a + 6)2c + 3(a + 6)c2 + c3 

=a3 + 3a26 + 3a62 + 63 + 3^2^ + 6^c + 362c + 3ac2 + 36c« + c3. 

28. (a-6-c)3=(a-6)3-3(a-6)2c + 3(a-6)c2-c3 

=a8-3a26 + 3a62-63-3a2c+6a6c-362c + 3ac2-36c2-c'. 

29. (m ■\-'n){^- n) (m + n) (m - w) = (m^ - n^) (m* - v?) 

30. (m2 + 2mn + n2) («i2-7i2)=m* + 2m8»+m2n2-m27i2-2TO»8-»* 

«= TO* + 2m'n - 2mn8 - »*. 
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5.x + 6)a;5 + 13a;2+54a. + 72(jB2 + 7aj+i2 6.a; + l)a;3+iB2-sB-l(«^-l 


a;3 + 6x2 


a;8+a? 


7a;2 + 54a; 


-a;-l 


7a;2 + 42a; 


-«-l 


12a; + 72 




12a; + 72 




• 

7. a; + l)a;8 + 2a;2 + 2a; + l(a;2+a.+i 


t 


r3+a;« 




a;2 + 2a; 




a;2+a! 




a; + l 




a; + l 


8. aJ»+3a; + l)a;«- 


5a;8 + 7a4! + ga.^.i(aj_ 3358^335^1 


x54 


•3a;*+a;3 




■3a;*-6a^ + 7a:a 




-3a;*-9a;8_3aJ 




3a;? + 10ar» + ftB 




3a? + 9a;« + 3x 




ac^+Sx+l 




x'+Sx + l 
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9. iB2-2aB-.i)a;4-.4a? + 2a^+4a. + i(as8-2a;-l 



-2x8 + 3x2 + 43; 
-2x3 + 4x2 + 2a; 

-x^ + Sx + l 

-x2 + 2a; + l 



la x'-2x+l)x*-4x3 + ga.2_4a. + l(jg2«2x+l 
x*-2x8+a:2 



-2x3 + 5x2-4a; 
-2x3 + 4a;2_2a; 

x2-2a;-l 
x2-2x+l 

II. x?+x-l)x*-x2 + 2a;-l(x3.a5+x 



-xs + gaj.i 




-xs- 


-x^+x 






x^+x- 


-1 




x*+x- 


■ 1 



13. « + 2)x*-4x2 + 8x + 16(x5-2x*+8 
x* + 2x5 



-2x?-4x* 
-2x8-4x« 



8x+16 
8X + 16 



lo KEY TO ELEMENTARY ALGEBRA, 





13. 


a; + 42/)a;3 + 4a;2y + 3x1/2 + I2y5(xa + 3i/» 

ary2 + 12y8 
ary2 + 121/3 




14. 


a' 


^ + 4a»6 + 6a262 + 4a&3 + 6V + 3a*^ + 3a6«+6» 






3a36 + 3a268 






3a«62+4aJ» 
3a262 + 3aJ3 











15. a -6)a«-5a*6 + 10a862-10a263 + 5a6*-6«(a*-4a»& + 6a^2. 4^^.54 



4a*6 + 10a36« 
4a^6 + 4(i362 



6a362 - iOa>6« 
6a362 _ 6^2^ 



-4a263 + 5a6* 
-4a263 + 4a6* 

16. a;2-6a; + 9)a5*-12x?+50x2-84x + 45(a;2-6a;+6 
0^-6x3 + 9x2 



-6x3 + 41x2-84x 
-6x3 + 36x2-54x 

5x2-30x+45 
6x2-30x + 46 



KEY TO ELEMENTARY ALGEBRA. ii 

17. a2-2a6-362)aS-4a*6 + 4a362 + 4(i263-l7a6*-126S(a8-2a26 + 3a62 + 46» 

a^ - 2(1*6 - 3(i362 

-2a*6 + 7a362 + 4a263 
-2a*6 + 4a362 + 6a263 

3a362-2a263-17a6* 
3a362-6a263-9a6* 

4a263-8a6*-12«^ 
4a263-8a6*-126« 



i8. 2aa;2-3a^ + a3)4(iV-12a8x3 + 13aV-6a^a; + a«(2aa;2-3a^ + a3 

4a2aJ*-6aV + 2aV 

-6a^ + llaV-6a5a; 
-6a3K'+9aV-3a«a; 



2aV-3(ifia;+a« 



19. a;2 + a;-l)a5*-JB2+2aj-l(a5*T-a; + l 
aJ*+a:^-rB2 



-a:3 + 2a;-l 20. x2 + 2a2){C*+a^-2a*(x»-a« 

-ai^-g2+a. iB* + 2aV 

22. x + y)ar^ + 2/*(a:* -a^+a;V-icy3 + y4 
21. «-15y)a;2-l3a:y-30y2(a; + 2y -3^ + ^ 

2gy--3(V «V + ibV 









12 KEY TO ELEMENTAR Y ALGEBRA. 



a^y-y* 24. a-6 + c)a2- 


-6* + 26c-c'(a+6-c 




-1^ 













25. -l + 6)6-362 + 363-M(-6+26'^-6s 



-262+363 
-262 + 263 

68l6* 
63-6* 

26. a+6-c-cOa3-2a(f+26c-6«-c2+(i2((,«5+c_^ 



a6-6^ + ac-o(i+26c-c*+d2 
a6-62 + 6c + 6d 

ac+bc-bd-ad-e^+cP 
ac+hc-c^-ed 



-ad-bd + cd + d^ 
ad-bd + ed + d^ 
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- 06% + jcy^ - 2a5y» + y' + n? 

— xnj — arya — 058? 

a;"+a;iy 

-aj»2y«-iBV 

a5^y*+a^y* 
-a^y8 + yio 

aSyS + ylO 

29. 2>-3 + 3r)^+jpg + 2pr-2g2 + 7gr-3r2(p + 2g-r 

2pg-|)r-2g' + 7gT 
-jw + gr-Sr^ 



14 KEY TO ELEMENTARY ALGEBRA. 






-a^ft 


-a^fts 


+ (l266 


+ &8 










-dlh 


-a«62 


-a^fts. 


-a*6*- 


-a»65 


-68 








a«62 


+ a*6* 


+ a365 + a22,6^ 






a«62. 


+ a56s. 


4-a*6* + aS654 


-a26« 










-a^fts. 


f68 












-a^^- 


-a*6*- 


•a366- 


.a26«- 


06^ 








a*6*4 


■a3&5 + 


a«6« + 


06^ + 


6» 








a*6*4 


•a866 + 


a«6« + 


a67 + 


68 



acP|/2 + 34^^ _ jg3y5 + 3.2^ ^. y8 

32. 2a;*+3a; + 2)4a:5-a:8 + 4a.(2a;3-3x2 + 2a; 



4x3 + 6x2 + 43? 
4x8 + 6a;2 + 4x 



KEY TO ELEMENTARY ALGEBRA. 



IS 



33. a-3)a5-243(a*+3a3 + 9a2 + 27a+81 
a5-3a* 



3a* - 243 
3a* - 9a' 



34. ifc3-l)A;W-fe(3k7 + )54 + jfc 



9a3-243 
9a3 - 27a2 



F-ifc* 



27a2 - 243 
27a2 - 81a 

81a - 243 
81a -243 

35. a;+4)a;3-5a;2-46x-40(a?-9a;-10 
a:3 + 4a» 

-9x2-46fl5 
-9x2-363; 



ifc*-fc 
i*-Jk 



-10a;-40 
-10a;-40 

36. 2a; - 3a) 48x8 - 76aa;2 - 64a2a; + 105a' (24a;2 - 2aa; - 35a2 
48x3 _ 72aa;2 

- 4aa;2 - 64a^ 

- 4ax2 + Ga^x 

- 70a2x + 105a» 

- 70a2x + 105a3 



11. 3x«-4x + 5)18x*-45x8 + 82x2-67x + 40(6x2-7x + 8 

18x*- 24x3 + 30x2 

- 21x3 + 52x2 - 67x 
-21x3 + 28x2 -35x 

24x2-32x + 40 
24x2-.32x + 40 




i6 KEY TO ELEMENTARY ALGEBRA. 

38. 2a;-3a)16x*-72aV + 81(**(8a^ + 12aa?-18a%;-27<i^ 
16x*-24aaS 



24aaS-72a*c« 
24aa:3»36^aB2 



-36a*B»+54(A; 

-64a^+81o* 
-54a^ + 81a* 

39. 3a; + 4a)81a!*-256(i*(27x3-36aa;2+48a2a;-64a» 
81a!* + 108aa3 



- 10800? -256a« 
-108aa?-144a*B» 



144a*B»-266a« 
144a*B*+192a%; 

- 192a*u; - 266a* 
-192a^-256a* 

40. a«-6*)2a» + 3a«6-2a62-3&3(2a+36 
2a8-2a62 



3a26 - 3ft» 
3a2&-368 

41. a5*-a2)a? + 2aa:*-a2a;-2a'(a; + 2a 

2na;*-2a3 
2ax2-2a3 



42. a2+36V-a262-i26*(a«-4ft' 
a*+3a«62 

-4a»62-i26* 
- 4a^ - 126* 



KEY TO ELEMENTARY ALGEBRA. 



17 



43. a52+3a.+y)jB4-9a:2_6a5y»y2(g52_33.. 

-3053-9358-30^ 



-jBV-3a^-t/* 
-jBV-3a^-y« 

44. a;?-3xy + 2^^)35* -6a5'y+ 9x2^2 «4y4(jg2_3a5y_2y« 

sc*-3a^+2xV 

- 3x^ + 7a^' - 4y* 
-3a:3y + 9xV-6xy» 

-2a^2 + 6a!2/'-42^ 
-2a;y + 6a^.4y4 

45. aj-3y)a!*-81y*({rS + 3a.2y+9a^2+272^ 
a5*-3x'y 

3a»y-81y* 
3a:3y-9aiy 

»a^2- 27x2/3 

27aw/3 - 81y* 
27a!^-8l3f* 

46. a-26)a*-166V+2a26 + 4a62+8y 
a*-2a36 



2a«6 - 166* 
2a86 - 4a26« 



4a26«-166* 
4^262 -8a6» 



8a6»-166* 
8068-166* 



B 




iS KEY TO ELEMENTARY ALGEBRA. 
47. 3a+2&)81a*-166*(27a»-18a«6 + 12a6*-86» 



- 64a«6 - 166* 
-64a»6-36a26« 



36a262-i6ft* 
36a262 + 24a6» 

-24a6»-ie6* 
-24a68-166* 

48. 2a;+3y)16a^-81y*(8x?-12x^ + 18»y«-27y» 

16ac* + 24acSy 

-24a:»y-81^ 
-24x3y-36xy 

36xy-8V 

- 54ay» - Sly* 
-54a^-81y* 

49. a+26 + 3c)3a« + 8a6+462 + i0ac + 86c + 3c2(3a + 26 + c 

3a2 + 6a6 + 9ac 



2a6 + 462 + ac + 86c 
2a6 + 462 + 66c 

ac + 26c+3c2 
ac + 26c + 3c2 

50. a*+2aa;+4a;*)a* + 4aV+16x^(a2-2aa; + 4a;2 

a* + 2a»a; +4a2g2 

-2a3x +16a^ 

4a2a;2 + 80x3^.102.4 
4a2x2 + 8aa;8 + iga;4 
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52. 16x'+4xy + y*)256x*+16xV+y*(16a^-4a!y + y2 

-64fl^y +1^ 

53. a5' + x-y)a^+iB*y-ay+a?-2xy2+y5(»2+xy-y2 

aJ*y - a%* + sc^ - 2»^ + 2/^ 

- jc'y^ - «y^ + y* 
54. a;-a)aaJ» + 3aV-2a3a;-2a*(aai2+4a2a; + 2a8 

4a^2_2a5a5 55. a + x)a^-7^{a-x 

4a V - 4a3a; a' + aag 

2a^-2a* -ax-oi^ 

2ahi - 2a* -ax -7? 

56. 2x + 3y+«)2a;^ + a^-32/2-4ya5-aa-8;2(a;_y-a 

- 2xy - 3i/2 - 4t/» - 2x« - 8? 

- 2xy - 3y^ - yz 

- 2a» - 3y2 - a? 

- 2a» - 3^ - a? 



J 



20 KEY TO ELEMENTARY ALGEBRA, 

a + lOaj + Sa:* 



3x2 + 15x8 + 3x* 
3x2 + 15x8 + 3x* 

58. 3-6x + 7x2)12-38x + 82x«-112x5 + 106x*-70x«(4-6x + 8x«-10a' 

12-20x + 28x2 



-18x + 54x2-112x» 
-18x + 30x2-42x* 

24x2- 70x3 + 106X* 
24x2- 40x3 + 56x* 

-30x8 + 50x*-70x^ 
-30x» + 50x*-70x^ 

59. X*-X^ + x2y2-a5yS + y4)g55 + ^(j.^y 

x6 - x*y + xV - JcV + *y* 
x*y - x3|/2 + ajZi^ - 5cy* + y* 

X*y - X^2 + jp2y3 _ jpy4 ^ ^ 

60. aa; + xy + a5 + 62/)aV-a*6'-xV+&V(<w5-Jcy-a5 + 6y 

a^ + ax2i/ + a26x + aftxy 

- ax2y - a26x - aftxy - a262 - ^2^2 + J^y* 

— ax2y - x2y2 - d Jxy - 6xy2 

-a26x + 6xy2-a262+6y 
- a26x - a6xy - a262 - ahhi 

ahxy + hxy^+ab^ + bh/' 
ahxy+bxy^+dtl^ + li^ 



KEY TO ELEMENTARY ALGEBRA. 21 

61. oAAr})^ dbx^ + dhfkj + 6^ +«6y2(6a! + ay 
aha^ + bhyy 

ahy-\r(iby^ 
ahy+ahy^ 









XV. 



I. aj*-aa5+c)aJ*-(a'-6-c)a^-(6-c)(w; + 6c(x*+(w; + & 



oa? - (a* - 6)05* - (oft - ac)a! + &c 
oa5?-a%c*+ac» 

&c*-a6x+6c 



2, y-ft)^-9 + m+»)y'+Pm+?»+mw)y-^w(y2-(i+m)y+im 

-v(? + m)y2 + (Zm + Zn + mw)y - Z^rnr* 
- (Z + m)i/* + (Zn + mn)y 

/my - Imn 
Imy - Zmn 




22 KEY TO ELEMENT AR V ALGEBRA. 

3. x' -f»MB^+na5+ r)aB*-(m-c)sc* + (n- cm + d)ic'+(r+ cfi-dm)x* + 

(or + dn)jc + <ir(aB^ + ex + d 



C5C* + (d - caC) ^-{-{^^ diiCjQ^ 
C5C* - cwix* + c»MC* + crx 

dx* - dma? + cinx + dr 
dx* - dwix' + dnx + dr 

4. x* + 6x-4)x* + (5+a)x'-(4-5a + 6)x2-(4<i + 56)x + 46(x^+ax-6 



ox* + (5a - 6)x* - (4a + 66)x 
ax' + 5ax'-4ax 

-6x2-56x + 46 
-6x2-56x + 46 

5. x"-(a + c)x+.ac)x*-(a + 6 + c + d)x' + (a5 + ac+ad+ftc + 6d+cd)x* 

-(a6c + a5d + acd + 6cd)x + a5cd(x'-(6 + d)x+6d 
aJ* - (a + c)x' + OCX* 

-(6 + d)x' + (a6 + ad + 6c+&d+cd)x* 

- (& + d)x' + (oJ + ad + 6c + cd)x2 - (a5c + acd)x 

hdx^ - (a6d + 6cd)x + ahcd 
6dx* - (a6d + hcd)x + oftcd 



XVIII. 

1. (x*-ax)-(6x-a6)=x(x-a)-6(x-a) = (x-6)(x-a), 

2. (a6 + ax)-(6x+x^=a(6 + x)-x(6+x) = (a-x)(6+x). 

3. (6c+6y)-(cy + y^=6(c+y)-y(c + y)=»(&-y)(c+y). 

<* (6m + wn) + (a6 + aw)=»m(6 + n) + a(6 + n)=(a+m)(6 + n), 



\ 
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5. (aW-axy) + (ferjf-f^-»ax(6x-y)+^-y)-»(ax+y)(6x-y). 

7. (ate* + dniOBy) - (enxy + mn^ =<2r(ex + fliy) - ny(ex + mjf) 

s= (cr + my) (dx - ny). 

«(flkj-6d)(6x-<iy). 

XXVL 

15. (a^-2a5y+y^-a?-»(«-y)*-a?-»(»-y+«)(«-y-i). 
17. (a«-2flkJ+c*)-(6»+2M+<P)=(a-c)»-(6+<0*,etc. 

19. (a^+2aBy+y*)-a? = (x+y)*-a?, eta 

2a (a«-2a6 + 5^-(m«-2»»+»«)=(a-6)«-(iii-n)« etc. 

23. l-(a*-2a6+6^=l-(a-&)«,eta 

24. l-(a?-2aBy+y^=l-(«-y)*,eta 

25. a^-(y*+2yar+^=«a?-(y+«)*,eta 

26. a«-(46»-126c+»0«a«-(26-3c)«,eta 

29. (a«-2a6 + 5^-(c^+2aJ+<P)=(a-&)*-(c + <J)»,eta 
3a (a«-2a«+<^-^-2M+<P)-(a-c)*-(6-<f)'>eta 
31. 3a«(aV-9)— 3a«((aa+3)(ax-3), 

xxvn. 

XI. a^-^-(a*+y»)(a*-f»)-(«+y)(«^-«y+y*)(«-y)(«*+«y+y*). 



24 
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13. a«-64«a«-2«-(a»+28)(a»-2») 

=(a+2)(a*-2a+4)(a-2)(a*+2a+4), 

14. 729-s/« = 3«-s/«-(3»+y»)(3»"y») 

-(3+y)(9-3y+y»)(3-y)(9 + 3y+y«). 

XXX. 

1. 6+4-6-3 = 2. 

2. 6 + 3-6-4 = 0. 

3. 18 + 12-6-8-17. 

4. 3x11-2x1 = 33-2-31. 

5. 10x2 = 20. 

6. 12+3x7 = 12 + 21 = 33. 

7. (12 + 3)(4 + 3) = 15x7 = 106. 

8. 12 + 12 + 3 = 27. 

9. (26 + 3)-5-(6-4) = 28 + 2 = 14. 



la 


6x6x4 = 120. 




II. 


6x6x7 = 210. 




12. 


6x3x9x9 = 145& 




13. 


6x6x1x1 = 30. 




14. 


\/6x6 = 6. 




15. 


V^=-y-3. 




16. 


(Va!)a=(2)« = 4. 




17. 


(Vx + &)«=(2 + 6)«- 


49. 


18. 


V6x6x4-Vl00- 


10. 
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19. Vax 6x4x3 = ^144 = 12. 

20. (36 + 25 + 3)-5- (4 + 9 + 3) = 64-1-16=4 

21. 18 + (8-3)« = 18 + 25 = 43. 

22. {6-(6-3)}{6-(4"3)} = 4x6-20. 

23. (6-6-3)«+(6-4 + 3)« = 4 + 25 = 29. 

24. 3 X 8» + 4 X 10* = 1536 + 40000, etc. 

25. 3xl« + 73 = 3 + 49 = 62. 

XXXI. 

1. 3x3x2xl-33 + 2» + l»-18"27 + 8 + l = 0. 

2. 3»+2»-6»+3x3x2x6 = 27 + 8-125+90 = 0. 

3. (a*+2ac+c2)-(a*+c^ = 2ac 

4. a^+y'-(a5?-2xy+y^ = 2xy. 

5. (a«+2a6 + 6«)a-(a«+2a6a; + 6V) = (a«+62)aj-a«"6V. 

6. Multiply 2x-m by x+2m ; the result is 2x^+ 3msc- 2m^. 
Multiply 2x+n by a6~2n ; the result is 2a?-Znx -2n^ 
Then multiply the two results together. 

7. ar+6)acr'+(6c+a(i)f*+(&(i+ae)r+6e(cr'+dr+6 



a(ir*+(6(J+ae)r 
(ur+be 

The divisor — 10 + 1, or 11 ; the dividend = 1000 + 200 + 20 + 1, or 
1221 ; the quotient =100 + 10 + 1, or 111 ; and 1221-7-ll=IU, 



26 KEY TO ELEMENTARY ALGEBRA, 

8. Multiply a + 6 + c by a-^h-e\ the result is (a + 6)' -c*, or 
Multiply c-vh-a by c + a-6; the result is c*- (a- 6)*, or 
Then (2a6 + a* + 6«-c2)(2a6-a«-6« + c«)- (2a6)«-(a«+ft«-c^8 

9. (a+d)(d+c)-(c + (l)((J+a)-(a + c)(d-(i) 

a»a(i+ ac + (P+ cd - ci - ac - «P - a(i - — 0. 

10. + (4-16) + {16-(0 + 6)} + {12-(0 + 6)}« 

«-12 + 10 + 6«=- -2 + 36 = 34 

11. {4-3 + 2-l}{4 + 3-2-l} = 2x4-8; 

and 16-9-4 + 1 + 2x2 = 8. 

18. (ac-a(i-6c + 6<i)-(6c-6i-ac+ad) = 2ac-2a<i-25c + 26d. 

19. a6 + ay + 6x+»y + a!-y+aa5-6y+aa5+ay = eta 

20. (x*+3x+2)-(a5'-3x+2) = 6a;, eta 

21. oac-Jy+JB-y+ac^-scy+aft-ay-ftx + flcy, eta 

22. (6a5'+20a;+16)-(6a5'-28x + 16)=48a;, eta 

23. 2ma5-3ny + »+y + 4ma;+4n»-4my-4wy + ma5+ny = eta 

24. a5^+y'+2*+2xy+2a» + 2jfaj+x* + y' + 2* 

= (x* + 2a5y +y2) + (ya + 2y»+»^ + (»*+2a»+«^ 
— (aj+y)'+(y +«)'+(«+«)'. 

25. 4a*+6ac-4a& + 6a5 + 96c-66' = 4a*+6ac+2a5 + 9&c-66*. 

a&-cd 63-15 _48_^ 
^^- «i + « °" 15 + 1 "le""^* 

(&c-ad)(6d-ce) = (35-27) (21-6) -8x16- 12a 

y-c« ^ 49-25 ^24 
c + d 6 + 3 8 " 

cP-c'-3»-6»-243-126-118. 
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27. 0-0 + 2»+l» = 8 + l = 9. 

28. 48 + 4-8»44. 

29. (l-2-3)« + (2-l-3)« + (3-l-2)«=(-4)« + (-2)« + = 16 + 4 

-20. 

30. (l + 2-4)« + (l-2 + 4)« + (2 + 4- !)« = (- 1)8 + {3)« + (5)« 

-l + 9 + 25»35. 

31. (-l + 2)«+(2-3)« + (-l-3)«=a)' + (-l)' + (-4)«-l + l + 16 

=18. 

32. Let X and y be the nnmbera ; then (oc^ - v") ■5-(a! + y)'=»a! - y. 

33. Let X and y be the numbers ; then (x + y)(x - y)=a5^ - y*. 

34. Let X and x + 1 be the integers; then (x+x + 1)8=4x' + 4£B + 1 

— 4x(aj + l) + l. 

35. Let X and x + 2 be the two even numbers ; then x + 1 is the odd 

number between them ; and (x + x + 2)'«=4x' + 8x + 4= 4(x + 1)*. 

361 Let X and y be the parts ; then x+ys2 ; 

and x* - y*««(x + y)(» - y) ; therefore x? - y*= 2(x - yX 

37. Let X and y be the parts ; then x + y = 50 ; 

and x* - y*— (x + y)(x - y) ; therefore x* - y*=50(x - y). 

38. Let X and y be the parts ; then x-k-y^n ; 

and x* - y*=»(x + y)(x - y) ; therefore x* - y*=Ti(x - y). 

39. Let X and x+1 be the numbers; then x(x + 1)+sb' + (x + 1)^ 

— x? + x+a^+x« + 2x + l— 3x«+3x + l-(x + l)«-x». 

40. Let X - 1, X, X + 1 be the three numbers ; then (x - 1)' + x* + (x + Vf 

— x»-3x^ + 3x-l + x»+x»+3x*+3x + l«3x'+6x— 3xCa"+2V A 
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XXXIL 

1. 7x-6x— 11-6; 2x«>6; x=«3. 

2. 12a;-8a5«»16-7; 4x=8; a;=2. 

3. 236x-97a;=564-425; 139x^139; x»l. 

4. 6x-3x=7 + 7; 2x=14; x— 7. 

5. 12x-8x«9-l; 4x— 8; x«2. 

6. 124x-112x=43-19; 12x-24; x=2. 

7. 6x-2x-27-18; 3x-»9; x-»3. 

& 12x-7x-145-126; 6x=»20; x = 4. 
9. 14X-8X — 80-26; 6x — 64; x»9. 

10. -3X-X— -83-133; -4x- -216; 4x-216; « = 64 

11. -3x-6x—-3-13; -8x—-16; 8x-»16; x — 2. 

12. 9x-12x-100-127; -3X--27; 3x = 27; x-9. 

13. -6x+4x-»6-16; -x— -9;x-»9. 

14. 3x-7x = 6 + 22; -4x = 28; 4x=-28; x«-7. 

15. 4x-12x=-16-8; -8x=-24; 8x-24; x = a 

16. 6x-3x + 7«-4x-6x + 36; 4x = 28; x-»7. 

17. 6x-18 + 8x + 15x-21 = 10x-4-16x + 35; 35x = 70; x — 2. 

18. 9x-16x+18 + 30 = 0; -6x=»-48; x = 8. 

19. 12x-45x-15 + 42-48x + 783 = 0; -81x=-810 ; x-10. 

20. x-28x+77 = 14x-70-152 + 19x-61; -60x--360; x«6. 

21. x*+4x-21 = x*-20x+75; 24x-=96; x — 4 
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22. x'+4x-96 = a5'-5aj-6; 9a; = 90; a;=10. 

23. 9a5-a^-14 + x»-2x-16-2x + 2 + 12 = 0; 6x = 16; x«3. 

24. 2iB*+3a;-35 = 36-17x + 2a!?+229; 20a; = 300; a;«15. 

25. 21-32a5+12a!? = 12a!?-17x + 6; -15x=-15 ; a=l. 

26. 14-a;-rx«+6aj+30 + 20-29»+6a!^ = 45x-76; -70a;=-140; 

35 = 2. 

27. a5?+10a;+25-16+8a;-a5?=-21»; -3x=-9;x = 3. 

28. 5aj«-20x + 20 + 7x«-42a: + 63 = 12x*-85x + 133 + 42; 23x = 92; 

x = 4. 

29. 9x» - 102x + 289 + 16a:* - 200a; + 625 - 25a;2 + 290a; - 841 = 1 ; 

-12a;=-72; x = 6. 

30. a;^-4fl;-45+a;*+2a;-80=2a!?-lla;-21-113;9x=-9;a;="l. 

XXXIIL 

1. Let X be the number ; then 2a; + 14 = 154 ; x = 70. 

2. Let X be the number ; then 4x+ 16 = 188 ; x » 43. 

3. Let X be the number ; then x+46 = 3x ; x=b 23. 

4. Let X be the smaller number ; then 3x is the greater number ; and 

16-x = 30-3x; 2x = 14; x=7; 3x = 21. 

5. Let X be the first part; then x- 10 is the second; x~18 the 

third; x- 24 the fourth; andx+x-10+x-18+x-24 = 92; 
x—36, eta 

6. Let X be the greater number ; then 20 - x is the smaller number ; 

and3(20-x) + 5x = 84; x = 12, etc. 

7. Let X be the father's age in years ; then 80 - x is the son's age ; 

and 2(80-x) — x + 10; x = 50, etc 
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8. Let X be the age of the eldest; then x-SO is the age of the 

youngest ; and x >» 3(x~ 20) ; x ■■ 30, eta 

9. Let X be the sum inpounds;:thenx+24-80"*80-x; ac"-68. 

10. Let X be the price of a yard of cloth in shillings ; then 2x is the 

price of a yard of silk ; and 30x+80x>» 66x20; XBl2,etc. 

11. Let X be the number; then 2x+24~80»100-x; x — 52. 

12. Let X be A's share in pounds ; then B's share is 280 -x; CTs, 

260-x;D'8,220-x;andx + 280-x + 260-x + 220-x«600; 
X = 130, etc 

13. Let X be the number of children ; then there are 2x women and 

4xmen; and x + 2x + 4x=:266; x = 38yeta 

14. Let X be B*s share in pounds ; then A's share is x - 100, and CTs 

isx + 270; and x + x-100 + x + 270»= 1520; x = 450, eta 

15. Let X be the greater ; then x - 8 is the less ; and 4(x - 8)s2x + 10 ; 

x = 21; x-8 = 13. 

1 6. Let X be what each had at first in pounds ; then 3(x + 5) = 1 1 (x - 5) ; 

x = ;£8, 15s. 

17. Let X be A'sage; then x - 68 is B's age ; and x- 60=60- (x- 58); 

X = 84, etc. 

18. Letxbe A's age ; then x - 34 is B's age ; and x- 50=40 - (x- 34); 

X = 62, etc. 

19. Let X be the share of a daughter ; then 2x is the share of a son ; 

and 3x + 4x + 500 is the share of the wife ; 
then3x + 4x + 3x + 4x + 500 = 7500; x = 500, eta 

20. Let X be the number of gallons in the vessel at first; then 

X + 42 = 7x ; X = 7 ; and 42 + 7 = 49, the number of gallons 
that the vessel held. 
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21. Let X be the number of pounds A has ; then B has x + 10 ; has 

05+05+10; an<ia;+a;+10 + x+x+10 = 76; x = 14,eta 

22. Let X be the greater ; then x - 14 is the less ; and x + x - 14 « 48 ; 

x«31yetc. 

23. Let X be the number of pounds won by A ; then 72 + x = 3(52 - x) ; 

x = 21. 

24. Let X be one of the parts ; then 84 - x is the other ; and 

3x = 4(84-x); x = 48. 

25. Let X be one of the parts ; then 90 - x is the other ; and 

4x = 6(90-x); x = 50. 

26. Let X be the greater part ; then 60 - x is the less ; and 

x = 60-x + 24; x = 42. 

27. Let X be the greater part ; then 84 - x is the less ; and 

x-36 = 84-x; x«60. 

28. Let X be one of the parts ; then 20 - x is the other ; and 

3x + 5(20-x) = 84; x = 8. 

29. Let X be B's age ; then 2x is A*s age ; and 2x- 22 = 3(x - 22) ; 

x = 44; 2x = 88. 

30. Let X be the number of years ; then 30 + x = 2 (6 + x) ; x = 18. 

31. Let X be B*s age ; then 2x is A's age ; and 2x-20 = 3(x- 20) ; 

x = 40. 

32. Let X be B's age ; then 3a; is A's age ; and 3x + 19 = 2(x + 19) ; 

x = 19. 

33. Let X be the number of years ; then 50 + x = 42 + 3x ; x = 4 

34. Let X be the number of guineas ; then x + 48 is the number of 

half-crowns; and, expressing all the quantities as sixpences, 
42x + 5(x + 48) = 100x40; 47x=;»3760; x = 80. 
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35. Let % be the number of shillings ; then 41 - x is the number of 

half-crowns ; and, expressing all the quantities as sixpenoes, 
2x + 6(41-a;)«74x2j -3a=»-67; « — 19. 

36. Let X be the number of shillings ; then 300 - x is the number of 

fourpenny pieces ; and, expressing all the quantities as four- 
penny pieces, 3x + 300-« = 700; a; = 200. 

37. Let sc be the number of moidores ; then 26+ 3 is the number of 

sovereigns; and 27a; + 20(a; + 3) «= 50 x 20 ; 47x = 940 ; ac = 20. 

38. Let X be the number of shillings ; then 6x is the number of half- 

crowns ; and, expressing aU the quantities as sixpences, 
2x + 30x = 1696; x = 63. 

39. Let X be the number of sovereigns ; then 2x is the number of 

shillings, and 3x the number of pence ; and, expressing all the 
quantities as pence, 240x + 24x + 3x »- 1335 ; x » 5. 



XXXV. 

1. a«-J«=(a~6)(a + 6); a»~63 = (a-6)(a«+a6+6«). 

2. a*-6* = (a8-62)(aa+62). 

3. a'-x2=(a + x)(a-x); (a-x)*-»(a-x)(a-x). 

4. a'+x' = (a+x)(a'-ax+x^; (a+x)8 = (a+x)(a+x)(a+x), 

5. 9x«-l=(3x + l)(3x-l); (3x+l)« = (3x+l)(3x + l). 

6. l-25aa=(l + 5a)(l-5a)5 (1 - 5a)2 = (1 - 5a) (1 - 6a). 

7. x2-y*=(x + y)(x-y); (x+y)2=(x+y)(x+y); 

x« + 3xy + 2y'=(x + y)(x + 2y). 

8. a?-y»«(x+y)(x-y); x3-y'=(x-y)(x^+xy+y^; 

X*- 7xy +6y* = (x- y) (x-62/). 
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9. a5»-l=»(»-l)(a;+l); ^-\^{%'\){^^%Ar\)', 
x«+a;-2 = (a;-l)(a; + 2). 

la l-a«=(l-a)(l+a); l+a8=(l+a)(l-a+a2) ; 
a*+5a + 4 = (l+a)(4+a). 



XXXVI. 



I. 6906)10359(1 
6906 



3453)6906(2 
6906 



/. H. G. F. is 3453. 



2. 1908)2736(1 
1908 



828)1908(2 
1656 



252)828(3 
756 



72)252(3 
216 



.% H. C. F. is 3a 



36)72(2 
72 



3. 49608)169416(3 

148824 



20592)49608(2 
41184 



.*. H. 0. F. is 936. 



8424)20592(2 
16848 



3744)8424(2 
7488 



936)3744(4 
3744 



i 
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4. 40115)126025(3 




120345 




6680)40115(7 




39760 




355)5680(16 




355 




2130 


.'. H. a F. is 366. 


2130 


5. 1681227)16758766(10 




16812270 





946496)1681227(1 
946496 



634731)946496(1 
634731 



311765)634731(2 
623530 



11201)311765(27 
22402 



87745 

78407 



9338)11201(1 
9338 



1863)9338(6 
9316 



.% H. a F. is 2S. 



23)1863(81 
184 

23 
S3 
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6. 36175)236845(6 
211050 



25795)35175(1 
25795 



9380)25795(2 
18760 



7035)9380(1 
7035 



.-. H. 0. F. is 2345. 



2345)7035(3 
7035 



XXXVII. 

I. a?+7a;+12)rB2+9a; + 20(l 
xa+7»+12 



2»+8 
Divide by 2; a; + 4)x*+ 7a; + 12(05+3 

a5' + 4x 



3a; + 12 
3X + 12 



3. a^+12x + 20)a;2 + 14x + 40(l 

a;2 + 12a; + 20 



2x + 20 
Divide by 2; a+ 10)05^+ 12a;+20(x+2 

a;*+10x 



2»+20 
2x + 20 
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3. 


x2-13a + 42)a5«-17» + 70(l 
x«-13a; + 42 


84 (a 

•84 
■84 


j-7 






-4x + 28 
Divide by 4 and change signs ; 

x2 + 5x-84)x« + 21aj+108a 
05^+ 5aj- 84 


-13x + 42(«-6 

-7a; 

-6a; + 42 
-6x + 42 


4. 






16a; + 192 
Divide by 16; a + 12)a;2 + 5a._ 

x8+12a; 






-7x- 
-7a;- 




5. 


a« + «-12)ai«-2a;-3(l 
a5' + x-12 







-3aj + 9 
Change signs and divide by 3 ; a;-3)ai* + »-12(x + 4 

x'-Sa; 



4a;- 12 
4a;-12 



6. x2 + 5/By + 6y2)a;2 + 6a;y + 9y*(l 

^ + 6»y + 62/* 

a^ + 3y2 
Divide by y ; as + 3y)a2 + 5an/ + 6^^ (as + 2y 

a;2 + 3xy 

2a:y + 6y' 
2ajy + 6y* 
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7. a^-ean^ + Sy^x^-Sajy+iey^U 



-2a:y + 8y' 
Divide by 2y and change signs ; x - 4y) a:* - 6xy + 8y' (ac - 2y 



-2a:y + 8y« 
-2«y + 8y» 



8. a?-13xy-30y2)ic«-18xy+45y2(l 

ic2-l3xy-30y' 



-5xy + 76y* 
Divide by 5y and change signs ; x- 15y)ac'- 13xy-30y'(x + 2y 

x'-lSacy 



2xy-30v» 
2xy-30y" 



9. ««-2xy + y^x»-y»(«+2y 



2a;*y-xi^-y» 
2a:^-4xy' + 2y' 

3xy2_3y3 
Divide by 3y* ; » - y)** - 2a:y + y2(«-y, 

la ac* + y^x» + 3«*y + 3a5y' + ^8(1 



3«^ + 3xy* 
Divide by 3xy; x+y)ac?+y'(a!^-«y+y\ 
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11. »*-2xy + y*)ac*-y*(x« + 2xy + 3y* 

2x^y - ic^y* - y* 

3a52y2_2xy3_y4 

3xV- 6x^5 + 33^ 

Divide by 4^ ; « - i/)x* - 25cy + 2/*(» - y. 

12. x'+y'Ox^+y^Cx* 

«*+xV 

-xV+y* 
Divide by - j^ ; sc* - y')ac' + y'(» 

xy*+y» 
Divide by y* ; « + y)x* - y*(x - y. 

15. a5'+2xy + y2)x*-y*(x2-2xy+32/' 

X* + Sx'y + x*y* 

-2x8y-xV-y* 
- Sx'y - 4x'y* - 2xy' 

3x2y* + 2xy3-y4 
3xV + 6xyS + 3y* 

— 4x2^-4^* 
Divide by -4^*; x + y)x^ + 2xy + y2(x + y. 

14. o«-6«+26c-Oa« + 2a5 + 62_2ac-2&c + c«(l 

o«-6* + 26c-c« 



2a5 + 26«-2ac-46c + 2c» 

Divide by 2; a5 + 6*-ac-26c + c' = (aft-ac) + (6«-26c + c') 

-a(6-c) + (6-c)«. 

Divide by 6-c; a + 6-c)a'-6' + 2&c-c*(a-6+a 
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15. Multiply the second expression by 3 ; 

12»* + 7xy + y2) 84a:2 + 9a^ _ 3y2(7 

84x2 + 49»y + 7y2 

-40iBy-10y* 
Divide by - lOy ; 4a; + y)12x2 + 7jcy + ^^(Sa; + y. 

i6. Multiply the second expression by 2 ; 

6x? + jcy - y2) 78a;2 _ 44«y + 6y2 (13 
78ai2 + 13xy-13y« 

-57iBy + 19y2 
Divide by -19y; 3a5-y)6x2+xy-y2(2a5+y. 

17. Multiply the second expression by 3 ; 

15x2 _ Sicy + y2) 120x2 - 9xy - 3y2(8 
120x2-64xy + 8^ 

55xy-lly2 
Divide by lly ; 5x - y) 15x2 - 8xy + y2(3x - y. 

18. jC*+a?-4x2 + x + l)x*-5x3 + 5x2-l(x-l 

x* + a5*-4x' + x2+x 



- 35* - x* + 4x2 - a; - X 
-x*-x^ + 4x2-x-l 



19. x*+4x2 + 16)x« + a*-2x3 + 17x2-10x + 20(x+l 

x* + 4x3 + 16x 



a5*-6x3 + 17x2-26x + 20 

0^ + 4x2+16 

♦ — ^— ^-^.^.^^— — ^.^— ^— ^— ^■..^« 

-6x3 + 13x2-26x4-4 
Change the signs of the remainder, and multiply the divisor by 6; 
6x« - 13x2 + 26x - 4) 6x* + 24x2 + 96(x 

6x* -13x3 + 26x2 -4x 



13x3-2x2 + 4x + 96 



# 
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Multiply the remainder by 6, and continue the division ; 

78x» - 12x> + 24a; + 576(13 



157x«-314x+628 

Divide by 167 ; x>-2x+4)6x3. i3a.« + 26a;-4(6a;- 1 

6x5-12x> + 24a; 



-a;* + 2a5-4 
-ic* + 2a;-4 



20. {B« + a;V + y*)a'*+2a;^+3aV + 2xt/5+y*(l 

sc* +a;y +y* 

2iB'y + 2x2y2 + 2xy3 
Divide by 2xy; ic* + xy+y^ic* + x2y2 + j^(3j_gjy^y2^ 

21. a^-6jc* + 9x*-4)ac* + a5-2iK* + 3a:^-x-2(l 

o:^ -ea^ + OjB* -4 



«* + 4a;*-6jB'-x + 2 
a5*+4iC*-6x'-a;+2)ac*-6ac* + 9x*-4(x-4 

a^ + 4x*-6fl5'-a? + 2a; 



- 4x*- 63C* + 6x5 + IOjb*- 2«-4 
-4x6-16a^ + 24a:2 + 4x-8 

10ac* + 6x3_i4a;2_6a.^4 

Divide by 2, and multiply the divisor by 5 ; 

6«* + 3iB?- 70^-30; + 2)5a* + 20a*-30a:2_5a. + xo(x 

6a« + 3a:*-7ic3_3aa + 2x 



17a5* + 7jB3_27jg2_7jp+lQ 

Multiply by 5, and continue the division ; 

85i«* + 35x» - 135x« - 35a; + 50(17 
850* + 51a;3 - 119jc« - 51a; + 34 



-16xS-iex«+16x+16 
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Divide by -16; a?+a2-a;-l)5a^ + 3a?-7x*-ai; + 2(5x-2 

6a^ + 5a:^-6x*-6a5 



-2x'-2x* + 2a5+2 
-2x'-2x* + 2x+2 



22. Multiply the first expression by 2 ; 

6a? + 19a«& + 806* - 56«)30a* + 20a«6 + 8a«6» + 12a&' - 66*(5a 

30a* + 95a'6 + 40a«6» - 25a63 



- 75a36- 32a«62 + 37a53_ 6^4 
Change the signs, multiply by 2, diyide by &, and continue the 

division ; 
6a» + 19a*6 + Sofc^ - 5&3) I50a» + 64a26 - 74ad« + 1263(26 

150a' + 475a26 + 200a62 - 12568 



-411a26-274a62 + 13763 
Divide by -1376; 3a«+2a6-62)6a3 + 19a26 + 8a62-663(2<f + 56. 

23. Multiply the second expression by 5 ; 

15a? - 14x«y + 24a^ - If) 135a? + I65x2y - lOOay* + lOy^^g 

135x3 _ i26x2y + 216xy2 _ ^3^3 

291x2y-316xy2 + 73y3 

Divide by y ; and multiply the divisor by 97 ; 
291aB» - 316icy + 73y*) 14550? - 1358a?y + 2328xy2 - 679y3 (5x 

1455x3 - 1580x2y + 365xy* 

222x21/ + i963xy2 - 6792/3 
Divide by y ; multiply by 97, and continue the division ; 

21534x2+ 190411xy - 65863^2 (74 
21534x2- 23384xy + 6402^^ 

213795xy-71265y2 
Divide by 71266i/ ; 3x - y) 291x2 - 316xy + 73^(97« - T^. 



42 KEY TO ELEMENTARY ALGEBRA. 

24. Multiply the second expression by 7 ; 

21x* - 83xy - 27a; + 22y2 + 99y) 84x2 - 245xy - 42x - SSly* + 154y (4 

84358 _ 332a5y _ io8x + SSy* + 396y 

87xy + 66x - 319y* - 242y 
The remainder = 87acy - 319y* + 66a; - 242y 
= 29y (3a; - lly) + 22(3a; - lly) 
«=(29y + 22)(3a;-lly) 
Rejecting 29y + 22, which is clearly not a factor of the divisor ; 
3x - lly) 21x2 - 83xy - 27x + 22y« + 99y (7x - 2y - 9. 

25. 3a5-12a2-a«6 + 10a6-262=(3a5-a26)-(12a«-10a5 + 262) 

=a2(3a - 6) - 2(6a« - 6a6 + 6*) 
=a2(3a - 6) - 2(3a - 6)(2a - 6) 
= (3a-6)(a«-4a + 26) 
Rejecting a' -4a + 25, which is clearly not a factor of the 
second expression, we find the H. 0. F. to be 3a - 6. 

26. 60a2 _ 75^35 + 15x2= I5(4a2 _ 5ax + x2)=3 x 5(a - x) (4a - x) 

Of these four factors, 5 and 4a - x are clearly not factors of the 
first expression : but 3 is a factor of it : divide it by 3, and 
divide the result by a - x. 

a - x)6a3 - 6a2x + 2ax2 - 2x8(6a2 + 2x" 
.'. H. C. F. is 3(a - x). 

27. Divide the first expression by x, and multiply the result by 2 ; 

6x?-x- 2)42x2- 52x + 16(7 
42x2- 7x- 14 

-45X + 30 
Divide by -15; 3x- 2)6x2- x-2(2x+l. 

28. 3x5-16aai2 + a2x-5a')6x* + 29a2x2 + 9a*(2x+10a 

6x* - 30ax» + 2a2x2 - lOa^x 

30ax» + 27a2x2 + lOa^x + 9a* 
30ax8 - 150a2x2 + lOa^x - 50a* 



177a2x2 +59a* 

Divide by 59a2 ; 3x2 + a2)3x5-15ax2+a»B-5a»(x-5a. 
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29. a^-y*=(x*+y2)(jBa-y8) 

.•.x2+y2istheH. C. F. 
3a Divide the first expression by 2 ; 



4a;2-36 

Now4x»-36=4(x«-9)=4(»+3)(x-3) ; and rejecting 4 and 
X - 3, we have 

«+3)a? + x« + 7x + 39(a:»-2x + 13. 

31. 45a%;+3a%*-9aa:»+6a^=a:(45a5+3a2x-9aa;«+6x8) 
ISa^a; - 8a?=2a;(9a« - 4x2) 
Beserving the common factor x ; 

9a« - 4x2) 45a3 + 3a2x - 9ax2 + 6x3 (6a 
46a3 - 20ax« 



3a2x + llax2 + 6x» 
Divide by ac, multiply by 3, and proceed with the division ; 

9a« + 33ax + 18x2(1 
9a2-4x2 



33ax + 22x2 
Divide by llx; 3a + 2x)9a2-4x2(3a-2x 
.% the a C. F. is (3a + 2x)x. 



XXXVIII. 



1. x>+6x+6=(x + 2)(x+3) ; x2 + 7x+10«=(x+2) (x+6) ; 

x2+12x + 20=(x + 2) (x + 10). 

2. x8 + 4x2-5)x8-3x + 2(l 

x8 + 4x2-5 



-4x2-3x + 7 



• 
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Change signs and multiply the divisor by 4 ; 

4x«+ai;- 7)4x3 + 16x«- 20(a; 
4x8 + 3a;2_7a; 



13x2 + 7x-20 
Multiply by 4, and continue the division ; 

62x2 + 28a; -80 (13 
52x* + 39x-91 



Change signs and divide by 11 ; 

a;-l)4x*+3x-7(4x+7 
Hence x - 1 is the H. C. F. of the first two expressions ; and 

since x - 1 divides x^ + 4x* - 8x + 3 exactly, it is the H. C. F. 

required. 

3. 2x« + x-l = (2x-l)(x + l); x2 + 6x + 4=(x + 4)(x+l); 
x8 + l=:(x + l)(x«-x + l). 

4.!^-y'-y+i=(y'-y')-(y-i)=!/«(y-i)-(y-i)=(y»-i)(y-i) 

3y2_2y-l=:(3y+l)(y-l) 

2^-y'+y-i=y%-i) + (y-i)=(y'+i)(y-i). 

5. x'-4x«+9x-10)x8 + 2x2-3x + 20(l 

x5-4x2 + 9x-10 



6x2-12x + 30 
Divide by 6; x«- 2x + 5)x8-4x2 + 9x-10(x-2 

x8-2x« + 6x 



-2x2 + 4x-10 
-2x* + 4x-10 

Hence x*- 2x + 5 is the H. C. F. of the first two expressions, and 
as it also divides x'^-f-5x'~9x+35 exactly, it is the EL C. F. 
required. 
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6. x'-Tx^+iex- 12)3x5- 14a:«+16x(3 

3x?-21x« + 48x-36 



7x*-32x + 36 
Multiply the divisor by 7 ; 

7x'-32x + 36)7x8.49a^ + X12x-84(r 
7a3-32x«+36a; 



-17x* + 76x-84 
Multiply by - 7, and continue the division ; 

119x«-532x + 588(17 
119x«-544a5 + 612 



12X-24 
Divide by 12; x-2)7x«-32x + 36(7a-18 
Hence x - 2, which also divides Sx* - lOx* + 7x - 14, is the H. 0. P. 

y8-5y« + lly-15 

4y'-8y + 20 
Divide by 4; y'-2y + 5)y3-5y2 + lly-15(y-3 

-3y2^.gy_i5 
-3y2 + 6y-15 



Hence as y* - 2y + 5 divides %p - ly^ + 16y - 15 exactly, it is the 
H. 0. F. 



XXXIX 

II. 



a* a* a, 



IX 



o*+a6 a(a + 6) a + 6* 

14mhi 14m~x 2mx 



21m3p - 7mx 7m(3m^ - x) 3m^ - x 



"^ 3x2^-6x2y» xy{3y-'5xz) 32/-5i3* 



46 KE Y TO ELEMENTAR Y AL GEBRA. 



4ax + 23^ 2x{2a + x) 2a + x 
'^ 8ax8-2»a"'2x(4aa;2-«)''4fla«-»' 

^' a^ + bcy hc{a+y) be 

f6 4aV+6a^?/ ^\2x + Zy) a* 

8x2-182^'-^ ''2(2x + 3y) (2x - 3y) "2x - 3y 

12a6g-6a& 6a6(26-l) 3a5 

''^^ 862c- 2c '"2c(26 + 1) (26 - 1) ''26c + c 

8 c'-^g' _ (c + 2a)(c-2a )_^ c-2a 
' c^T4ac + 4a*~(c + 2a)(c + 2a; c + 2a* 

3ag* + 3x^« ^ 3g'(g» + yO _ 3 

4x*-8xy + 4y2 4(a5-y)(a;-y) 2a;- 2y 

aag + 6y _^ oag + 6y 1 

7aV-76V 7(aa; + 6y) (aa5-6y) 7ax-7by 

eab + Scd 2(3ab + 4cd) 2 

27a262x-48c2(fb 3x(3a6+4aQ(3a6-4crf) 9abx-l2cdx 

xy-xyz gy(l -g) _ xy 
^ 2az-2a»^ 2a«(l-«) 2a«* 

7ay>a^-7a6V ^ 7ab^(pfi-y^ ^_6^ 
^' 14a56cx8 - 14a36cy8 14a36c(ic8 - y^; 2aV 

^^' 10ca;» + 90ccix2 I0cx2(a;7 + 9flf)""2c 

, 10a«+20fl6 + 106g 10(a + 6)(a + 6) 2a+26 
^^' 6a3 + 5a26 "" Sa^ + t) ^ «* ' 

4x^-8x^ + 4^ 4(g-y)g J_ 
^''* 48(x-y)« "48(x-y)2"'l2' 

J. Zmx + bnoi^ x{3m + 6nx) x 
' Zmy+linxy'"y{Zm-¥&nx)'^'y* 
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XL. 

g'+7a-flO ((H-6)(a + 2) a + 5 
'• a3 + 5a + 6 ™(a + 3) (a + 2) a + 3' 

g^-9x+20 _ (g~4)(a;~5) ^g-5 
^' a^-7»+12""(a;-4)(a;-3) a;-3* 

g'-2a;-3 (g-3) (g + l) _ ag + l 
^* iB*-10a;+2l"'(x-3)(a;-7)""a;-7" 

g'-18gy+45y ' (a;- 3y) (a;- 15y) _ g- 3y 
^ «» - 8a^ - 105^*" (a + 7y) (a; - ISy) x+ly 

a!* + a:^ + l (a^ + g + l)(g'-ag + l) , . i 
^- a^+aj+l a;a + a; + l «« -a^+A. 

7. a?-4a;« + 9a;-10)a:» + 2x2-3a; + 20(l 

a:8-4x2 + 9x-10 



6x*-12x + 30 
Divide by 6; a?-2a;+5)a:»-4a;2+9x-10(a:-2 
Hence a^-2x + b is the H. C. F. 

8. a5-6x«+lla;-15)«8-a;2 + 3a. + 5(l 

a:8-5x2+llx-16 



4x2-8x + 20 
Divide by4; x^-2x + b)a^-5x^ + llx-15{X''^ 
Hence x*-2a; + 5 is the H. C. F. 

9. a?-8a?+21x-18)3x3«i6a.2^.2ix(3 

3«3-24a;2 + 63x-54 



Divide by 2 ; 4x2- 21« + 27 
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Multiply divisor by 4 ; 4a;*-21»+27)4x'-32a;*+84x-72(« 

4x5-21a« + 27aj 



-lla« + 67a;-72 
Multiply by - 4, and continue the division ; 

4b« - 21a; + 27) 44x2 - 228x + 288 (1 1 
44x2-23105 + 297 



3x-9 
Divide by 3; x-3)4x2-21x + 27(4x-9 
Hence a:- 3 is the R C. F. 

10. The H. C F. is X - 2, see the work in xxxviii. 6. 

11. ac*-x'y-xy3-y*)x* + x3y + xy'-y*(l 

X* - x^ - xy' - 3/* 

2x3y + 2xy3 
Divide by 2xy ; x2 + y2)a;*-x5y-xy'-y*(x2-xy-y2. 

12. a8-3a + 2)a3 + 4a2-6(l 

a*-3a + 2 



4a2 + 3a-7 
Multiply divisor by 4 ; 4a2 + 3a-7)4a5-12a+8(a 

4a3 + 3a2-7a 



-3a2-6a + 8 
Multiply by - 4 and continue the division ; 

12a2 + 20a-32(3 
12a2+ 9a -21 



lla-11 
Divide by 11; a-l)4a2 + 3a-7(4a+7- 

13. 63-66 + 5)&3 + 462-56(l 
63-66+5 

462 + 6-5 
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Multiply divisor by 4 ; 46* + 6-5)46»-246 + 20(6 

465 + 62-56 



-6«-196 + 20 
Change sigiiB ; 6'+196-20)46>+&~5(4 

462 + 766-80 

-756 + 75 
Hence the H. C. F. is found to be 6 - 1. 

14. »»-7»+6)m*+3m'-4iii(l 

m'-7m+ 6 

3m' + 3m-6 
Diyidebyd; i»*+m-2)m'-7m + 6(m-l 

m' + m'-2m 

-m'-5m + 6 
-m*- m +2 



-4m + 4 
Hence the E[, C. F. is found to be m - 1. 

15. a?+l)a»+2a«+2a+l(l 
a? +1 



16. 



2a>+2a 
Divide by 20^ and H. C. F. is found to be a + 1. 

3flg'-13ag + 14a a( 3a^~13x + l ^ 
7a?-17a2+6a; ""x(7^^7x + 6) 
3a* - 13a; + 14) 2U'2 - 51x + 18 (7 
21x2- 91a; f 98 



40X-80 
Whence H. 0. F. of 3x2-13x + 14 and 7x^-17x + 6 is 
found to be X - 2. 

14x^-34g + 12 ^ 2(7x2- 17x + 6) 
^7- 9aa«-39ax + 42a 3a(3x2 - 13x + 14) ' 

and as in the preceding question, the H. C. F. is found to be x - ^ 

D 
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g 10a~24a« + 14a8 2a(5~12a + 7a^ 
• 15-24a + 3a2 + 6a3"'3(5-8a + a2 + 2a«) 
5-12a + 7a2)5-8a + a« + 2a«(l 
6-12a+7a2 



4a-6a2 + 2a« 
Divide by 2a; 2-3a + a2=(i-a)(l-2a) 
Hence the H. C. F. is found to be 1 -a. 

2a63 + a62-8a6 + 5a _ a(268 + 62-86 + 5) 
'^* 763-1262 + 56 "" 6(762-126 + 5) 

762-126 + 5)1468 + 762-566+35(26 

1463-2462+106 



3162-666 + 35 

7 

21762-4626 + 245(31 
21762-3726 + 155 

-906 + 90 
Hence the H. C. F. is found to be 6- 1. 

20. a3-4a2 + 6a-4)a3-3a2 + 3a-2(l 

a3-4a2 + 6a-4 



a2-3a+2)a3-4a2+6a-4(a-L 
a3-3a2+2/i. 



-a2 + 4a-4 
-a2+3a-2 

a-2 
Hence we find a - 2 to be the H. C. F. 

3x2 + 2x-l (3ag -!)(«;+ l) _3x^ 
21- :?4-x2-a;-l" (x2-l)(a; + l) a;2_i- 

a2-a-20 ^ (a-5)(a + 4 )_a-5 
^^•a2 + a-12 (a-3)(a + 4) a-S" 
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23. «*-3z^+4fl5-2)a?-x>-2a;+2(l 

a?-3z^+4x-2 



2x*-6a;+4 

a:'-3x'+2a; 



2x-2 
Hence we find as- 1 to be the H. C. F. 

24. a^+t^+«*+2jBy+2a»+2ya + !8*-2ya+y2+jBa-2aa+s?+y*-2xy + a? 

25. Multiply the numerator by 7 ; 

7a? - 19a? + 17« - 5) 14aJ* - 7x? - 63x2 + 91a; - 35 (2a; 

14a?-38a? + 34a?-10x 



31a? - 97a? + 101a; -35 

7 

217a? - 679x2 + 707^; « 245 (31 
217x8 - 589x2 + 527x- 155 

-90x2+180x-90 
Divide by -90; a?-2x + l)7x3-19x2+17x-5(7x-5 

7x3- 14x2 + 7x 



-5x2+10x-6 
-5x2 + 10x-5 



Hence a?- 2a;+ 1 is the H. C. F. 



26. 8a?-30x5 + 31x2-12)16x*-53x2 + 45x + 6(2 

16x*- 60x3 + 62x2 -24 



60x3- 1 15x2 + 45X + 30 
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Diyide by 5, and multiply the divisor by 3 ; 



-44x» + 75x8-12a;-36 
Multiply by - 3, and continue the division ; 

132x» - 225a;2 + 36a. + 108(11 

132x8 -253x2+ 99a; + gg 



28x«-63x+ 42 
Divide by 7; 4x2-9x + 6)12x5-23x«+9x + 6(3a+l 
Hence 4x2- 9x+ 6 is the H. C. F. 

4x2-12ax + 9a2 (2x - 3a) (2x - 3a) 

'' 8x3-27a3 ""(2x-3a)(4^+6ax + 9a«)* 

28. 6x8-23x2+16x-3)6x3-17x« + llx-2(l 

6x8-23x2 + 16x-3 



6x2- 5a.+ i 
6x2-6x + l)6x8-23x2+16x-3(x-3 
Hence 6x2-5x + l is the H. C. F. 

29. x5-6x2 + llx-6)x8-2x2- X +2(1 

x8-6x2 + llx-6 



4x2-12x + 8 
Divide by 4; xa-3x + 2)x5-6x2 + llx-6(x-3 
Hence x2-3x+2 is the H. C. F. 

30. m3+m2 + m-3)m8 + 3m2+5m+3(l 

m'+ m2+ m-3 



2m2 + 4m + 6 
Divide by 2; m2 + 2m + 3)m' + m2+i»-3(m-l 
Hence m^ + 2m + 3 is the H. C. F. 

x^ + 5x*-x2-5x x*(x + 5)-x(x + 5) _( x + 5)(x8-l)x x»+5a; 
^* iC* + 3x»-x-3 " x3(x + 3)-(x + 3) (x + 3)(x3-l)""'^+3~' 
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^ • aa+2a6 + 62-c3 (S^T2a6 + 62) _ ^ (a + 6)2-c2 

(a+6 + c)(a--6-c) _ a-6-c 
(a+6 + c)(a + 6-c)~a + 6~c* 

33. Multiply the numerator by 3 ; 
9a2+3a6- 262)45^2+ 3a6- 662(5 

46a2+15a&-1062 

-12a6+ 462 
Divide by -46; 3a-6)9a2+3a6-262(3a+26 
Hence 3a-6 is the H. 0. F. 

34. a?-7a;+10 = (a;-5)(a;-2) 

OS- 6 is clearly not a factor of the denominator ; 

a;-2)2a52-a:-6(2a; + 3 
Hence a; - 2 is the H. C. F. 

35. a:? + 3x*+4a; + 12)a» + 4a;2 + 4a; + 3(l 

a? + 3x2 + 4a; + 12 

a:2_9 

Divide by a;-3; a: + 3)a;3 + 3sB* + 4a; + 12(a;^+4 
Hence a; + 3 is the H. C. F. 

36. 2x"-a;-l)2aJ*-2a^-4a; + 4)a; 

- a^-3x + 4 
Change signs; a:*+3a;-4 = (a;+4)(a;-l) 
Divide by a;+4; X''l)2a?-x-'l(2sx^+2x + l 
Hence sc- 1 is the H. C. F. 

37. 3ai«-4a;-15)3a;3-6x2-45a; + 108(» 

3xS-4x2-15a; 

-2x2 -30a; + 108 
Divide by -2; x^-{-l6x''64^(x + lS){x-2) 
Divide by a: +18; a;-3)3a^-4aj-16(3a;+5 
Hence ac- 3 is the H. C. F. 



i 
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38. 3«»+a:"-5a; + 21)6x' + 29a^+26a;-21(2 

6a5+ 2x2_i0a. + 42 



Divide by9; 3a:?+4a;-7)3a:3+ a:a_5a;+21(x-l 

3ic5+4a:2-7x 



-3ai*+2a;+21 
-3iB'-4a:+ 7 

Divide by 2; 3a;+7)3iB«+4a:-7(a;-l 
Hence 3a; + 7 is the H. C. F. 



- sc*- 8x*-3a; + 4 
Change signs ; {B8+8x2+3a;-4)4jK8- Sx^- 8a;- 1(4 

4a;8 + 32a^+12a;-i6 

-35a;2_20a; + i5 
Divide by -6; 7a^»+4a;-3 = (7a;-3)(a;+l) 
Divide by 7x-3; x + l)a^ + 8x^+ZX"4(x^+7x"4 
Hence a; + 1 is the H. C. F. 

40. a3-7a2+16a-12)3a3-14a3+16a(3 

3a8-21a2 + 48a-36 



7a* -32a +36 
7a2-32a+36)7a3-49a2 + ll2a-84(a 
7a3-.32a2+ 36a 



-17a2+ 76a-84 

7 

-119a« + 532a-688(-17 
-119a2 + 544a- 612 

-12a + 24 
Hence we find a - 2 to be the H. C. F. 
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XLIL 

Q^+4x 4e^-12x g(g+4)4a;(g-3) 

a^+ae + 2 as^-7g+12 (g+2)(g+l)(g-3)(g--4) 
^jr«-6a;+6^ a;»+g *" (x-2)(g-3)x(g+l) "^^ 

a:«-f-g~2 as«-13g + 42 _ (g + 2)(g-l)(g-7)(a;-6) 
^ g^-Tx ^ a?+2» g(x-7)x(x+2) ""^^ 

a:«-llx + 30 g«-3g ^ (x-6)(x-5)x(x-3) 
^' x?-6x + 9 ^x«-6x (x-3)(x-3)x(x-6)''®*^ 

^ a:«-4 g^~25 (x + 2)(x-2)(x + 5)(x-5) 
j?+&B^5?+2x" x(x+6)x(x + 2) "^'^ 

(a-3)(a-l) ^ (a-5)(a-4) a(a-7) , 
^' (a-4)(a-l) (a-7)(a-3) a(a-6)~^- 

(fe-6)(6-l) (6 + 4)(6-f6) ^ 6«(6-8) _, 
(6 + 4)(6-l)(6-8)(6-6) 6(6+6) "■^• 

^ (x+y)(x-y) ^^ y(x-2y) ^^ x(x-y) _ y 
(x-y)(x-2y) x(x + y) (x-y)(x-y) a-y* 

j^ (a + 6 + c)(a + 6-c) ^ (c-fa--6)(c-a + 6) c-a + 6 
(a+6-c)(a-6+c) (c+a+6)(c-a-6)""c-a-6* 

jj^ (x-m-f n)(x-m-n) ^ (x+n--m)(x~n-fm) x--mj-u 
* (x-n+w)(x-n-w) (x + m-n)(x-w+n) a + ni-»* 

j2^ (a + 6 + c+d)(a+6--c~d) ^ (a--6 + (f-c)(a-6-d+c ) 
(a+c+6 + d)(a+c-6-d) (a-c + (i-6)(a-c-(i+6)^^* 

(a^->2xy+y«)-g« ^ x + y-g _ (x-y + g)(x-y-g)fa + y_g) 
^ (««+2xy + y»)-«2 x-y+a (x+y + «)(x + y-«)(x-y + s)""®^ 

XLIII. 

I. ??x — =225?. g 15y 7g _3 

X 36 36x * 1425 6y* 2w' 

8x*y 30a6« 8xg . 4a 1 4 

^- 16063'' 2x8 " 6 • 4. iiJ><3^ = 35;^. 
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3© «-l 3 >: _ 505 505 

2(2?-l) 2i? 4 4a 4a 

^•7''2'"l4' (a;-.l)(a;-2)^ 1 ''x-2* 

1 g-15 1 

^' (a;-16)(a;-2)^ 1 "'a;-2' 



XLV. 

i^ ac*s=ajxa;; (M5 + x'=a;(a+a;) ; /. L. C. M. is ajxa;(a+«). 

2. x'-l = (a;+l)(a;-l); x'-a; = a;(x-l) ; /. L.C. M. is (a; + 1) (a; -1)05; 

3. a*-6*=(a+6)(a-6) ; a*+a5s=a(a + 6) ; .*. L.C. M. is (a + 6)(a-6)a. 

4. 4x2-.l = (2a;-l)(2a; + l); /. L.C.M. is 4a:2,i, 

5. a8 + &8 = (a+6)(a2-aJ + 62). .-. L.C.M. is a^+J*. 

6. a:2-l = (a;+l)(a;-l); /. L. C. M. is x«-l. 

7. {B8-l = (a;-.l)(a;2+a; + l); /. L.C.M. is (a;+l)(a?-l). 

8. ic8 + l = (a; + l)(a^-a;+l); /. L. C. M. is (a2+l)(a5+l). 

9. a:2-l = (a; + l)(a;-l); a?-l = (a;-l)(x2+a; + l) ; 

.-. L.C. M. is (a; + l)(a;- l)(jB*+a;+l). 

10. aj*-l = (a;2+l)(x2-l); .-. L.C. M. is aJ*-l. 

11. flc2-a; = a;(a;-l); sc*- 1 = («-!) (02+0;+ 1) ; a? + l«=(a;+l)(a5^-a;+l); 

.-. L.C.M. isa;(a;-l)(a;2+a; + l)(ar+l)(x2-a;+l), etc. 

12. ac2-i = (a; + l)(a;-l); a5*-a: = a;(a;-l) ; a?-l = (a;-l)({B*+aB+l); 

/. L. C. M. is (a; + 1) (a; - 1) a; (jc^ + a; + 1), etc. 

13. 4a2-l = (2a+l)(2a-l); 8a8 + l = (2a+l)(4a«-2a+l); 

/. L. C. M. is (2a + l)(2a- l)(4a2-2a + l), etc. 
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14. 2x'+2xy = 2x(a;+y); .*. L. C. M. is2a52+2xy. 

15. a«-6«=(a+6)(a-6); /. L. CM. is (a +6) (a +6) (a -6). 

16. a«-6«=(a+6)(a-6); /. L. C. M. isa^-fts 

17. 2(l-{B«) = 2(l+a;)(l-a;); /. L.C.M. is 4(l + x)(l-x). 

18. a:?-l = (a;-l)(jK2+a;+l); /. L.C.M. iaic*-l. 

19. L.C. M.is (a-6)(a-c)(6-c). 
2a L.C. M. ifl(a;+l)(a; + 2)(a;+3). 

21. si?-y^^(x+y)(x-y) ; 

.'. L. C. M. is (a; + y) (sc-y) (x+y) {x-y), 

22. a«-l=(a+l)(a-l); /. L. C. M. is (a+3) (a+1) (a-l). 
^3. a;(a^-y*)s=a!(a!+y) (x-y) ; .'. L. C. M. is o^^x-y) {x + y), 

24. L. C, M. iB(a; + l)(x + 3)(a;+2)(a;+4). 

25. a^-y*=(a;+y)(a;-y); 12(a5 + t/5) = 12(a; + y) (a^-jcy + yJ) ; 

/. L. C. M. is 12(05 + y) (05 - y ) (as - y) (x^ - ojy + y^. 

26. 6({B"+ajy)=«6sc(a;+y); 8(«y-y2)=8y(a;-y); 
10(a»-y«)=10(a;+y)(a;-.y); 

/. L. C. M. is 120ajy(a; + y) (a;-y). 

XLVL 

1. a:*+6a; + 6=(a; + 2)(a;+3) 
«2+6x + 8=(a; + 2) (a;+4). 

2. a*-a-20=(a-5)(a + 4) 
a'+a-12=(a-3)(a + 4). 

3. x'+3a; + 2=(x + l)(a; + 2) 
ac2 + 4a; + 3=(a; + l)(a; + 3). 



i 
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4. a*+llx + 30=(a; + 6)(» + 6) 
a? + 12a; + 36=(a; + 5)(a; + 7). 

5. «*- 9aj-22=(x-ll)(a; + ^ 
a?-13x+22=(a;-ll)(a;-2). 

6. 2x2+3a;+l=(2a;+l)(»+l) 
a? - a: - 2=(a;-2) (sc + l). 

7. {B'+iB^+ajy + y*=8(a^+y)(fl5+y) 

8. jK2-8a;+15=(a;-3)(x-5) 
a:2+2a;-15=(a;-3){a; + 5). 

9. 21a?-26a; + 8)21a8-12x»-63x + 36(« 



14a;2-71a;+36 
3 

42jB2-213a; + 108(2 
42a^-62a; + 16 

-161a; + 92 
Divide by -23; 7x-4)21a2-26a; + 8(3x-2 
.-. L. C. M. is (3a;-2)(7a:3_4c2_21a;+12) 
or(3x-2)(7a;-4)(a;«-3). 

10. a3+a^+ajy*+y'=(flc^+y^ (jc+y) 

11. a3-2a26-a62 + 2&3)a3 + 2a26-a62-268(l 

a3-2a26-a52+263 



4a26 -46» 
Divide by 46; a^ - 62) a^- 2^26 -0^2 +26' (a -2^ 
.-. L. C. M. is (a-26) (a^ + 2a26 - 062 - 263) 
or(a-26)(a2-62)(a+26). 
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XLVIL 

1. a?-3«+2«(a!-l)(x-2) 
a:2-4a;+3-(x-l)(x-3) 
a?-(te+4-(x-l)(»-4). 

2. a?+(te+4«=(a;+l)(a;+4) 
x«+4a;+3-(x + l)(a;+3) 
Jc'+7a;+12 = (a;+3)(x+4). 

3. SB^- 9a; + 20=»(x-4)(x-6) 
a^-12aj+36 = (a;-7)(»-5) 
a^-lla;+28 = (a;-4)(«-7). 



<• 6aj»-«-2)42x«-34a;+ 4(7 
42x«- 7a:- 14 



-27»+18 
Divide by -9; 3a;-2)6x2_aj.2(2x+l. 
Hence L. C. M. of first two expressions is 

(2a;+l)(21jK2-17a; + 2), or 42x5-13x2-13x+2. 
We have now to find the L. C. M. of this and 14c^ + 5a; ~ L 
14a;«+6x- l)42ar»- 13a2-13a; + 2(3a;-2 
42ar»+15x2- 3a; 

-28a;2_ioa. + 2 
-28«2-10a; + 2 



.'. L.O. M. is (3a;-2)(14ai2 + 5a;-l), etc. 

5. a:2-l-(a:+l)(a;-l) 
a^+2a;-3 = (a;+3)(x-l) 
6a5»-«-2=-(3a;-2)(2x+l). 

6. a?-27 = (a;-3)(a;2 + 3a;+9) 
a?-l(te+36=»(a;-3)(a;-12) 

a?-3a:?-2x+6 = a;2(a;-3)-2(a;-3) = (aj«-2)(x-3), 




6o KE V TO ELEMENTAR Y ALGEBRA. 

XLVIIL 

1. L. C. D. 20 ; new numerators 15^ 16asL 

2. L. C. D. 18 ; new numerators 9a;- 21, 4X- 9. 

3. L. C. D. lOx* ; new numerators 4aj- 8y, Sa^- Sajy. 

4. L. C. D. lOa^ ; new numerators 20a + 256, Ga^-Soft. 

5. L. C. D. 60a*c ; new numerators 48a^- 60ac, 15a- lOc 

6. L. C. D. a'6^ ; new numerators aft - 6^, a^-a?h. 

7. L. C. D. 1 - jc* ; new numerators Z-ZXyZ + Zx, 

8. L. C. D. 1 - y* ; new numerators 2 + 2y*, 2 - 2y*. 

9. L. C. D. 1 - 0^ ; new numerators 5 + 5x, 6. 

10. L. C. D. c(6 + a:) ; new numerators aft+ose, 6. 

11. L. C. D. (a-6)(6-c)(a-c) ; new numerators a-e, 6-c. 

12. L. C. D. a6c(a-6)(a-c)(6-c) ; new numerators hc-<?y db-t^. 

XLIX. 

12a;+21 . 3a;-4 15a;+l7 
15 15 15 

36a-486 56a-286-f 28c 91a-28c ^ 71a-20&-66c 

^'84 84 "^ 84 84 ' 

24a;- 18y 9a;+21y 10a; -4y 9a; + 2y 32a; + 9y 
^' 42 "*■ 42 ■ 42 "*■ 42 °" 42 ' 

30a; -20y 25a; -35y 16a;^ + 4a;y _ 16a;^ + 55a; + 4a;y-65y 
^ 50x ■*■ 50a; "*" 60a; "" 50x 

16a;' -28y^ 6a;'-16a;y 5a;'-2a;V ^ 27a;»-2a;^-16a;y-28y' 
^' I2a^ "*" 12x2 + i2a;2 i2a;« 
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^ 180tt*+225y 54fl6 + 36y 70^ - 20a6' _ 180o» + 54flfe + 3316* - 20ay 
90P ■*■ 906« ■*■ 906« " 906* 

80x» + 10Qg^ 36a:»-84c 45 ^ 80x» + 64x» + 84c + 45 
'' 6^ 60x« "^'eOx* 60? 

o 70a* + 28a6 84c«-636c . 18a6-2l6c 70a« + 46a6 + 426c - 84c« . 

S. — + ^ . etc. 

42flMJ 42a<j 42ac 42a<j ' 

^ 2gc+5c' 4a^-3ac* 5oc-2c* 4a^-3a c' -3ac + 7c» .^ 
^ aV* "^""""^ ^? 5V '^^ 

j^ agV-4ay 5xV + 7a^ 6xV-lly» _ lly»-ayV»-4xy-7x« 
acy a^ a^ xy 

db^-l^<? 4aV>e-5abh 3a* - 7a^6 3a*--7a^6 + 4ag6c-5a6^c + a6c»-6\^ . 
• a%V ■*" a?6«c» "*" a^ft^c* "" S^^ 



I. 



2. 



L. 

g-f5-fa;-6 2x-l 

(a;-6)(x + 6) '^(x-6)(x + 5)" 

g-3-(a;-7) _ 4 
(«-7)(x-3) (a;-7)(a;-3) 



l-g+l + g _ 2 

^ (l + x)(l-a)""(H-a;)(l-a)' 

ac'+2apy + y*-(a;*~23:y + y^ _ 4xy 
^ (x + y)(x-y) ^(x + y){X'-yy 

5' (l+x)(l-.a) (l + x)(l-x) (l+x)(l-x)"l + x 



^ a(c + dx) " {ad - hc)x _ ac + hcx _a + 



hx 



e(c + dx) c(c + dx) c + dx 

si?-xy + x^-h xy_ 2x^ 
(x+y)(x-y) '~(x + y)(x-yy 



i 
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8 ^-y+g _ ^-y 

2(a;+a)+3<t 2a;+Stt 



a-sc+a+o! 2a 

lo. 



2a(a+a;)(a-a;) 2a (a +35) (a -a:) (a+a;)(a-a;) 



LL 



l-g+l+g . 2a 2 + 2a _ 2(l + a) 2 



F^^ "^l-a^ F=^ l-a^ 1-a 

l + a;~(l~a;) 2x _ 2x 2a; 2x + 2a:^ + 2a;-2ic^ _ 4g 
1-02 ■^'l + o^a-x-aa + f:;^- i_a4 x-c 



1-^' 



g-f g'-ac' g _ flg g g + g^ + g-g? _ 2g 

^* l-g2 ■*"l+^""]T? l + g2" 1-g* "T^' 



a+6-(a-6) 26 _ 26 26 2ag6 + 2&8 - (2ag6 - 2&8) 

^ a^-b^ ^+F'""J?"=62 a2 + 62 ?^:^6« 

4¥ 46^ _ 4a*68+46^-(4a*63~460 _ 86^ 
o?^^ a*+6*'" a8-68 ""a8-68' 

yix + y) x{x+y)^ yip^+y) x+y" y(x+y) 

( x+yy _ x + y 
^y{x + y)~ y ' 

a;2-9 + a-2--i 6 g + 5 2g'-25 g+5 
(g + 4)(g-3) g + 7"'(g + 4)(g-3) g + 7 

2gg-25g-fl4g'~175 + (g + 6)(g»+g~12) 
"" (g + 4)(g-3)(g + 7) 

2x3-25g + 14g2-175 + g3 + 6g2-7g-60 



(g + 4)(g-3)(g + 7) 



,eta 
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"• («-2)(«-3) '*'»-4~(a;-2)(»-3)'*"x"4 

2a»-16a:» + 39a;-28 + (a;-3)(a^-5x-f6) 

'^ (a;-2)(x-3)(x-4) 

2a»-16g'+39g-28 + a:»~ 8x^ + 21^-18 . 
*" (x-2)(a;-3)(x-.4) ' 

g^ 3flg~3a + 4<i 5(1^ _ (3g -f a) (a; - g) - 5a^ _^ 3a^ - 2aa; - o' - 6a' 
(as -a)' (x-a)^~" (iB-a)^ (a-a)^ 

3ic'-2aag-6a^ 
" (x-a)» ' 

g + 2-(g~l) 3 ^ 3 3 

^ («-l)(x + 2) (a; + l)(a; + 2) (x-l)(x + 2) (x + l)(a; + 2) 

3a;+3-(3a;-3) ^ 6 

"(x-l)(x + l)(x + 2) (x-l)(x + l)(x + 2)' 

g + 3 3 ^ X 

'^ (« + l)(«+2)(« + 3)"(x + l)(x + 2)(x+3) (x + l)(x + 2)(x + 3)' 

a^ . a^ + g . g^~g _ 3a^ 
"• 5?=l"*"a?-l'*'x2-l~x2-r 

a+e a+d e-(? 

12. 



(a+c)(a+(i)(a+e) (a+c)(a + (Q(a+e) (a + c)(a + (i)(a+e) 

(ft- 6) (a+6) + (6 - c) (6 + c) + (c- a) (c + a) 
'^ (6 + c)(c + a)(a+6) 



(6 + c)(c + a)(a+6) 



(g-ft)g + (a;-6)^-(ft-6)^ xg-2aa;+a' + x'-253; + 62-a« + 2(e?;-6^ 
'^ (x-a)(x-.6) "" (x-a)(x-« 



2(a^ - ax -6x-f 06) ^0 
ac?-ax-6x+a6 



/ 
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yix+y) . y{3(?-y^''y{x + y) y{x^ - y^ 
*" y{sc^-y^ " y{3i^-y^ 

y{x^-y^ x+y' 

, (a+6)(a-6) + (6 + c)(6-c) + (c + a)(c-a) 
(6-c)(c-a)(a-6) 



(6-c)(c-a)(a-6) 

a^-y3 Q^-y^ jc3- 



26--2c + 2a-2& 2 (2(X - 2c) (c -- a) + 2(a -- 6) (6 - c) 
^^- (a-6)(6-.c) ■*'c-a'' (a-6)(6-.c)(c-a) ' 

(2a-2c)(c~a) + 2(a~6)(&--c) ^ (a~6)^-f (6-c)g+(c-o)« 
(a-6)(6-c)(c-a) (a-6)(6-c)(c-a) 

(2ac-2a«-2c«+2ac+2a6— 26a~2ac+26c)+(aa-2o6+6*+l>a-26o+^+da-2ac+a2) 
™ (o-6)(6-c)(c-a) 

= 0. 

(7i-f3)-l-(n + 2) _ 
^°- (7H-l)(7i + 2)(» + 3) ''• 

{a?-hc)Q) + c) + Q)^-ac){a+c) + {<?-aJb){a+h) 
^^' (a+6)(a+c)(6 + c) 

og6 + agc-6^c-6cg + a62-a2c + 6^c--ac2 + acg-a25 + ^_^2 
"" (fl + b)(a+c){b + c) 

-0. 
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65 



LIL 



gg ^ -ag+y __ y 



• ac-y y-« «-y x-y ac-y 

(3 + 2a;)(2-fa;) (2-3a;)(2 -g) a:»-16 as 
4-35* 4-»^ 4-a^ 



6 + 7a; + 2g'~(4-8g + 3g^+a:^--16ag 2-g _ 1 



4-iF 



4-a^ 2 + aj 



* "^ ^ g*~g-(-g^-ag)+g^ _ 3a;^ 



1 1 , 4 ^ y-l-3(y + l) -4 

^ 6(y+l)"2(y-l)"^3(l-y2) 6(y2-l) "*'3(y»-l) 

y-l-3y~3-8 --2y-1 2_ 2y-fl2 y + 6 
""* 6(y»-l) ""eCy^-i)- 6(l-y2)='3(l-y2) 

1 , -2 , 1 

5' (m-2)(m-3) (m-l)(m-3)"*"(m-l7(m^2) 



m-l-2(m-2) + m-3 -. 
' (w-l)"(m-2)(m-3)""^' 



-1 



a+a-^+6) 



(a-6)(«+6) (a-6)(a; + a) (a-6)(a; + a)(x+6) 
a-6 1 



(a-6)(a; + a)(a; + 6) (a; + a)(x+6) 



/. 



a«+6« 



2a62 



2a«& 






(a + 6)(a-6)(aa+ai + 62) 

a^+a36-a63 + 6^ 2a26 

'"(cr+6)"(a3-j8) '*"(a + 6)(a2-a6 + 6«) 



2a'6 
(a+6)(a8- 06 + 6^ 
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4(1+ a) 4(1 -x)"*" 2(1 + 02) 4(1 -a2) ■*" 2(1 + ^2) 

2 1 1 1 1+^+1-^ 

'■4(1-{b2) 2(1 + 0!*) "°2(l-a^2(l+a^" 2(l-aJ*) 

2 1 

""2(1 - a;*) T^' 



lO. 



(x-y)(y'-z) {x-y){x-z) (x-zj^y-z) 

(g-g) + (-y+g) + (g~y) ^ 2(g-y) ^ 2 

(x-y){y-z){X''Z) '"(x-y)(y'-z){x^z)'^{x-z){y-z) 

1 . -1 . 1 



a(a-6)(a-c) 6(a-6)(6-c) c(a-c)(6-c) 

6c(6-c)+ac(-a+c) + a6(a-6) 
abc(a ~ 6) (a - c) (6 - c) 

hh - 6c* — 'a*c + oo* + a*6 - a6^ __ 1 
a6c(62c - 6c* - a*c + oc* + a*6 - a6*) *" a6o ' 



I. 7-7-7N/—rVv + 



LIIL 

35 + 7 + 05 + 4 



(x + 4)(x+5) (x+7)(a + 6) (a+4)(x+6)(a+7) 

2X+11 
"(a+4)(x+6)(a+7)* 

1 1 a;-9+g-7 

^ (»-7)(x-6)'*'(x-9)(x-6)"(»-7)(x-6)(x-9) 

2(x-8) 
'"(«-6)(x-7)(x-9)' 
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a5~13 + x-4 



^ (»+ll)(»-4)^(a;+ll)(x-13) (»-4)(x + ll)(x-13) 

2a-17 
"■(a;-4)(a+ll)(a;-13)* 

1 gg 1 

^ (a;+l)(«+2)"^(x + l)(a; + 3)'*'(x + 2)(x+3) 

g + 3 + 2a;(g+2)+flc-f 1 _ 2g' + 6a;-f4 
" X»+l)(« + 2)(a + 3) ""(x+l)(a + 2)(x + 3) 

^ 2(x» + 3x + 2) ^ 2 
'"(x^ + 3x + 2)(x + 3)"x + 3' 



m'+mn+2mn _ 2mn (m^ + 3mn) (m + n ) - 2mn* 
^' n(m+n) (m+n)**^ n(m + n)' 

m' + 3m^ + m*n + 3mn^-2mn* m^ + 4m'» + mn* 



n(m+n)' 



n(m + »)* 



(l+x)(l-g+g^ + (l"g)(l+x+x^ 2 

"• (l+x + i^(l-x + x^ l+x2+x* 



2 



1 + g^ + l-x^ 

l+x^ + x* l+x^+x* 



= 0. 



7. 



6 + 6x-6 + 6x 



7x 



-7x llx-l + 7x 



7x 



3(l-x2) ^3(i+a;''0 3(1 -x^j 3(l-x2) ■^3(l + x«) 

(18x-l)(l+x^ + 7g(l-g^ 18x + 18gS-l-gg+7x-7x^ 
■ 3(1 -X*) ^ 3(1 -X*) 

Ilx5-x2 + 25x-l 



3(1 -X*) 



(3-x) + 2(x-l) 1 1 

®- 8(x-l)(3-x) "^8(x-6)'*"(l-x)(x-3)(x-.5) 

(x + l)(x-5) + (x-l)(3-x) 1 

"■ 8(x-l)(3-x)(x-6) ■*"0b-1)(3-x)(x-6) 
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" 8(a;-l)(3-a;)(x-6) ""• 

( l-g + g'-a:^(l+g)+ag^ ^ l-g*+ag* _ 1 
1 + x "" X+x X+x 



LIV. 

1. Multiply by 2 ; »=- 16. 

2. Multiply by 4 ; 3a = 36, »= 12. 

3. Multiply by 15 ; 5a; + 3x = 120; 8a; = 120, a; =- 16. 

4. Multiply by 28 ; 7a;-4fl; = 84; 3a = 84,x = 28. 

5. -f=-28;f-28, |-7,x = 63. 

6. Multiply by 16; lOa = 628 - 12a; ; 22a;=«528; x = 24. 

7. Multiply by 12 ; 8a; + 48 = 7»+108; x = 60. 

8. ^+6 = ^; 10x + 90 = 12a;; x = 45. 

3 6 

9. ??+3 = ^; 9x+36 = 10x; x = 36. 

4 o 

10. ^«??-3; 35x = 36x-120; x = 120. 
o 10 

11. ^+|?=82; 20a;+?lx = 82x36; x=72. 

12. -|.+-|.=28; 4x + 3x = 28x24; x = 96. 

o o 

13. ^-^=-8; 5x-6x^-64; x=64. 

14. 9x + 360-10x = 348; -x=-12; x-12. 

15. 3x-44=2x-16; x = 2a 
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17. Multiply by 70; 14a;+28 + 10a;-10-35x-70 ; -llx--88; 

18. Multiply by 12; 6x+4fl; = 117-3a;; 13x = 117; a;-9. 

19. Multiplyby 140 ;35x + 315 + 40x»84x- 168 + 420 ;-9x-> -63; 

aB-7. 

ao. Multiply by 105 ; 367 -63x=- 1016- 385a; + 140x+ 70 ; 
182x»728; x»4. 

31. Multiply by 7; 2x-10b0; 2x»10; a;»5. 

22. Multiply by 329 ; 141a;+ 188 + 28x -357 = ; 169x=169; 

«=-l. 

23. Multiply by x; 3-3a; = l-x ; -2x=»-2; x — l. 

24. Multiply by x; 12+x-6x = 6; -4x=-6;x«}. 

25. Multiply by 20; 5x+2x+x = 800; 8x = 800; x=-100. 

36. Multiply by8; 18x+12-4x = 29x-348; -15x=-360; 
x-24. 

27. Multiply by lOOx ; 275x - 300 = 100 - 325x ; 600x=:400; x = J. 

28. Multiply by 90; 225 + 540 - 30x =- lOOx + 30 + 27 - 18x + 36 ; 

-112x = -672; x = a 

29. Multiply by 12 ;4x + 3x-10x-144b20x-696; -23x — -652; 

X"-24. 

3a Multiply by 60; 42x + 12 - 720 - 45x - 36x + 156 - 255x ; 
216x«864; x-4. 
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LV. 

1. Multiply by2; 10a;-a!-2 = 142; 9a; = 144; a; = l«. 

2. Multiply by 3 ; 3a;-3+x=il7 ; 405 = 20; a; = 5. 

3. Multiply by 4; 6-2x + 8 = 4a;-12a; + 16 ; 6a; = 3; a = J. 

4. Multiply by 4; 10a!-6a; = 9-6 + 2a;; 3a; = 3; x = l. 

5. Multiply by 30; 60x-25a; + 20 =- 210-6 + 12a; ; 23a; = 184; 

a;=»8. 

6. Multiply by 36 ; 18a; + 36 = 56-27-45a;; 63a;=-7; x^-\. 

7. Multiply by 48 ; 30a! + 18 - 48 + 64x + 24a; = 744 - 72 + 40x ; 

78x = 702; x = 9. 

8. Multiply by 386 ; 65a; + 275 - 77a; + 154 - 35a; + 315 ; 

-57a;=-114; x = 2. 

9. Multiply by 105 ; 35a; + 35-15a; + 60 = 21x + 84; -X—-11; 

x = ll. 

10. Multiply by 24 ; 24a;-72-3x-6 = 8x;.13x=78 ; x=6. 

11. Multiply by 84 ; 12x + 60 = 21x + 42-28a; + 66 ; 19x = 38 ; x=s2. 

12. Multiply by 33 ; llx-3x + 3-33x-297; - 25x =» - 300 ; x = 12. 

13. Multiply by 70; l4x+28 = 35x-70-10x+10 ; -llx«-88; 

x = 8. 

14. Multiply by 140 ; 35x + 315-84x + 168 = 420-40x; 

-9x=-63; x = 7. 

15. Multiply by 78 ; 39x + 39-26a;+78 = 6a; + 180 ; 7x-63; x=-9. 

16. Multiply by 35; 10x-7x-21-105x-735 ; -102x=.-714; 

x = 7. 
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17. Multiply by 164 ; 44aj +154- 126a; + 112 -77»- 847 ; 

-159»--1113; aB=-7. 

18. Multiply by 672 ; lOOlx - 4433 -176- 330a; =-182x- 208; 

489x»4401; a;-9. 

19. Multiply by 273 ; 728x-1365-429x + 39-147a;+42; 

162x»1368; x»9. 

2a Multiply by 66; 49x + 63 -24a;- 8 -126a; -182 -996 + 36a;; 
-137x=--1233; x = 9. 

21. Multiply by 280 ; 28x + 2800x»140x+66a; + 7«-400 + 40x + 
26260; 2686x»26860; a;»10. 



LVL 

e 



^ ' a + b 

2. 6&B-ex — 3c-2a; (56 - c) a; =« 3(J - 2a, eta 

3. ax+fa^a^h—be + d; (a+/)a!=a'6-6c+d, eta 

4. oos— 6x — &c-(2fii; (a-6)xB&e-(2m) eta 

5. -(^-aa! — -a'6-a5c; aa!+«=sa6 + 6c; (a+l)a;«6(a + c), eta 

6. 3aex-12a2x — a5<; + 66c(2; (3a-12<2)xaa& + 6&(f, eta 

7. 3acfci;-Jb;+acfcc«-A?-3i-A;^ + 3a6ife; 

3a(SB-«+a(»=-fc-3-A; + 3a6; (4ac-l)a — 3a6-2ifc-3 : 

^ 3a6-2A;-3 
4ac-l 

8. a6«c-o»nx + ac% = (w*+a6c-mc ; 

a&c-Twx + acx = ac+a6-m; x=l. 



4 
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9. (a+6)«-a2=a6+(6-a)x-a2-a6;a;=^^±^'. 

— a 

10. a'-a5*=»2a* + 2ax-a5*: -2aa!s=a': x=- — • 

2 

11. a* + 2a*x + «' = «* + 4a* + a*; 2ahi^4a^; a«=2. 

12. a*-x'=»a* + 2aa;-«*; -2aa; = 0;x = 0. 

13. aa;-o + ac=x + ac: ax-x^o; x= — -• 

14. 2ax-3a + 6x = l : 2ax + 6x = 3a + l: x = ?^^- 

'^ 4a+3 
0-1 



15. 18a-4ax + 26»3x; 3x + 4aa;»18a + 26 ; x 

16. ax*-6x-l = ax"-a; -6x=l-a;x 



17. tiip^ + »iwc»=-m2>2X« + mx»; tii^^ = m2>2x2; ^^-^x; x = ^. 

18. dx-cM'^ac-adxi dx + adx==aM+ac; x= — , "^?^ * 

ad + d 

19. x*-a-ax+x^ = 2x^-a& ; -ax^^a-ah ; x = 6-l 

20. 35x — a6c + cx^ =■ 46x - dbc ; ex* «= 6x ; x = — . 

c 

21. a^6 + a^-&' + 6x = 6%c-6'-a^6 + a^; bx-h^X'^ -ZaPh; 

2a8 

X8S= • 

6-1 

22. 6ax-4&-3ax+3aB6ax-4&; -3axB-3a; xbI. 

23. a6m'-6%-amx+6x = ; (6-am)xs=6m(6-am) ; xa5m. 

24. 2a«6*-Wx + 3a86c = 3a^cx(a+6) -a&* + 2a263x; 

- Wx - 3a'cx - 3a26cx - Sa^feSx = - 3a86o - 2a364 « 054 . 

3a^6c+2a»&* + o5* 
" ^T^3fl?cT3^5cT2a?P ' 
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25. acaB^ + a6c-ac^+a5x-aca5^ = \ cu^-abx'^abc; «« -. ^ 



c^-6 



26. cM2'+aa^ — (UM2x + aa^: SCO — • 

c 

27. 06 — (6c+</)«+l; a; = ^^. 

^ '' * bc + d 

_ am-3ac + 3a' 



c-a + m 



a'c .„•._„.!„ ^. . a'c 



30. ahe- a^dx-2dbdx''b^dx'- aJ)dx = aMe-Zdbdx I 



LVIL 

1. (3x + 7)(4a; + 3) -= (3a + 5) (4a; + 5) ; 

12x« + 37» + 21 = 12x8 + 35a + 25 ; 2x=4 ; «=2. 

2. (« + 6)(2a-5)=a;(2a5 + 6);2a* + 7a;-30=2a8 + 6a;;2a;=30;a;-15. 

3. (2a; + 7) (2a; - 1) « (4a; - 1) (a; + 2) ; 4a;2 + i2a;-7==4a;2 + 7a._2 . 

5a » 6 ; a =» 1. 

4. (5a- 1) (2a- 3) = (5a- 3) (2a + 3); 10a?-17a + 3 = 10a2 + 9a-9 ; 

-26a--12; ^^Tg- 



5. 4fl;-3 + 2(3a-2) = 0; 4a-3 + 6a-4-0; 10a = 7; 85=-^. 



i 
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6. 2(l-2x)-5(l-5a;)-0; 2-4x-6 + 26a;=.0; 21x-3; «=.-L 

7- —^TZl ,?rT;2x = 3;x=.^. 

g 7a;-29 8x + 19 4a; + 3 , 7a;--29 8a5+19-8x-6, 
6X-I2"' 18 9 '6X-I2" 18 ' 

18(7x-29)-13(5a-12); 126x-622»66x-166 ; 61x=366 ; 

X — 6. 

9- T-f-fe?' («-2)(3»'-7)-3(».-6x); 

3x*-13a + 14»3x"-15x; 2x«-14; x=-7. 

(3x + 2)(x + 2) + (2x-4)(x-l) _ 
^°- ? + x-2 "*^' 

3x*+8x+4 + 2x*-6x + 4 — Sx' + Sx-lO; -3x— -18; x=6. 

11. Multiply by 210; 35(x + 3)-30(ll-x) »84(x-4) -10(x-3) ; 

35x + 106 - 330 + 30x = 84x - 336 - lOx + 30 ; - 9x = - 8 1 ; 
xa9. 

12. (x + l)(2x + 2) -2(x-3)(x + 6); 2x* + 4x + 2-2x« + 6x-36 ; 

-2x- -38; x = 19. 

^(^ + ^) + ^ + ^ »x + l;6x»+9x« + 2x+l»(6x« + 3x)(x + l); 
03/ + 3x 

Cx^-f 9x* + 2x + l«6x' + 9x' + 3x; -x=-l;x«l. 



x»-l 




x«. 


-1 


2(l+x)+8(l- 


-x)_ 


. 45 . 
■l-x^' 


2- 


l-x* 






35 

X av • 

6 
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96 + 36-29x + 232=-16; -29x«-348; x* 12. 

17. aC*-4a5" + 20x-24 — a5*-4fl;2 + 16x-16; 4a;=»8; x = 2. 

18. 2a5* + 2aB'-23x« + 31x=2x* + 2a;»-23x«+7«+12: 24a:=12; a=JL. 

2 

19. Multiply by 16x;4flj»-16a;=»4a52-3x-^; -13a;=-^ ;x=4- 

o 00 



/7x-4\ X 8x-4 - 



7x — 4 X 4x-2 



2 2 2 
10-7x+4«a;-4x + 2; -4x= -12; x=»3. 



LVIII. 
I. ^_2.^ + ^-l; 50x-200 = 25x + 20x-100;x-20. 

300x«900; x-3. 

3- S+l^-^^-S^^' 125x+10a,-13000-20to+400j 

336x»13400; x»40. 

3g 1 305x 6x 2295 195x , 
^10 iOOO 10" 100 1000* 

300x + 1305X + 600x = 22950 - 195x : 2300x = 22950 : x = — . 

' 46 

^ — ^+_^«11Z; 200x-10x + 5x = 11700: 

^ 10 100 1000 10 XV* TO* XX/W, 

195x - 11700 ; X » 60. 
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6. ^_??^ = ^ + ??; 120a;-36x + 5-=40x + 445; 44* = 440; 
lU OO 10 10 

a = 10. 
7- ^~S"li' 240x-1075 = 25x; 215^-1076; x = 6. 

8. 55 + 2-~-^-ll; 60»+200-75a;=40x-1100; 

-66a=-1300; x = 20. 

9. ^12f =-150; r^ =-15; 45 = 15x; a-a 
^ 900x ' lOOx ' 

25g 2 + g li?_A«5iJ'^ 6g 2 + g _ 1 5g + 3 
'°* 10 7 "^ 4 ""10 8 ' 2"*" 4 "2 8 ' 

20a+4 + 2a; = 4-6x-3; 27a;= -.3;x=--i. 
,2. ^_ 30-40g _j993. 8a! -1500 + 20008! =199300; 

OOO iH 

2008X « 200800 ; a;=100. 

20--30X SOOac 2ag-3 _ 10g~20 25. 
^^ "16 ■*■ 125 9 18 9 ' 

4-6g . 2a;-3 6g-10 . 25 
— 3- + 4fl; g ^"■^T' 

12-18a; + 36a5-2a; + 3 = 5a;-10 + 25; llx = 0; aB=*0. 

2408 \ _4_ lOx + 9 2412 . 2408 40a; + 36 ^2412 
^^ lOOx'^o; ^100^ 10 " 10 ' lOO*"*" IOOOjb 10 ' 

24080 + 40a; + 36 = 241200x; 24116 = 241160a;; a; = -l. 

5g . 45g~75 12 3x-6 % . 3g-5 x--2 

'5- io"*" 60 "2"" 9 • 2'^~4~"^" 3 ' 

6x + 9a-15 = 72-4a; + 8; 19x = 95: x=«5. 
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2 lOx-20 8 1000' a;-2 

-2600=?^; -25x + 60 = 35aj; 50=60x; x-4- 
05-2 6 

15flg 135a; -225 36 9a;- 18 . 3a; 45x-75 _18 a;-2, 
'^' 100 600 "20" 90 ' 20 200 ""lO" 10 ' 

30x+46»-76=«360-20x + 40; 95x = 476; a; = 6. 



LIX. 

1. Let % be the number ; then _- + 4- + -?- = 95, etc. 

2 4 5 ' 

2. Let « be the number ; then ^ + il + ^=33, etc. 

X X 

3. Let X be the number ; then =- =4, etc. 

4 5 

X X 

4. Let X be the number ; then _--.-- = 3^ eta 

5. Let X be one part ; then 60 - x is the other ; and — = — —.r^ etc, 

7 8 

6. Let X be one part ; then 50 - a; is the other ; 

and^+»:^ = 40,eta 
4 6 

7. Let X be the greater ; then 100 - x is the less ; and 

X 100-x „ ^ 

8. Let X be the number ; then x - ( ~ + ^ + £. j -, 53^ etc. 

a Let X be the number ; then 33 ~ £._ £.. iLa q etc 
^ > 4 5 10 * 
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10. Let X be the number ; then 4-+4' +"§-='-^ + 112, etc 

4 6 6 2 

11. Let X be the number ; then -|- + ^ + ~ + ^ + 30 = 2x, etc 

12. Let X be the greater ; then x - 8 is the less ; and ^^ » 3. etc 

X — 8 

13. Let X be the property in pounds ; then -^s x - 1626, etc 

14. Let X be the greater ; then x - 604 is the less ; and ^ =16, etc 

15. Let X be the greater ; then 6760 - x is the less ; and 

X- (6760 -x) =-^ etc 

em 

16. Let X be the number ; then x+-^-60 = 66-x^ etc 

17. Let X be the greater ; thenx-20 is the less ; and •=-« — - — , etc. 

7 3 

18. Let X be the less ; then 31207 - x is the greater ; and 

31207 -X _ . 1335 . 
=15 + , etc 

X X ' 

1 9. Let X be the age of the younger ; then 27 - x is the age of the elder ; 

, 27-x 7 . 

and =-s-, etc 

X 2' 

20. Let X be the greater ; then 237 - x is the less ; and 237 - x« — etc 

6 

21. Let X be A's share ; then— is B's share ; and x+ -— =1800, etc 

22. Let X be one part; then 46 -X is the other; and — + --- — slO, etc 

7 3 
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35 d^ X 

23. Let X be one part ; then a—xis the other : and — - + = 6, etc. 

24. Let X be one number ; then a^x is the other ; and 

X— («—«) = 6, eta 

_ 4x 

25. Let X be the number ; then -^ = 24, eta 

26. Let X be B's share ; then — is A's share ; and a; + — - is CTs share ; 

thenx + ~ + a;+^«864,eta 
11 11 



27. Let a; be the property; then^ + ^+-|-+ ~ + 600 = a;, eta 

2 o 12 

28. Let X be the second ; then 70— x is the first ; and 

^On^ = 2 + 1, etc. 

X X 

29. Let X be the first ; then x + 25 is the second ; and 

x + 25 . , 4 
= 4 + — . 

X X 

30. Let X be the ^eater ; then 208 -x is the less ; and 

^ + ?5|z^ = 4{x-(208-x)}-4, eta 
4 o 

31. Let X be the number of days ; then _ - _. = 13, eta 

o 2 

32. Let X be the number of gallons ; then --• — 10=-^. 

33. Li 25 years the sum of their ages will be increased by 50 years ; 

hence the sum of their ages at the present time is 50 years. 
Let X be the age of the father ; then 50— x is the age of the 
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son ; and the difference of their ages is as- (50 -x), or, 2x- 50. 
In 20 years the age of the father will be x + 20, and the age of 
the son 70 - %, Hence the sum in 20 years will be x + 20 + 
(70 - jc), or, 90 years. Therefore, by the question, 2x — 50 = 30, 
or, X = 40. 

34. Let X be the number of years ; then 70 - x = i- (35 - x), etc. 

«> 

35. Let X be the number of years ; then 72 — x => 5(48 —x), eta 

36. Let X be the number of days ; then ^ + -i. = Jl^ eta 

37. Let X be the number of days ; then —- + — + -_= -L etc. 

50 60 75 X 

38. Let X be the number of days ; then — + --+-=. represents the 

X^ XD ^Sj 

part done daily by two men of A*s strength, two of B*s, and 
two of CTs, working together. Hence A, B, and G together da 

JL of /'l+i- + -l'\ daily. 
2 V12^15 20/ ^ 

, 1 1 .5 + 4 + 3 ^, ^ 120 irt 
••¥=^^^-60-'"''^= 12=^^ 

39. Let X be the number of hours ; then -i- is the part A does hourly > 

X 

1 *> 

A and B do -— hourly ; A and do :^ hourly ; 

.*. B does , and does -? hourly. 

4 x' 18 X ^ 

.-. B and do 1 + A « A hourly. 

4 18 X ^ 

Hence f^=|.+ »3-l. etc 

40. Let X be the number of days : then ^ + — + — s-. J., eta 

-^ ' 6 10 15 x' 
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41. Let X be the number of days ; then £ will do the whole in 3a; days. 

1 3 

.*. B does —- daily. Now A does ^ daily, and in 3 days he does 

9 1 

—-, while B in 3 days does — . 

9 12 
Hence —- + —=_, etc. 

50 » 5* 

42. Let X be the number of hours ; then _ + ^8 — , eta 



3 3 11 

43. Let X be the number of hours ; then ^ + -- h — = _, etc. 

4 IQ 6 X 



44. Let X be the number of minutes : then s — , etc. 

40 60 x* 



45. Let X be the number of minutes : then -L 4. 4. + J.bs_, etc. 

a c X 

46. The first pipe lets in 12 galL in -^ min., or, -- galL in a min. 

The second „ — galL in — min., or, I? galL in a min. 

o J 15 

The third „ 17 gall, in 3 min., or, ii galL in a min. 

3 

/. All three together let in (^ + ^ + }^) galL in a min. 

\lu lo 3 / 

Let X be the number of minutes in which they fill the vessel ; 

2160a! + 3588a + 3315g _ 3021 9063* _ 3021 
* 585 ~ 4 '"''"BsF T' 

or -5^-1 • • x~^^ = ARi 



i 
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47. Let X be the number of gallons let in per minute by the third 

pipe ; then x + 10 and x — A are the number of gallons let in 
by the other pipes ; then 16(a5 +x + 10 + a; - 4) = 2400, etc. 

48. Let X be the distance from Ely ; then 16— a; is the distance from 

Cambridge; and -^ = 1^; ^=?0,6_i:£) ; 3x-64-4x; 
*^ ' 4J 60 ' 40 30 

18 
x«9f 

49. Let X be the distance up ; then x is the distance down ; and 

50. Li 1 hour he walks -^ miles ; hence in e hours he walks — miles. 



He walks 1 mile in — hours ; hence he walks d miles in — hours. 

a a 

5 1. Let X be the number of days ; then 286x == 244(x + 2), eta 

^2. Let X be the number of hours; then xx— £as(a; + 8) x^ii- 
15g_ 63(a; + 8) ^ 

53. Let X be the distance from Cambridge ; 60 -x is the distance 

i» T J *!,«« 35 60 -X X 240-4x .^ 
from London : then --= ^^ ; —-« — — — , etc. 

4 3| ' 4 15 

54. Let X be the number of hours ; then -— x x = — (x + 8) ; x=42. 

3 o 

Hence 50 hours after A started. 

55. (1.) Let the time be x minutes past 1 ; then x = 6 + :^ + 30, etc. 
(2.) Let the time be x minutes past 4 ; then x = 20 + ^ + 30, etc. 
(3.) Let the time be x minutes past 8 ; then x + 30 s= 40 + :^, eta 
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56. (1.) Let the time be x minutes past 2 ; then a;= 10 + — + 15, etc. 

La 

(2.) Let the time be x minutes past 4 ; then there are two solu- 
tions, (o) a; + 15=20 + ^, etc. 03) a;=20 + ^ + 15, etc. 

(3.) Let the time be x minutes past 7 ; then there are two sohi* 
tions, (o) X + 15=35 + ^y etc. 03) a;=35 + ^^ + 15, etc. 

57. (1.) Let the time be x minutes past 3 ; then x =» 15 + -^, etc. 

(2.) Let the time be x minutes past 6 ; then a; » 30 + — , etc 

\a 

(3.) Let the time be x minutes past 9 ; then x = 45 + --, etc. 

4x 

58. Let 205 be the number of apples ; he pays for them -^ pence. 

He sells x for -^ pence, and x for --- pence. 
2 o 

Hence-|-+-|-=:^ + li a = 30; 2x = 60. 

59. Let X be the number of sovereigns he had at first. 

Then he has ^-^ left after the first gift ; 
2 Jd 

and he has —- ( ~ - 4- 1 - -;r left after the second gift. 
2 \2 2/ 2 

^ Mr. 
— "1" 91 

^- .69 33' 9» + 69 33' ' 

3 

61. Let X be the number of days ; then a;- 3 is the number of days 
that the pursuing army is in motion ; and ISx + 25 = 23(x - 3), 
etc 



I 
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62. Let OB be his original income in pounds ; 

then X - ^ - i./'x - ^^ = 640, eta 
40 13\ 40/ ' 

63. Let X be the original sum ; then first reminder is --- - 50, or, — ^- — ; 

second remainder is 1 of ^-30, or, ^-^^-^^0 . 

third remainder is 1 of ^"^^ -20, or, ^-^0^0'^ . 

4 6 ' ' 20 ' 

thus ^"J;^^ =10; 6a;«1650; x = 276. 
20 

64. Let 2x be the number of eggs bought ; for a; I gave -^ pence, and 

2 

for X I gave -^ pence ; and I sold 2x eggs for — - pence. 
Thus4 + -|-=X + l5 a; = 30; 2a; = 60. 

M V O 

65. Let X be the number of minutes in which G would fill it ; then 

1200 



X 

1200 

X 



= number of galL let in by G each minute ; and therefore 
+ 10= number of gall, let in by A and B each minute. 



Hence lM+io + 1202=1200 ^^3^^^_eO, 
X X 24 

Thus A takes 90 minutes and C 60 minutes. 

Also B lets in (Ig^ _lgO_mO>j ^ ^ ^^^^^ „^ 

50-^-20, or, ^ galL per minute. 
.*. B takes 1200-5-5? minutes, or, 72 minutes to fill it 

66. Let X be the number. of days B would take; then 2x is the 
number A would take. 
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Then — h^ is the part A and B drink daily, 
,\ -i of ( — + o" ) is the pai-t C drinks daily. 

67. Let X be the number of shots each fires. 

Then ^ is the number of A's hits, and ?| of B's hits. 

Thus — + — = 32; a;=24, 

68. Let X be the number of horses ; then 2x is the number of oxen, 

and 100 - 3x is the number of sheep. Beduciug all the prices 
to shillings, 

440a; + 250 x2x + 30(100 -3a;) =4700; a =2, etc. 

69. Let X be the whole number of marks. 

Then -^ = number of marks obtained by R 
5 

And — -=number of marks assigned to book work in the paper. 
6 

Also — -=number of marks obtained by A for riders. 
6 

.-. |5 + ^=160; a = 200. 
5 5 

70. Since the man made a mistake of 55 minutes, the distance 

between the hands was 5 minutes. 
Let X be the number of minutes past 2. 

Then a; + 6=10+:^; a;=5A. 

liU 11 

71. Let X be the original force ; then -^-4000= remainder after the 

6 

defeat. 
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Hence -— - 1000= number after the reinforcement. 
6 

Then A^^-lOOoV^ 18000; ^-750=18000; a=30000. 



unginai aeoii ; uien x-t 
the peace. 



72. Let 05 be the original debt; then x+^- 25000000= debt after 



. 4/'a; + 4•-25000000^ ^ 
Then "foo"""^ lOO ' ' -2= 5a; -100000000, eta 

73. The influx goes on for 10 days and 15 hours, or, 255 hours. 

The consumption extends over 10 days (excluding Sunday) of 

15 hours each, or, 150 hours. 
Hence if x be the number of gallons that come in each hour, 
255X + 2250= 150 x2a;; a;=60. 



LX. 



I. a+x+ — « 



2. 



a^ + ax 2a;- 2a o^ + aa;-2a;'+2aa; _ a'+3aag-2a;^ 
x^ X ^ a;* 



ag-y 2y a;'-2a^ + y^ + 2a^ _ a;^ + y^ ^ 
X x—y x{x-y) '~x{x-y) 

^ a-6 a2 + 62 - (a-6)(a2+68) ' 



LXL 

6a;+4 23x 10a; + 8-23a; 8-13» 



I. 



35 70 70 70 

xy m^-y^ x+y 
x-y "xyix-y)^ xy 
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3. r=-^; ^=x(l-a!). 

ac + l 1+a ^ ' 



X 



^ a^+1 ^ g+l(g + l)(x^-g + l)g _ a^-a;+l 

c a*— 035+ jc^ + 005 2a; 2x2 

^ a2+jB2-2x2=a. • 

10. «^ II 1 ^ g'+l+g~l ^ g(l+g) ^j^ 
1+a l+x 1+a l+x 

g'-2xy + y^+a;^+2ay+y2 . a;2-2a;y + y^-a^-2a!y~y' 
a;2-ya ' a^-y^ 

.!f+V, etc 
-4a;y 

,^ l+a + »2 a;2 + fl5 + l . 
12. -^^—^—^ x«. 

oH2a5 + y+y . a+b _ {a*+2ah + 2h^ab . 
^' b(a+b) • ab ~ 6(a + 6)(a + 6) ' 

,, 2m*-3m + l 2m-l 2m^-Zm+l ^ , 
m m 2m — 1 

c + 6 + a . (a+& + c)(a-6-c) _^ ah{a + b + c) 
dbc ' ab ^dbcCa + b + c)Ca-b-cy 
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LXII. 



• 2a*'*' 2a* 2a*"*" 2a* 2 2a'*"? 2a»' 

d^c ahH ab<? bed? iL4-A A ^ 
abed abed abed abed™ d e d ^' 

s^ 0^2 0^2 ^?y^™f/^ y X a?' 

Sfl^^lSo" 6a 3 0?.?^ . a... Jl 

^108 108 108 108~12 9 '*'l8 36* 

5. ISp* , 12g' 36rg . 7288 ^ 6p 4g I2r 24g 
Sp^f 3pg[r< Spqrs Zpqrs qrs prs pqs pqr' 

* 1000 1000 1000 1000 100"40'**40" 8" 



LXIIL 

I. l + a)2(2-2a+2a8-2a5+2a*. 
2 + 2a 



2a 
2a-2a* 



2a2 
2a«+2a8 



-2a3 
-2a»-2a* 



2a* 

2a* + 2a« 

-20* 
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2. m+2)m(l--^ + -l--?» + i?... 

m m^ m^ m* 



m+2 






-2 

-2-* 


16 


a + 6 
-26 

-26- 


a a* 

2^ 
a 


a- 


4 




4 8 




2^ 
a 
262 ^26« 




ft 




8 


268 
263 


26* 




16 


26* 
1? 



. 8^1 L«a/i j_2a:^ 2ac* . 2a;^ 2a^ 
4. a«-a;«)a»+x»(l+-5-+-5- + -5- + 



a^ 



a** 



a" 



a*-fl5* 



2a;« 
2x2-?^ 



A»l MjB fjiA ffB 

5. a-a;)aa;(x + — +-^+-y + -r... 

a a^ a' a* 



a 



2 



2aJ* 




a^ 




2a^ 


2a^ 


a^ 


a* 



2x^ 
a* 

2aj8 2x8 



a* 



a" 



2x8 
1? 



a? 












a 




x» 
a 


aJ* 

"a* 






X* 






X* 


x* 

X* 

7 
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6. a + a)6( - + _____+__ 

^a a? a^ a* a^ 

r . 6a; 

'^•*'*^ 7. l+2a;- 


• •• 
2x2)1 

1 

-2aJ*.. 

-26)1 
1 

• a? 
7a? 


(1-2 
+ 2x- 


5x + 6x2-16x8 + 44x*... 


_6x 


-2x2 


6a5 6a^ 
a a^ 


-2x + 2x2 
-2x-4x2 + 4x3 


6^ 
a* 

bo? ba? 


• 

+ 6(1 
-26 


6x2-4x8 

6x2 + 12x3 -12x* 


a?" c? 


-16x3 + 12x* 


hfi 


-16x8-32x* + 32x& 


6x8 5aj4 


- 44x* - 32x^ 


6x* 
a* 

8. l-x+x*)l+«(l + 2a:+x*-x'- 
l-x+ac* 




2x-a? 9. 1- 


+ 36 + 662 + 1265 + 246*... 


x«-2x3 


36 
36- 


-66« 


-X8«a4 

-ac?+x*- 




66* 
662-1268 


-;ix* 


1268 
1268-246* 



246* 
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10. x^h)i^-h^{^^-hx^}^-^—^%... 

X X 



s^ + h^ 



-6a;2- 


-63 




II. 1 


-6x2- 


-62r 


-6» 






62x- 






63x+68 








-26^ 






J 


-263. 


26^ 

X 






9 a^6 

X 



26^ 

X 



a26 

X 




X 


a26« 
x3 




a262 
x2 




a262 a«6» 
x8 x» 



12. ««+a«r+a«)<.M-^+^-^+5^... 

a a^ a^ a* 

a^+2ax + x2 



-Sox-x? 



a268 




X3 




a263 


a«6* 


X3 


|X* 




a26* 




X* 



-2ax-4x2- — 



a 



a 

a a* 



4x3 
a 


3x4 




4x3 


8x* 


4x6 


a 


'W 


"a3 



6x* 4a* 
a2 a* 



/ 
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13. Dividend = (Divisor and Quotient) + Remainder 

= (jc - a) («* - Soa) + 4a'=a3 _ 3^2 + 2a2a; + 4a». 

II. Dividend = (m - 5) (m' + Sm^ + 15m + 34) + 7flr 
=m*-10m2-41m-95. 



LXIV. 



103^+1505 + 6 405+3 40g^ + 90x^ + 69^ + 1 8 .^ 
'• 30 ''"I2"- 360 '^^ 



6tt*-5a+10 6a-4 30a^ - 49a' + 70a - 40 . 
^* 30 """20 600 '^^ 

4. ^-1 + ^ 



3. a^+x+i 

05 


4 




a; 






flC* + «*+l + 


1 

«2 




-«2.1- 


1 

a? 


1 
aj* 


iB* 


- 


1 
1? 



a'+l+i 



a* 



aJ*-a2+l 
+a^-l+4 

x^ a,-* 



^ ^^ +i 



^* (s^"*'F)(^""p)~"a* 6* 



"? ab^ac'^ab h^^ hc"^ ac 6c "*" c^ " a^ "** ac ~ F "*" ? ' 



•7 l+^^^'_l ^' ^^^'^^'^^*-.i^^' 2»* 
^ "*"¥"^a« a a2"^'^a2"^5?"*"a4"-^"*"a2'^^ 
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8. 


i-i«+ 
1+-1.+ 


4"- 


.lx» 
















i-i.+ 


4^- 


A" 






H- 


1 2 

4 


y 


32 














^\^- 


8^^ 


^2"^- 


ix* 
64 












-1 




8 


X^ 

64 






9. 


15 + 18aj-rl4a^ 
6x2 > 


4-2a;-a;2 60 + 42a;- 


107x2 


+ 10x8 + 


^^*eta 


' 2x2 - 




12x* 








10. 


tt* , 2aa_, 


6* 


2&2 2a« 
a2" 6« 




a* 


6* 


462 
"a2 


-4. 



LXV. 
, aJ*-l x2+l x2-l ^ 

^ o262-l 06-1 06 + 1 . 
- ""12— -— 5— =—5— >«W^ 

^ mW + l,mn+l m2n2-mn + l . 
3» — zs s" ™ 3 , etc 

^ c^d^-l.cd-l C*d* + c3(p+c2d2 + cd+l , 

^ "dF""~3 ^ '^*°- 

ag*+2x2y2 + y4 ^ a;2 + y2 _ a^-}.y2 
^' x2y2 * xy xy * 

. 6^+a262+a4 6g-a6 + a» 62 + a6 + a2 
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Q ftg»-32g*+77a:^"86g»-66a; + 216 , g^~2x + 6 
^- 8 "^ 2 

Cx'-ioa^+iex+ae ^ 

= :i , etc. 






la 



,6ta 






LXVL 

x-3 50x+7 _ 50x»-143a;~21 
*• "iT "" "100 1000 ' ®^ 

/5a .^\ /2a; o\_ 5g + 700 2a; - 30 _ 10x» + 1250a; - 21000 , 

^•Vioo'*'V''Vio"*V"'"locr''~io looo '^^ 

3a;- 2y 4g+7y _ 12a;^ + 13a;y-14y^ 
3- ■T0~''"l0 100 '^^ 

43a; + 52y 4g-6y 172a;^-50a;y-312yg . 
^ 10 ^ 100 "" 1000 ''''^ 

5. -000027 - -001 + -000343 + '00063 = -001 - -001 =- 0. 

6. -343 - -0441 + -00189 - -000027 = '34489 - '044127 = -300763. 



LXVIL 



[. OiXl — l=a-a;ll + — + h — + ...)• 
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LXVIII. 



I. Let -7- » X ; then -j=X ; and a » X6, c » XdL Then 



<j— (i Xc? — <i ^ _ 



(2.) 



a X& 



(3.) 



a+6 X6 + 6""X + 1 
e _ Xd _ X 

cT5'"xd+rf~x+i' 

3a 3X5 3X 



4a-56"4X6-66 4X-5 

3c ^ 3Xi _ 3X 
4c-5d"4Xd-5rf 4X-5' 

a2+68 _ X«52 + 6g _ Xg + l 
^**^ a2-62"X262_62-x2-l 

c2 + (P _ X2d2 + (P _ Xg+l 
c2-d2-X2d2-d2-X2-l' 

8a + 6 _ 8 X& + & ^ 8X + 1 
4a + 76"4X6 + 76 4X + 7 

8c + (? _ 8Xd + d _ 8X + l 
4c + 7(i"4Xd + 7d""4X + 7 



(5.) 
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cd Xdxd d?' 

^ -^ llc+rf llXd+rf d(llX + l) d 
13g+6 13X6 + 6 ^ 6(13X + 1 )^6 
ISc + d'^lSXd + d 3(13X+1) d' 

^***^ a2+a6 + 6a'"X262 + X62 + 62~X2 + X + l 
c'-cd+dg X2(g»-X(?g + <P _ X2-X + 1 

c2 + C<i + i2"X2d2 + X(i2 + (i2 X2 + X + 1' 

2. Let each of the fractions «= X 

Then 2saX-6X; m = 6X-cX ; n = ck—(iK 

And 2+m+n = aX— 6X + 6X— cX + cX— aX = 0' 

3. Let each of the fractions ^ X 

Then a = X6, c = \d, e = X/ 

A A ^<t+wic + ng ? X6 + 7wXd + nX^ _^ ^^ 
Z6+mJ+n/' Z6 + wMi+»/ " 

4. Let each of the fractions c^X 

Thena+6BX6 

6 + c — Xc 

c+a = Xa 
Adding, 2a+26 + 2cs=X(a+6+€i) 
Hence X = 2, and ,\Ji + 6 b 26, or a » 6 
Similarly we can show that a — c, and 6 *» gl 

5. Let each of the fractions = X 

Then ai=X6i ; aa=X62 ; a8=X68 
^^, 2ai + 3a8 + 4a g 2X6i + 3X6a + 4X6g _^_tti 
261+368+46,"° 26i + 36, + 468 ""61' 
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6. Let -^=X ; then 4- is less than X ; and 4- i» less than X 

a / 

.*. a=:X& ; c is less than X<2 ; e is less than X/ 
.'. a+c + e is less than X6+Xi+X/ 

.'. r — ^= — ^ is less than X, that is, less than -r- 
+ a +/ 

Next let 4-=/i ; then -^ and 4- are each greater than \k 

.*. e=fif; a is greater than /i5 ; c is greater than iid 
.% a+c + e is greater than ftb+fid+fif 

.*. 7 — i — > is greater than u, that is than 4- • 

7. Let each fraction = X ; then Xi — \yi ; and a^ ^s: X^, 

Then ^ + ^yi - '^yi + 5yi ^ '^ + 5 
7xi + 9yi 7Xyi + 9yi 7X + 9 

And ^^ + ^y'^ '^^ya + 5ya ^ 4X + 5 
7x8+9yj 7Xy,+9ya 7X + 9' 

8. Let each fraction » X ; then a = X& ; and c « Xd 

^ a« + a6_ X26g + X&« _ 6g(X«+ X)_ &« 
men 5r:jrca-x2(i2 + xd2""(P(X2+X)~(f* 
A ri g&~6^_ X6«--6« _ 68(X-l ) 6» 

^^ C(i-(P"Xd2-d2~(i2(X-l)'"'^' 

9. Let each fraction « X ; then a = X6 ; and c = X(Z 
™^ 7a+& 7X6 + 6 7X + 1 



And 



3a + 56 3X6 + 56 3X + 5 

7c + d ^ 7Xi+d 7X + 1 

3c + 5d 3X<2 + 5(2 3X + 5 



la Since 6 is greater than a 

he is greater than oc 

06 + 6c is greater than 06+00 

06+ 6c. ^ ^, a6 + ac 

i-77-— \ w greater than , ., . v 
6(6 + c) * 6(6 +c) 

6(c 

6 



(»+«) • X xi. a(6 + c) 

^.. . ; is greater than , ;, , : 
(6 + c) * 6(6 + c) 



a + e 



T — is greater than t- • 

6+c '^6 i 
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1 1. Since h is less than a, we can show, as in the preceding solution 
that rr- is less than t-* 



LXTX. 

2x4x~ , 
I. 3x16 + _1- ±=48 + 2-4 = 46. 



3. 70^ -12a; +6) 14a:' + 7a:*-56x+35(2x 

14a:'-24x*+10a; 



31x«-66x + 36 
7 

217a*-462x + 246(31 
217a:* -372a; +155 

-90X + 90 

Hence H. 0. F. is sc- 1, and dividing both terms of the 

2a;* + 3x-6 



first fraction by ^t, we get 



7x-5 



a'+4a-46)aV39a+70(a-4 
a? 1- 4a*- 45a 



-4a* + 6a+70 
-4a2-16a + 180 

22a -110 

Hence we find a- 5 to be the*H. C. R, and dividing 

a* + 5a-14 



both terms of the fraction by it, we get 



a + 9 



a* + 2ap+p*- a* + 2qp-j?' . o' + 2ap + p' + a*-2ap+j?* 
3- a^^f ^ a*-p« 

4ap _ 2ap 
"'2a« + 2p2""^+^' 
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6a;'-4yH3y» 6y»-4gg+3g^ 6g'+4g»+3y» 13a^+5y»+5g» 
4- 24'*"2424'' 24 

ISa^ + V + Sg^ 24gg-24a:' + 12y^ Syg'-yy'-lQg' 
24 24 "" 24 ' 



16 + j^^^^^^^^ 

16 1-1 + 1 ^^^ ^^ ^" 

4 

, 15ic2+ 13^.14^51 4a:2.2ax^a« 

^ 6 ^ ^ 

6(Xg* + 42ax3 _ io7gic2 + 10^83. + ^^^k 
" 12 

7. -^ T — r\5 '^ i:^ — «=a+2o+ r, by division. 

f 

xlx-y) a;(a5*-y*)'*»(»-y) a;(x»-y«) 

g^ + agy' + g^ + y^ + y^-gy' g^ + a^ + 2y^ 

9. 5ac«+9fl5-2)60a:8-17a:*-4aj+l(12»^26 

60x8+1080^ -24a; 



-125x« + 20x+l 
- 125x8 -225X+ 60 

245X-49 

^^ 245x - 49 49(5x-l) 49 
6x2 + 9x-2"'(x + 2)(6x-l)"a5+2' 

10. x*-9x3 + 7x*+9x-8)«*+7x8-9x«-7«+8(l 

a5*-9x'+7x«+9x-8 



16x3-16x*-16x+16 









rtC<NM4#-^->^-«'lr Ji5il#flLC f^ 






"■(«'!)(' !)("W-(''-J)K)-''4- 



Mft HM ftl 1 * fl f 1"" aU-\ ttJ-f ac + tt + ic + 6 + c + l 
"^ij/m* I lift I ao ♦ I* ♦ ftcJ I 6'fcJ ♦ i 
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., (w;»-aV-a&r«-Ws*+o»5i+a'5».„ „ 
15 -^ .«-« 

ac - a) oicS. ^ijj.. ^j^2_ 523524.^8535 + ^2^2 (oo^-ote- 65»x -06* 






Hence the result ia'^-'^-^-'^,or.l-±-^-g,. 

a^ a 02 a^ oar 



a + 6 + c 



Also, since j; 



2 



17. 



a-a.-— ^— , z-h ^_ 5 «-c=— ^ 

Hence *.fr-a) + (*-6) fr-c)_ 4 4 

_ ^ + 2&c+c«~a» + a»-y + 26c-c» __46c_j^ 

46c 46c 

1^1.2 a.a^2a« 
+ + _=___ + + -5-7-3 

, , a^ 1-— 1+— *"*■* **"* a*+ar 

a a a^ 

_ tt»-CKg+a^+CKg ^ 2a' _ 2a'(a' + a;') +2a»(a»-g«) 4a* ^ 

a'-a" a*+«' a*-a!* °*a*-x* ^ 
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2fl5-a«-2a&-5» a« + y (a-6) (-g'-fc^) + (a + 5) (a« + 6') 
^' 2a(a + 6) 2a(a-6)'" 2a(a2-62) 

" . 2a{a^^^55 "'2a(a2-62) a(a2-62)' 

' (a-6)3 a2+62 " (a-6)2(a2 + 62) (a-6)2(a2 + 62) 

2 1 _^ 1 2 ( g + l)' g2-l 

(l?^«"'2(a-l)« a;2-l"'(a;2-i)2-2l»2-i)2"^(a;2_i)2 

4-a:»-2a:-l + 2a;«-2 a:2-2a;+l 1 



2(a;2-l)2 2(»2-i)2 2 («+!)« 

c2-(a-6)' * 6 + c-a (c + a-6){c-a + 6) (a + 6 + c) a-6 + c 

■B _ — Es _ — i = — ^ — — 'c=a5, 

»+l a-1 »+l ac + l 

--1 + 1«0. 

- (a+6-c)(a-6 + c) (6+tt-c)(&-a+c ) ( c+(i-6)(c-<i+6 ) 
(a + c+6)(a + c-6)'*"(a+6 + c)(a + 6-c)'*'(& + c + a)(6 + c-a) 

a+6-c 6-a+c c+a-6 6+c+a , 

■" 5 + r + 1 = f — =A. 

a+c+6 a+6+c 0+c+a a+6+c 



KEY TO ELEMENTARY ALGEBRA. 103 



2g a;(g~4)(a^-4)(a^~4) (x-4)(g + 2)(g + 2) _ (g-4)(g + 2)» 
sc*(x - 2) (« - 2) "~ a "* a; 



( a+l)(a-l)(tt8 + l)(a8-l ) (a«-tt+l)(a« + a+l) a*+tt' + l 
'' (a + l)(a+l)a2(a-l)(a-l)'" a« *" a« 

28 ^ + g^-a:' 1 (a^+l)(g-l ) 3 

i? gSCa^ + l)*"*" g8(a^ + l)a a;3(x2 + i)a 

_ (iC* + 2a^ + l)(l+x~g^-g^+g»(a:»-a:' + g-l)--3g 

_ l+g+a:'+2ae^-flg*+a^~a^-^+a^-ag^+ag*-ae'-3a; 

l-2a; + a;« (g-l)» 

. a'g* • og "* a^ "*«? a^' 

5 a» + 2fl6 + y-tt»+2a5-y 26* \ a-h 
^ ' \ 2(a«-6«) +a^^2 ) 26 

(2a6 + 2^)a-6 26(a+6)(a-6) , 
" ( a«-6« ) 26 "(a +6) (a -6)26°' 

o'+6^+c'+2a6 + 2a<? + 26c+6'-26c+c»+<?'-2gc+a*-2a6 + 6« 

3a2 + 36« + 3c> o 
a«+6«+c« 

l + 3g» + 2g» (l-g-3g^(3-2g-7g^ 
^ (3-2g-7g^*" (3-2g-7g*)* 

^ l + 3g»+2g8-(3-5g-1 4 g'+13g»+21a^) 

(3-2g-7g^^ 

_ -2+6g-fl7g»-llg»-21a;* 

(3-2g-7g«)* 



i 
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(a^-|r*)(«^+y^ ■*■ (a-y)(x+y) 

— 4z^' (g--y )(g + y )^ an( 

(ai* - y^ (a^ + y ^ 4a;y x^ + y** 

34. ^-^ x ^ ^- ^'^ x -y' _g+y (a?-y)(-i) _2y_g 

y^ ac-y y^ a^+xy + y^ y y y 

a((i~6) g'-fo^ + y ag-63 ga-gft + y 

^^* (g-6)(g» + g5 + 62)X ^^^ +g8 + 63^g« + g6 + 6« 

^ g a-b^a-b 
g + 6 g + 6"" g + 6 ' 

76 ^-(^"^ (g-l)»-4 3-g x'-2a;-3 

^' 4(x-l)2 '*'4(a-l)a(» + l)-4(x-l)«'*"4(x-l)2(g + l) 

3x + 3-x'-x+x'-2x-3 _f, 
4(x-l)2(» + l) 

_L 1 1 

^^' g6x'*"g(g-6){x-g)"6(g-6){x-6) 

__ (g-6)(x-g) + 6g 1 

g&c(g-6){x-g) ~6(g-6)(x-6) 

(gx + g5 - g^ (x - 6) - gx (x - g) 
g&c(g- 6) (x- g) (x- 6) 

^ gx^-gfex + g^x-gft'-g^ + g'^-gxa + g^ 1 

g6x(g-6)(x-c)(x-6) ~x(x-g)(x-6)' 

38. -i-- + i.- 4 + - - — + ... ton terms 
g g 6 c c 

«= — + -7- + — +...to n terms- (1 + 1 + 1... to n terms) 
g c 

«««i — +-T-+-^ + ... l-n. 



{i+T+T+-)" 



x^ + x'y'-x'y'+y^ (x'-y^* 

39- jp4_y4 ^x*-2x^2^y* + x* + 2x2y2 + y* 

(x*+y*)(x»-y')(x'-y') x^-y* 
"(x2 + y2)(x*-y^^)2(x* + y*)"'2(x2 + yS)* 
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g + ag + d-g ^ tt^ + g' + g'-a^ 2g 2a:^ g 
a + x-g+x ' g2 + jc2-g2 + a2— 2a5^2g^"~g * 

4..Sin<.x3-.^=(.+l)(a^-lH.^);and^-a^ = (i+«)(l-x) 



the quotient is oc'-l + .-^-af a5) + 4; 



O 1 

or, a:*+3fl;+3- — + -3. 

The quotient may also be obtained by long division as in p. 133 
of the Algebra, 

= (1 + 1 + 1. ..ton tenns) (g+6 + c+...to n terms) 



8 1 

n- — =»-l. 



^^ Q^-y^ "^ (x2 + y2)(jg2_y2j -a^^y^^ a!*+y* 

aj* + y* 

ac^+gxy + 1^-2x1 ^ 
.. (a?+y)« (g-y)' (a^+y«)(g-y)» . (g+yy _, 

^ g»-2gy+V'+2icy (g+y)g°(a;+y)»(ag+y«)^(a;-y)' ' 
(a;-y)2 

45. (g + 6Xc^"l)*='(l'"^)(<' + ^i<>r^*<^~<* + ^~^""^~**^ + ^~<*^ 
org+6 + c+d=6cd+gc(i+gM+g6c 



'^(hhhi) 



a+h+e+d , , 

goca. 



a e a 



.6 (P+g)* • (P+g)* ^+g 
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1--23C 1 g+l 

^7- 3{x«-a; + l)"*"6(a; + l)'*"2{x2 + i) 

(l-2a)(2ag + 2) + (g'-g + l) g + 1 
" 6 (x3 + 1) ■*"2(x» + l) 

2a; + 2--4x'~4a; + a;^~g'f 1 g + l 
^ 6(x3 + l) 2(«*+l)""2(x3+i)+2(x2+l) 



48. 



V 



z ' xy + l y{xyz+x+z) 



yz+l 

^ ys + l an^ + l 1 ^ ay^g+gy + yg+l-l ,,, 

xy« + a; + » y ~y(a^+fl5 + «) y(xi/i8 + x + ») 

1 X ( 1 y \ <* * <* 

A^, 1 1 (fl^--y)-(o- g) 

(a-y)(a-x)* (a-y)'(a-a;)"' (a-x)2(a-y)« 

Hence originaJ fraction ^ ^(^-y)*--^(<»--f)' ^a(a - y) + a(a - x) 

(a-y)-(a-a;) \ */ \ / 

■=2a2-aa;-ay. 

3 . a + 6-c 3-a~6--c ^ 3 3-c>-6-c ^ a+6 + c 
^ ' a6c^ ahc a + 6-c ""a+ft-c"" a+6-c *^a + 6-c* 

a + 
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LXX 

1. 6a; + 21y=l23 ) 

6a;+ 8y« 84 J ^^^*^*i^& 13y=39, y=3, eta 

2. 45a; + 72y=909 ) 

45a;+10y=475 \ «"^*»ctmg, 62y=434, y=7, eta 

3. 26x + 34y=378 ) 

26a; + 13y=273 \ ^^^^^acting, 21y-105, y=5, eta 

4. 14a; + 9y=l56 ) 

14a; + 4y=ll6 r"^*'*^'^^ 6y=40, y=8, eta 

5. 3a; + 45y=147 ) 

3x+ 7y= 71 1 ^"^'racting, 38y«76, y=2, eta 

6. 105x+133y=924 ) 

105a;+ 61y=678 \ ^^^''actingv 82y=246, y-3, eta 

7. 6j;+ 4y= 236 ) 

6a: + 30y=ll46 J ^^^^^-acti^ft "^^y^ -910, y=35, eta 

8. 156a; + 108y=420) 
156a;+ 87y=399 ) »"^*»c*ing, 21y =21, y=i, 

9. 504a; + 98y=r 2310 ) 
504a; + 66y= 2184 J ^^^^^acting, 42y=126, y=3, 

LXXI. 

1. 6a; + 21y-156) 
6a;- 10y= 32 \ *^^*»c<^ft 31y=l24, y«4, eta 

2. 106a;- 60y- 825 ) 
105a; -91y- 763 > *^^<^»<5<^, 31y = 62, y=2, eta 

3. a + y=96 ) 
aj-y= 2 \ 8^*><^tin& 2y-94, y«47, eta 



eta 



eta 



io8 
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4. 28x + 632/=553 K^^tracting, 131i/=393, i/=3. etc. 
28x-682/=160 J 

5. 7a;+133y=679 ) ^^^tracting, 186y-558, t/=3, etc. 
7a;- 532/= 121 ) 

6. 87a;-42y=525 ) g^^tracting, 14y=28,t/=2, etc. 
87aj- 56^=497) 

7. 342x-426y=1284 ) ^^^^^.^g^ 552y = 552, y=l, etc. 
342»-978i/= 732 J 

8. 516X+ 24y=3192 ) g^^^^acting, 755i/=3020, y =4, etc. 
516x-731y= 172 J 

9. 65«+117y=2444 ) g^^^ra^ting, 1271/ =2159, t/=17, etc. 
65aj- 10i/« 285 ) 



LXXIL 

1. 12a;-21y= ^6 ) ^^^^^^^^^g^ 7^ « 70, y = 10, etc. 
12x-28y=«-4 ) 

2. 9x - 6y - 52 ) g^^^racting, 19t( = 76, y = 4, eto. 
9a.-24t(«-24) 

3. 51a; + 9y = 171 ) g^^t^acting, 281t( = 562, 1/ = 2, etc. 
51x-272t/ = -391 S 

4. 21« + 49y = 646 \ g^^^jacting, 106y = 954, 1/ = 9, etc 
21aj-57y=-408 5 

5. 35x-21y= 28) ^^^^^ij,g^39y==78,y = 2,etc. 
35x-60t(=-50J 

6. 6x+4y = 78 ) g^^tracting, 13y = 117, y = 9, eta 
635-92/= -39 5 
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7. 2Qx - Q5y = - 273 ) 

« . ^ ? subtracting, - 57y = - 613, y = 9, eta 
26x- 8y= 240 ) b9 9 >» > 

8. I05x - 135y = - 195 ) ,, ,. ^^ ^^^ ^ ^ 
105.- 4^= 63 r"^''^'"*'-^^^"-^'^'''-^'*'^ 

9. 21y+ 36a; = 528) ,, ,. ,^^ ,^^ ^ , 
^ ^ J subtracting, 169x = 507, x = 3, etc 

21y-133a;= 21 J ^' ' ' 



LXXIII. 

1. 6x+ 9y = 24) ,^ ^. » ,.^ « x 

/ , ^ > subtracting, - 5y =» 10, y = - 2, eta 

2. 15x-62/ = 153) ,^ . ^^ ^^^ ^ ^ 

3. 6a;-10y = 102 ) ,^ ^. 

6x + 2lil= g j subtracting, -31y=93,y- -3. 

4. 35y-15x = 695 ) ^, ,. «^ ,„ « ^ 

« , . ^^^ J subtracting, - 29x = 58, x = - 2, eta 
35y + 14x =: 637 J * ' 

5. 8x+18y = 2l2) ,^ .. _ . ^ 

•^ ^} subtracting, y = 14, etc. 

8x + 17y = 198) *' ^ ' 

6. 18x-63y= 72) ,. .. _ „. _ . 
18x - 8 = - 38 1 ^"^*^*^^8' - 55y = 110, y « - 2, eta 

7. 17x + 12y= 59) ... ^. __- ^ . 

' ^ > adding, 74x = 518, x = 7, eta 

57x-12y = 459} ** * ' 

8. 24x + 9y = 9) ,^ ^. ,0 « 1 . 

^ > subtracting, 12x -i 6, x «« — , eta 
12x + 9y = 3} *' '2' 

9. 238x-966y=-1442) , ^ ^. _^ ^._ _ ^ 
238x-221y=.- g,7 ! subtracting, -.45y-- 745, y-1, eta 
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LXXIV. 



I. 3fl; + 2y = 42) 6a; + 4y 



2x + 3y = 48 



) 6a; + 4y«« 84 ) , ^^ ,„ ^ 



2. 30a5 + « = 630) 600x + 20y = 12600) ^^, ,^„^ ^ ^ 
«^ i.«.xf» «/^ ^^^ {, 601a; = 12020, »= 20, etc 

20y-« = 580) 20y- a = 580 J ' ' 



3. x+49y=1757) 49x + 2401y= 86093 



> » __ ( , 24001/ = 84000, ya= 35, etc 

y + 49a;=2093) 49a;+ y =2093)' 

+ y + 15 = 30) a; + y = 15) « «-, ,^ ^ 

? > , S , 2a; = 20, sc = 10, eta 

-y + 14 = 19ra;-y= 55' 



5. 14a; + 6y = 826) 196x + 70y= 11564) 
39x-14y = -1609 ) ' 195a-70y = -8045 ) ' 

391a; = 3519, a; = 9, etc. 

6. 6a; + 9y = 150-5y) 6x + 14y = 150) 30x + 70y = 750) 
8y-6x= 9a; + 12r8y-15x= 12ri6y-30a;= 24 5' 

86y=774, etc 

7. 7x-y+2=35) 7x-.y-33) 7.- y- 33) 
12y-a;-10=9 5 12y-a; = 19 5 84y-7x=1335 ^ ' 

8. a; + 32 = 2y-48 ) a;-2y=-80) 
12x + 12y + 20y = 30a; -15y + 2100 5 ' 47y - 18a; = 2100 r 



+ 30 = 4a;+2y) lla-27y=-30) 
+ 6y = 6a;+4y)' 2y- 9x=-96l' 



9. 15x-25y + 30 = 4a; + 2y^ lla-27y=-30) 
96- 3a; 



99a;-243y=-270 ), ... .__ ..q. „ . 

^ J » adding, - 221y = - 1326, y = 6, eta 

22y- 99a;=-1056 5 ** ^ ^ 
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10. a; + 2 + 24y= 93) x + 24y= 91) 40x + 960y = 3640 ) 
y + 5 + 40a: = 768K40x+y = 763r40a; + y =763)* 

959y = 2877, etc. 

11. 2a;-y + 21a = 14y-42 ) 23a; - 15y = - 42 ) 
6y+18 + 5y-5x = 60a;-240)' lly-65x= -258 ) ' 

253a;-165y=- 462) ^^. ^^^ __ ^ ^ 

^ J adding, - 722a; =- 4332, a; = 6, etc. 



165y-975x=-3870 

) 32a;-15y = 74) 
ri3y-12a;= 7)' 



12. 12a;-24-200 + 20a;=16y-160J 32a;-15y = 74 
16y + 32 = 12a; + 3y + 39 

96a5-45y = 222) ^,. ,^ ' ^^^ 278 . 

> , addine, 69v=278, y=-^ , etc. 
104y-96a;= 56)' ^' ^ '^ 59 ' 

13. 6a;-6y + 39a;«52y-26 ) 44a;-58y = -26 ) 
10x + 12y-9» + 6y = 24y-24) ' a;- 6y = -24) 

22x-29y =-13) 

^ > , 103t/ = 615, y = 5, eta 

22a;-132y=-528)' ^ ^ 

14. 15a;-9 - 9a;+57 = 24 -6y+2a5 i 4a; + 6y=-24) 
16a; + 8y-18«+14«12y+36-4a;-6y )'2a;+ y= 22)' 

2a; + 3y«-12) « „^ ,^ , 

«« h2y=-34,y=-17, eta 
2a;+ y= 22 ) ' ^ ^ ^^ ' 

15. 4a; + 5y=40a;-40y ) 45y-36a;=0) 6y- 4a;=0 ) 
4x-2y+12y=3 T 4aj + 10y-=3 )' 4fl; + 10y-3r ^^"'^'®*^- 



LXXV. 



I. mpx+ npy='ep ),,,., » 

^ > suDtracting {np - mgr) y ■= «p -fm, etc. 



2. a<ix+Wy=oi 



oax+My— cd ) 
, __ >8abtractmg (D(2+ae)y = ea-a/y etc. 



i 
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3, aet-hc^=cm\ , , ^ 






4. cx-dysO 



5. ifii»'x-m'«y«mV J 



mm'z 



, > , (m»'+m'n)y = rng'-w^r^ etc. 
*l « . r <* + * -A 



6. 2+y = a) ^ _ t _ a + 6 
a;-y 



10. 6cx-cy=»-26 ) 6c*a;-c*y =-2^ ) 
63cy+oc5-a63 = 26*+6c*xr 6^^^ _ Jc<a; = 26* - ac» + a6» K 

63cy-c*y = 25*-ac' + a63-26c5, 

2&*-ac3 + a63-2&c3 25 + a . 

y- ^F^:^ ^''^ 

11. hx + hc-h^+cx + i^-hc + ay + a^^^a^) 
a?y = Q> + ef{h-'C)x T 

(6 + c)(62-c2)x-a?y=0 r (6 + c)(&2-c2)a;-a3y=0 )' 

^ , 862m -26m2 \ 

12. 3x+57y=— p3^^ I 

(62-m2)x + (6 + c + m)my=62m + 26m«+^^j 
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3(62-m2)a; + 5(62-m2)t^=86'm-25m« 
3(6' - m*)» + 3(6m + c»» + m*) = 362m 

36cm2 



26m« \ 

6 + m J 



(562-36m-3cm-8m2)y=562m-86m2- 



6+m 

56% + Xihhn?^ - Sbhn^ - 86m» - 36cm' 
6+m 

6m (56' " 36m - 3cm - Sm') 
6+m ' 



LXXVI. 



^- l + A-40) 



^ ). subtracting, — = 20 j y=»-x» «^ 



- + -=20 1 
» 2/ / 



2. 3 . 6 o 

* ^ > subtracting, — =3a-6: y«»- — =,eta 



*-j. i« 6* — a' T J 6*— a' . 

suDtractmg, b6c - oa ; V—rr—^ ®^* 



3. 06 . 6* , 

•^ — +— 6c 
X y 

ah , a^ J 
X y 

4. a 6 'V 

— — ^''^ t OA QJ 



a 6 ( 

1b* " t/"" / 



> subtracting, —s^m -n ; y=: , eta 

fn—n 



5- 55+40^ 152 

^ y I subtracting, ?1-103 ; y-:^, etc. 

66_21^ 49 I ^ ^^^ 
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t. Multiply the second equation by 4, and we get 

-5.+A- 7) 

** ** V adding, i?=.19 ; x=L etc. 

r ±+ « -10) 

8. Multiply the first equation hy — , and we get 

J^Bubtracting,-— ^— =-— --;y=--,eta 

— + — — m'+«^ I ' 

X y ) 



Lxxvn. 

1. From the first and second equations we get 

From the first and third equations we get 

^^^T]TZ\ addu.g,26.+31y = 88(2) 
X- 4y + 102 = 23) *' y w 

Then from (1) and (2) we find x—l,y^2; and hence a; »= 3. 

2. From the first and second equations we get 

« o « «, > addmg, 14a; = 28; « = 2 
9x-3y + 6» = 24) ^' ' 

From the second and third we get 2x + y = 6 ; .*. y — 2, etc. 

3. From the first and second equations we get 



16a;-9y + 6» = 63 
16a;-2y-6»«= 6 



I adding, 31» - lly = 69 (1) 
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From the first and third, subtracting, 3a; - 6^ « -^ 18 (2) 
Then from (1) and (2) we find « = 4, y = 6 ; and .*. »=8. 

4. From the first and second equations we get 

From the second and third equations we get 

Then from (1) and (2) we find x= 5, y = 6 ; and /. « =« 8. 

5. From the second and first equations we get 

3x+3y+3.= 18l ""btractmg, 2x+y-4{l) 
From the third and second equations we get 

« » ,, > subtractmg, 5« + 2y = 9(2) 

Then from (1) and (2) we find as » I, y »= 2 ; and .% «=» 3. 
6. From the first and second equations we get 

J^ ^ «, { subtracting, 5x-5y= -16(1) 
3a + 9y-3a = 21 ) 8> y v / 

From the second and third equations we get 

405+12^-4. =.28) 

4x- 5y + 4«= 8) g»o*-^'^ <. 

Then from (1) and (2) we find « =1, y = 4 ; and .*. a = 6. 

7. From the second and first equations we get 

8a; + 4y + 22 = 50 ) ,, ,. ^ « ,^ ^^ 

2x+23;+2.-60l «'^l't«ctmg,6x + 2j, = -10a) 
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From the Uiird and first eqaatioiis ve get 

Tben from (1) and (2) we find x=}, y =» -7; and /. s»3^ 

8. From the Sat and second equations ve get 

c^ 7 .^ ^^[ adding,31x-14«=57a) 
27a: + 3y-15« = 48) ^ ^ 

From the second and third equations we gei 

/ ^ « ^ adding, 37x- 17s= 66 (2) 
Then from (1) and (2) we find x = 5, s => 7 ; and .'. y = 6. 

9. From the first and second equations we get 

24a; + l(>y- &«» 68) ^,. ^^ ,^ ^.« .,. 
«r , ^ oe c^r. t adding, 89x + 17« =» 348 (1) 
65x-10y + 25« = 290) ^^ ^' 

From the first and third equations we get 



12x + 5y-4« = 29 



I adding, 97x - 9z = 104 (2) 



85a;-5y-6»=76 
Then from (1) and (2) we find x»2, 2== 10 ; and.'. y«9. 

10. Subtracting the second equation from the first, we get 2y >■ 20 ; 
y-10. 
Adding the third equation to the second, we get 2s » 10 ; a ■■ 5. 

LXXVIIL 

1. Let X and y he the numbers ; then x + y = 28 ; x-y = 4, eta 

2. Let X and y be the numbers ; then x + y »= 256 ; x - y = 10, etc. 

3. Let X and y be the numbers ; then x + y = 13*5 ; x-y « 1, etc. 
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4. Let X and y be the numbers ; then lx + by=^ 332 ; 

51a; -Sly = 408, etc. 

5. Let X be the age of the father, and y the age of the son. 
Then a;-7 = 4(y-7) and « + 7 = 2 (y + 7), etc. 

6. Let a;,y,2 be the numbers ; then » + y = 70,a5 + «=80,y + «=5 90,etc 

7. Let X and y be the sums contributed by A and B ; 

then 400 - (» + y) is the sum contributed by C. 
Theny = 2« + 20, and 400-(a; + y) =x+y, eta 

8. Let X be A*s money, and y B*s money in shillings. 

Then 3 (a; - 10) = y + 10, and a; + 10 = 2(y-10), eta 

9. Let X and y be A*s and B*s shares ; then 760 - (a;+ y) is CTs share. 

Then »+y = 760-«-y + 240; y + 760-x-y = «+360, eta 

la Let X and y be the numbers ; then ^-5-^= 24 ; ^^= 17, etc. 

2 2 

1 1. Let X be the greater number ; and y the less ; then 

y y X X 

12. Let x be the first part, y the second, and .'. 144 -(x + y) the third. 

Then ^-3+-?-; iMr£zy_ 2 + -«-, etc. 
y y x+y x+y 

13. Let X be A's money and y B*s money in pounds. 

Then x+-|-=120; ^ + y = 120, eta 

14. Let X be the age of the father, y the age of the son. 

Thena5-12 — y + 12; a;+12 — 3(y-12), eta 
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15. Let X be the greater number, and y the less. 
Then 3as»2x + 10, and 2x + 3y »24, etc. 

16. Let X be the age of the father, and y the age of the son. 
Then »+y = i(a; + y + 50) ; x-y = J(a;+y + 40), etc. 

17. Let X be the greater number, and y the less. 

ThenX..2l+:2157 f.„4+:742^ etc. 
X X ' y y 

1 8. Let X be the cost of a barrel of beer, y of a barrel of porter in pounds. 

Then 6a; + 10y«51 ; 3x + 7y = 32T^. Hence we find a; = 3, and 
hence 10 barrels of beer can be bought for ;£30. 

19. Let X be the cost of 1 lb. of tea, yofl lb. of cofifee in pence. 
Then 7a; + 5y = 352, and 4a; + 9y = 324, etc. 

20. Let X be the cost of a horse, |( of a cow in pounds. 
Then I2x + 14y = 380, and 5a; + 3y = 130, etc. 

21. Let X be the cost of a yard of silk, yofa. yard of doth in pence. 
Then 8a; + I9y « 4370, and 20x + 16y = 6200, eta 

22. In one day 10 men and 6 women earn £3, 3s. 
In one day 4 men and 8 women earn £2, 2s. 

Let X be the daily earnings of a man, ^ of a woman in shillings. 
Then 10x + 6y = 63, and 4a;+8y = 42, etc. 

23. Let X be the number at j£37 ; and y the number at ^5. 
Then 37a; + 45y = 4220 ; and « + y = 100, etc. 

24. Let 10a; +t^ be the number. 

Then«+y = 8; and 10a;+y+36=»10y + a;, etc. 

25. Let 10a; + y be the number. 

Thena; + y=10; and 10x+y + 54 = 10y+a;, etc. 

26. Let 10a; +y be the number. 

Then« + y = 9*; and lOx + y + 9 = lOy + x, etc. 
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27. Let lOx + y be the number. 

Then a;+y=6 : and 15?±y«4 etc. 

28. Let lOx+y be the number. 

Then« + y=9; and i^±?=:5, eta 

29. Let ICXc + y be the number. 

Then l^l±y=7 ; and 12»±£:J?=9, etc 
«+y x-y 

30. Let lOx+i^ be the number. 

Then 1^11'- 6 + -5-; and 15»±*-4+-?- 
ac+y ac + y a+y a;+y 

or, 10a;+y = 6a; + 6y + 3; and 10y+a5 = 4fl5+4y + 9, eta 

31. Let lOx + y be the number. 

Then i^=6 + — i-o; -^^5y±.« =5 + — i-^,eta 
«+y-2 " a5+y-2'a + y + 2 «+y + 2' 

32. Let lOx + y and lOy + x be the numbers. 

Then 10x+y+9=10y + a, and lOaj+y + lOy+x— 33, etc. 

33. Let 10005 + 10x+ a be the number. 

Then 100x + 10aj + »=37a^; .'. a;=3, eta 

34. Let 100a; + lOy +2 be the number. 
ThenyB22; x + »=9; « + y + »«=17. 

Hence xs>9-2; and .*. 9-a + 2«+a=17; ««s4| eta 

35. Let 100x+ lOy +» be the number. 
Thena5 + y + 2=21 ; a; + y=«+3; 

100x+10y+»+198=100«+10y + a;, eta 

36. Let — be the fraction. Then ^—^% and -^ -1, eta 

y y y-1 



37. Let — be the fraction. Then ^i^—i-, and -^«-i-, eta 
^ y y 3' y + 1 4 
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38. Let — be the fraction. Then — =i-,and -^=4> etc. 

y y 2' y + 1 3' 

39. Let — be the fraction. Then 0? + 1=2^, and Xs— - (y + 1), etc. 

4a Let -^ be the fraction. Then 5::|=i-, and ^=4->«<«. 
y y-3 4' y + 6 2' 

41. Let — be the fraction. Then -^ =-^, and ^zl^^^^O ^^ 

y y + 4 9' y 41' 

42. Let ~ be the fraction. Then ^i^ =4, and — ^=i.> eta 

y y 2' y+17 3' 

43. Let X and y be the sums invested. 

wwn X X fS 

Then ----— «■ income on first inyestment. 
100 

and 4^ B income on second investment 
100 

.•.?^„?iii + lO; and a; + y =2000, etc 
100 100^ ^ ' 

44. Let X be the sum invested, and y the rate of interest. 

Thenx+?l^/-iiJ^=5250 
100x12 

and «+^ll^=5460. 
100 X 12 

Hence 120a; + xy= 630000) 360a; + 3a:y= 1890000 ) 

and 200a; + 3a;y = 1090000 ) ' 200x + 3a;y = 1090000 ) * 

160x» 800000, etc. 

45. Let X be the sum invested, and y the rate of interest. 

Then «+ iL2iliLl=5200. 
100 

and x+£21X^=6000 

Hence 50x+3a;y= 260000) 50a; + 3xy- 260000 ) 
10x+ xy- 60000 r30x+3a;y= 180000)' 
20x>«80000, etc 
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46. Let X be the number of quarts of the first, y of the second. 

Then «+ y =50 ) 36x + 36y=1800 ) ,^ ^^^ , 

«« «^ «^ I..V M «.. «/ , 1.^^ J > 16y=300, etc. 
36a; + 20y=30x50) 36x + 20y=1500)' * 

47. Let X be the number of lbs. of the cheaper, y of the dearer. 

Thena;+y = 30 

and 20(x + y) = 14x + 18y + 10a;, etc. 

48. Let X be the rate of the rowing in miles an hour in still water, 

y the rate of the stream in miles an hour. 
Then»+ys=12, a;-y = 6, etc. 

49. Let X be the distance in miles, y the rate in miles an hour of pulling. 
Thenar If (y + 4) 

and»-3 = 4j(y-4), etc. 

50. Let X be the number of leaps the hare takes, and y the length of 

each in feet. 

Then -^ is the number of leaps the dog takes, and ^ the length 

of each in feet. 

Then50y+»y=^x^ 

15x 
Divide byy; then 50 + a; = -™ ; a;-700. 



51. Let X be the number of leaps the dog takes, and y the length of 
each in feet. 

Then — ^ is the number of leaps the hare takes, and -^ is the 
3 3 

length of each in feet. 
Then bOy+^x-^'^xy. 

O o 

Divide by y, then 50 + ^=a; ; 05 — 450, etc. 
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52. Let X be the number of apples, and y the number of pears. 

Then4 + -|--30; and -|- + i^-13, eta 
4 u o 15 

53. Let X be the number of men, y the reckoning of each in shillings. 
Then (a;+3)(y-l)=xy ) xy+3y-a;-3=xy ) 

and (a!-2)(t^ + l)='xy ; aM^-2y+a5-2=xy J * 

I adding, y=5, and hence 2=12. 

54. Let X be the number that voted for A and G, 

y n n ^^^ -^ ^^^ ^> 

2 „ „ for A only. 

Then 05+ y+ «=1056'| 

x+ 85 + 98=933 >, hence x=750, y=158, a=148. 

y + 85 + 744=987) 

55. Let X be the distance in miles ; y the rate in miles an hour. 
Then ^»iL-ii) 2x^_2x-3y 



and — =1- =— + 2i 




y-i y */ Sy-l 2y 

4fl5y=4j»y + 2a;- Gy^-Sy) 2a;- 6y2 + 3y) 
4xy=4ajy-2x + 101/2 -51/ ) ' 2a;=10y2-5y ) 
hence 6y* + 3^=102/2-51/; 82/=4t/2; 8=4y; 3/= 2, etc. 

56. Suppose the first crew pulls x strokes of 3/ yards each in a minute. 
Then the second crew pulls ^ strokes of ^ yards each in a 

minute. 
Hence in one minute the first crew pulls over xfy yards, 

and in one minute the second crew pulls over -^ yards ; 

.*. the second is the faster crew. 

Again, the second crew gains ^ yards in a minute; 

/. it gains ^ + ^ yards in a stroke, or, ^^ yards. 
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/. it must take zf^ -rzr^^ strokes, or, 320 strokes. 

79 79x8 ' ' 

5 7. Let X be the rate of the sculler ; y the rate of the harges. 
Then — = time he takes to meet the first barge 

^tZ— =z time the first barge takes to meet him. 

y ^ 

Hence 1=^ , or, — ^-- • 0) 

X y a-o y 

Also --s time he takes to overtake the second barge 

X 

~^ =time the second barge is in motion before he 

y 

overtakes it ; 

. 6' V-a ^^ V X fo\ 

X y o'-a y 

From(l) and (2) ^=-^ , or, 66'-a5 = a6'-6&', 

ori.f r . u 266' 06 . a6' ^ 2 1 1 
or266'=a6+a6',or, _,»_+_, or, --^ + -5-. 



$8. Let X be the number of feet passed over by the longer train in a 
second, 
y the number of feet passed over by the shorter train in a second. 

Then ^ + ^= 176, and 6x - 6y = 176. ' 
Hence x^—- and y=44. 

Hence the longer train goes in miles per hour — , or, 50. 

^ * *^ 3x3x1760' ' 

and the shorter train goes in miles per hour ■ ^ or, 30. 

3 X 1760 



J 
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59. Let % and y be tlie circumferences of the wheels in yards. 

* x-\ — v+~ 

4 ^5 

\.^r.^ 20 20 , ,96 100 , . . 

hence = l,and = 4; .*. 05 = 4, ^=5. 

X y ' X y ^ ^ 

60. Let X be the number of hours he takes to go. 

Then 10 - a; is the number of hours he takes to return, 

and a; =» f (10 - as) ; whence a; = 4, and 10 - « = 6. 

Again let y be the number of miles per hour he can row in still 
water, and z the number of miles per hour the stream flows. 

Then y + a=B5, and y-aa=— -; whence 2 = ---. 

6 6 

61. Let the digits commencing with the left be 1, a, h^e^d^t. 

Then the number is 100000 + 10000a + 10006 + 100c + \0d + «. 

When the 1 is remoyed to the unit's place 

the newnumber is 100000a + 100006 + 1000c + lOOd + lOe + 1. 

Then 100000a + 100006 + 1000c + lOOd + 10c + 1 

«= 300000 + 30000a + 30006 + 300c + 304 + 3« 

.-. 70000a + 70006 + 700c + lOd + 7c = 299999 

or, 10000a + 10006 + 100c + lOd + c = 42857 

/. 100000 + 10000a + 10006 + 100c + lOd + c = 142857 

that is, the required number is 142857. 

LXXX. 

I. 4a2+12a6 + 962(2a+36 2. 16JfcW-24Jfc*P + 9Z»(4ie -3P 

4a2 16A;W 



4a + 36\ 12a6 + 96» 8P-3P \ -24&5P + 9J8 

12a6 + 96« \ -24i*P + 9^ 
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a262 + 162a6 + 6661(a5 + 81 4. i/«-38y3 + 361(ir*-19 

2a6 + 81 \ 162a6 + 6561 2i/3«x9 1 -38y3 + 361 

162a6 + 6561 I - Z%f + 361 

9a26V - 102a6c + 289 (3a6c - 17 
9a262c2 



6a6c-17\ -102a6c + 289 

-102a&c+289 



6. aJ*-6x3 + x9a;2-30a; + 25(iB2-3a;+6 



-6aS+ 9»2 



2x«-6a; + 5 \ 10ir2-30a; + 25 

10x2 -30a; + 25 



9(K* + 12x3+ 10a;« + 4a; + l (3x»+2a; + 1 
9a* 



6x«+2a; \ 12a:3 + 10x» 

12x3+ 4x2 



6a:« + 4fl; + l \ 6x2 + 4fl5 + l 

6x2 + 4fl5 + l 



a 4r*-12r3 + 13r*-6r+l(2r2-3r+l 

4r* 



4r"-3r \ -12r3 + 13r> 
-12r3+ 9^ 



4r"-6r + l \ 4r*-6r+l 

4r'-6r+l 



/ 
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4n* + 4»'-7n'-4i» + 4(2»*+»-2 
4n* 



la 



4»«+» \ 


4n»-7n« 
4n'+ n* 


4n« + 2i»-2 


y -8n2-4n+4 
\ -8n'-4»+4 


1 
1 


-6a;+13x«+12x»+4fl4(l-3a;+2*« 


2-3a \ 


-6x+13a}« 
-6x+ 9a:* 


S-6x + 2x* 


\ 4a« + 12a;^ + 4x* 
\ 4ac*-12x8 + 4jB* 



ZI. 



x6 



2a:?-2aB« \ -4ar^ + 10x* 
-4x*+ 4ac* 



8fl5'-4fl5* + 3a; 



6iC*-12x'+9a;« 
6a^-12aJ + 9a5^ 



12. 4y* - 12y3» + 25y V - 24y»3 + 16«* (2y« - 3y» + 4» 

4y* 



4f-3yz \ -12y32 + 25yV 
-12y3« + 92/V 



4y*-6ya{ + 4a{2^ 



16yV-24y25» + 16«* 



KE Y TO ELEMENTAR V ALGEBRA. 1 27 



13. 

2a + 4& + 3c 



a« + 4a6 + 462 + 9c2 + 6ac + 126c(a + 26 + 3c 



a^ 



4a6 + 45* 
406 + 46* 



6ac + 126c+9c* 
6ac+126c+9c^ 



14. 



2a8 + a26 



a8+2a«6 + 3a*6» + 4a368 + 3a264 + 2a6« + 6«(a3 + a«6 + a6«+fe3 



cC 



6 



2a«6 + 3a*6« 
2a«6 + a*62 



2a»+2a26 + a62 



2a» + 2a26 + 2a6*+63^ 



2a*62 + 4a368 + 3a264 
2a*62 + 2a363 + a26* 



2a363 + 2a264 + 2a6*+6« 
2a368 + 2a26* + 2a66+6« 



15. 
2x5-2a^ 

2x»-4aj«-2» 



a^-4x5^ ggpS^ 8a.2 + 4a; + 1 (a53_ 2x2_ 2x - 1 
a:8 



-4aS + 6a;3 
-4x5 + 4{B* 



2xS-4fl5*-4a;-l 



-4»* + 6ac3 + 8a.2 
-4»* + 8a:8 + 4a5a 

-2a:3+4fl5* + 4a;+l 
-2x3 + 4a:* + 4a;+l 



Id. 

4x* + 2aac 



4a:* + 8aa» + 4a2a;2 + 1662x2 + i6a62a; + 166* (2a;2 + 2a« + 462 



8aa^ + 4aV 
8aa5S + 4a^ 



4a;2 + 4005 + 462 



166%;*+ 1606% +166* 
166^+16o62x+166* 
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17. 



6-4x 



9 - 24a; + SSx* - 116x» + 129aJ* - 140x» + 100aJ«(3 - 4a; + 7a^ - 10x» 
9 



\ -24a; + 58a;* 
^ -24a;+16a;" 



6-8x + 7x^ 



6-8a; + 14a;«-10a;»^ 



42a;«-116a;» + 129a;* 
42x2- sex' + 49x* 

- 60x3 + 80a4 _ 140x6 + looa^ 

- 60x8 + SOx* - 140a;* + lOOa^ 



18. 



8a'-5a& 



16a* - 40a36 + 25a262 - SOofc^a; + 646 V + 64a2&x (4a« - 5a6 + 8fc 
16a* 



- 40a36 + 25a25> 

- 40a36 + 25a26» 



8a2 - lOoft + ate 



64a2&x - 80a6%5 + 646V 
64a26x-80a6«x + 646V 



19. 



9a* - 24ay - SOa^t + 16ay + 40a|A + 26t' (3a' - 4ap' - 5« 
9a* 



6a2 - 4op3 \ - 24ay + 16ay 

-24ay + 16ay 



^-^'^-fA 



-30a2« + 40apS« + 25^ 
-30a2e + 40a/t + 25e* 



2a 4y*x2- 122/V + 17yV- 12yx^ + 4ai8(2y*i;- 3ya^+ 2a;» 

4y*x* 

4y«x-3ya;* \ -12y5x3 + l7t/%5* 



-12i/V + 9yV 



4y«x-6ya?+2a53 



8i/V-12yB*+4fli? 
8yV-12^+4a^ 
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21. 



25aV^ 



lOa^ - 3xy' 



10iB2y-6xy2 + 2t/3^ 









22. 



16a^ - 24x3y + 25sc2y2 _ 12x2/^ + 42(* (4x2 - Sacy + 2y« 
16x* 



8x2- 3xy 



- 24x3y + 25x V 
-24x3y+ 9xV 



Sx* - 6xy + 2y2 



16xV- 12x2/8 + 41^ 
16xV- 12x2/8 + 4y* 



23. 



9a2 - 12a5 + 24a<j - 166c + 462 + 16c2 (3a - 26 + 4c 
9^2 



6a-26 



12a6 + 462 
12a6 + 462 



6a-46 + 4c 



24ac-166c+16c2 
24ac-166c + 16c2 



24. 



aJ*+ 19x2 + 25 -6x8-30x(x2-3x+6 



2x2- 3x ^ 


-6x8 + 19x2 




\ -6x8+ 9a^ 


2x2-6x + 5 


\ 10x2-30x + 25 




\ 10x2-30x + 26 
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25. 25x>-20xy + 4y'+ds'-12ys+30xt(Sx-2y + 3s 

25x* 



10x-2y \ -20xy + 4y* 

-20xy + 4y* 



10a;-4y + 3« \ 30a»-12y2 + 9«* 

30a»-12y2 + 92* 

26. 4as*-4x*y+4x'y^+y*-2y'+y'(2x'-y+y* 

4a!* 



4fl5*-y \ -4ic*y+y* 
-4a*y + y* 



4flc«-2y + y« \ 4a;y-2y3+j(* 

LXXXL 

,. 4a«+?^*-a*6«(2a»-?^' 

lo 4 

4a« 



2. 



4a8. 


' 4 


\ 

9 


-•*■< 
-^*^ 






-4 


(1- 


3 






9 










a \ 
3 


sf 








a " 


\- 


■*4 








\ 


-»4 







KEY TO ELEMENTARY ALGEBRA. 131 



2a2— I 



a- 






a' 








■p 


h a, 


\-S 




Y^ 




{C*-2a?+2a:?-a;+ ^ (a^-«+-J 




aj* 


2a^-x 


\ -2a?+2»» 




\-2iB3+ «« 


2xa-2a; + l.\ «"-«+-j 




\ «^-^4 




<^*^-^i(^*-i 



2x2+x \ 


23?-X 


\ 


2a? + a;« 


2a^ + 2aj-i.\ 


-^-0.+! 




V 
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4a2 



4a-36 



4 



12a6 + a58+96* 

2 ^16 
2 ^16 



8. 



2*2+4 



2«2+8 + 



aJ* + 8»«+24+^ + ^ («"+4 + ^ 



a:* 



? 



\ 8a:» + 24 






\ 8a^+16 


32 




\ 8+ 


16 


\ ^"^ 


32 


16 

1? 



9. 



8a8sc 



+ 26t2 



9 3 

9 

~a«x + 4a* 

^535 + 4^4 



16\ 3 



3^ 

4 



§^ + 4aa-l 
3 4 



-2a3x-3a*+-?> 
16 

-2a3x-3a2+:^ 
16 
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'33 



lo. 



II. 



12. 





1 4 4 
1? ^+yi + 


6 






1 








F 






2 2 


\ ^ + * 
\ ay r 




* y 
















3 \ 


6 


12^9 
yz «2 




\ 


6 


12 . 9 



1+1 

y 2 



a» ^ s^ 



71 7^^ 5 571 25\ 



n ^6 



36m2 



12m- — 

71 



48m 16 
— + n^ 

48m . 16 



12m-i. + 4. 

71 5 



12mp 8p p^ 

5 5»'**25 

12mj? 8p p^ 

5 5n 26 



a?6«-6a5c(i + 9c2d2 + ?^.?5^+«^(a6-3cd + ^ 



a%^ 



2ab-Zcd 



2a5-6cd+^ 

7 



6a5c(i+9c2(P 
6a6cd+9c2(P 



2a6e/ 6cdg/ ««/« 
7 7 '*"49 

2ahef 6cdef ^ 
7 " 7 '*'49 
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13. 



4a;2 12a^^9t/2 



a' 



6y 22/2a__3y 2^ 



4x« 



z^ 



4fl5 3y\ 
2 a \ 


12xy . 9y2 
«2 » 22 




12an^.93/» 
22 ' a» 


^_3|{ a 
a a X 


\ a; ar 




\ 4-6y + ^ 



14. 



4m2 16m . . . 24n . 9n2 /2m 
+ 4+ +— g — 





n* » 




4m« 




n2 


4m . ^ 

4 

n 


y 16m 
\ ** 




\ _16m 



m m' 



H"^ 



. Zn 

4 

m 



n 



+ 4 
+ 16 



4m Q 3to 
n m 



m m^ 
m m' 
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15. 



16. 



— g^ , ^ , 2gc he ^ ad hd cd d^ 
9 " 6 16 15 10 25 3 4 5 4 



a 
■9 



2 



(fL_A ^_« 
3 4 ■^'S " 2 



O A \ H "^ to 



6 16 



2a 
3 



6 c 
2-^5 



2a 
3 



^ 2c_^ 
2 5 2 




2ac 6c ^ 

15 10"*"25 

2ac be (^ 

15 10 25 



_ad W cd (P 
3 ■** 4"""5'*"7 

_od hd ed d^ 
3"** 4 "S"**! 



49ic* - 2ar3 - 17x2 + 6a + — /"Tx* - 2aj 

4 V 

49x* 



2 



140* -2a 



14a2-4a;-4 
2 




-28a3_i7aa 
-28a^ + 4x2 



-21ic2+6a;+~ 
4 

-21a:2 + 6a;+~ 
4 



17. 



9a^ - 3aa^ + 66x3 + f^ _ ^^j! ^ 2^^2/33^ _ aa 

4 \ 2 

9x* 



+6x 





4 
4 


6x'-ax + 6x 


\ 66xS-a6x2+6^ 
\ 66x8-a6xa + 6V 



136 
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18. 



9x4_2x8_l|laJ^.2a. + 9 {^ 



9 



3 



-4-3 



9a^ 



3 



6x2-^-3 



9 



-18a:2 + 2a; + 9 
-18a:2 + 2a; + 9 



LXXXIII. 



I. 



o3-3a«&+3tt62-&3(a_6 



o*" 



2. 



3a2~3a6 + 62\ -Sa^i + Soft^-fts 



8a3+12a2 + 6a+l(2a + l 
8a3 



12a2 + 6a+l 



a8 + 24a26 + 192a&2 + 51263 (a + 86 



a 



8 



3a2 + 24afc + 6462 



24a26 + 192a62 + 51263 
24a26 + 192a62 + 51268 



a» + 3a26 + 3a62+63 + 3a2c + 6a6c + 362c + 3ac2 + 36c' + c3(a + 6 + c 



a^ 



3a2 + 3a6 + 62\ 3a26 + 3a62 + 6« 

3a26 + 3a6« + 6« 



3a2 + 6a6 + 362 \ 3a2c + 6a6c + 36^0 + Sac^ + 36c2 + c^ 
+ 3ac + 36c + A 3a2c + 6a6c + 362c + 3ac2 + 36c2 + c3 



5. 



a*- 3x^ + 3x^2- 2/^+ 3x^2- 6xy2 + 3y225 + 3a»2-3i/2Ha5'(af;-y + a 



-3x2y + 3xi/2-t^ 



3x2-6xy + 3y2 

+ 3X2-32(2 + 2' 



3x^2 - 6xy2 + 32/*2 + 3x2* - 3t/2« + «* 
3x^2 - 6x^2 + 3y% + 3X22 - 3^2^ + 2^ 
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6. 



27aJ*-18a5» + 4a^ 



27a^ 



-64x*+63aJ*-44fl5» 



27«*-36x' + 21x^-6x+l 



27«*-36a:» + 21x»-6a; + l 
27«*-36x'+21x^-ea; + l 



l-3a+6a*-7a? + 6a*-3a* + a^(l-a + a* 
1 



3-3a + a* 



-3a+6a*-7a? 
-3a+3a*-a' 



3-6a + 6a^-3a^ + d* 



3a*- 60^+60*- 3a^ + a^ 



8. 



a»-3a*y+3a:y*-y»+88? + ete%-12«^+6y% + 12sp;^- 12t^ 



3a5«-3xy+y*\ -3a*y+aay-y* 



3a^-6xy 



+ 3y* \ 



+ ftK-©y«+4»* 



I 

V 



6ix%- 12:acy«+<5y%+ 12»*- 12y«*+ <=»» 






3a*-ia^ + 16fl? 



-12«* + Mtf»-liai^ 



3a* - 24«^ + 54a«- ^4a + 6 
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TO. 



8m«- 36m« + 66m*- 63m3 + 33m2- 9m+ 1 (2m* - 3m+ 1 
8m« 



12m*-18m8 + 9m2 \ -36m* + 66m*-63m« 

-36m« + 64m*-27m8 



12m* - 36m3 + 33m* 
-9m+l 



12m*-36mS + 33m2-dm + l 
12m*-36m3 + 33m2-9m+l 



II. 



a:» + 6a;2y + 12xy2+8^-3aAg_i2jB2/2-12y22 + 3a»2 + 6yz^-25 
ic^ (x + 2y-z 



3a:2 + 6a.y + 4y2 \ 6a% + 12a:y2^.3y8 

\ 6x^ + 1205^2 + 8^ 

3x2+ 12a;y + 12y2 V -3x22-12x^2- 121/22 + 3x22 + 6^22-28 

-3X2-6^2 + 22 \ -3x22-12x^2-122/22 + 3X22 + 6^52-28 



12. 



Sm* - 36m2w + 54mn2 - 27nS - 12m2r + 36m»r - 27n2r + 
^m^ 6mr2-9nr2-r3(2m-3n-r 



12m2 - 18mn + 9»2 \ - 36m2n + 54mn2 - 27h8 

- 36m2n + 54mn.2 - 27n' 



12m2-36m7i + 27w2- 
6mr-9wr + r2 



- 12m2r + 36m^r - 27n2r + 6mr2 - 9nr* ~ r5 

- 12m2r + 36m7ir - 27n2r + 6mr2 - 9nr2 - r^ 



13- 



3m2 + 3m + l 



m8+3m2-5 + ~-— .(m+l- — 



m2 m* 



1^ 
m 



m*" 



3m2-5+A 



3m2 + 6m- — + 4 
m m 



m* 
3m2 + 3m + l 

-3m- 6+ A- J, 
m^ m* 

. — 3m - 6 + — n s 

\ rnr m' 
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LXXXIV. 

I. 16a*-96a3x+216aV-216aa;» + 81a;*(4a«-12aa; + 9ic2 

16a* 



8a2-12ax \ -96a3a; + 216a2»2 

-96a3a; + 144a2a;2 



8a2-24aa; + 9x2 \ 72aV- 21 600:8 + 81a;* 

72aV- 21600:8 +81JK* 



and the square root of 4a^ - 12aa; + 9a:^ is 2o - 3x. 



l-8a + 24a2-32a8 + 16a*(l-4fl+4a2 
1 



2-4a \ -8o + 24a2 
-8o + 16a2 



2-8o + 4a« \ 8o2-32a8 + 16o* 

8o2-32a8 + 16a* 



and the square root of 1 - 4a + Aa? is 1 - 2a. 



3. 625 + 2000a: + 24000:^ + i280a:8 + 256a:* (25 + 40a; + lex* 

625 



50 + 40a; \ 2000a; + 2400a' 

2000x + 1600a;2 



50 + 80a; + 16x2 \ sOOx' + 1280a;' + 266a;« 

800a;2 + 1280a;8+256a;* 



and the square root of 25 + 40a; + 16a;' is 5 + 4aCi 



4. 
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a« - 6a56 + 16a*6« - 20a36» + 15a26* - 6a6« + 6»(a» - 3a26 + 3a62 - 68 



a' 



2a8-3a26 



-6a66 + 9a*62 



2a3-6a26 + 3a62 



2a3-6a*6 + 6a62-63 



6a*62_20a363 + 15a26* 
6a*62-18a36s + 9a26* 

-2a368 + 6a26*-6a6«+&« 
-2a363 + 6a26*-6a6« + 6« 



5- 



and the cube root of a' - 3a^6 + SaJ^ - 6^ is a - 6. 

0^ 



20^ + 3x2 



2x3 + 6x2 + 3iB 



2a5 + 6x2+6a; + l 



6x^ + 15a* 



6a^ + 20x8 + 15x* 
6aJ* + 18x3 + 9^2 



2a^ + 6x* + 6a;+l 



and the cube root kA^-^^-v^-^X is a;+ 1. 



m«- 12m« + 60m*- 160m3+240m2- 192m + 64(m»- 6m* + 12wi - 8 



m" 



2m5 - 6m^\ - 12m* + 60m* 
- 12m* + 36m* 



2m8-12m2 + 
12m 

2m«-12m^+24m-8'' 



24m* - 160m3 + 240m' 
24m*-144m3 + 144wi2 

- 16m5 + 96m* - 192m + 64 

- 16m3 + 96m2 - 192m + 64 



and the cube root of m' - 6m* + 12m - 8 is m - 2. 
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LXXXV. 

I. x=±8. 2. »-»±a6. 3. x's 10000; »=±100. 

4. x^=49 ; «= ±7. 5. ai;^»33 ; a?=ll ; »= ±J\V. 

6. x»=64flV, etc. 7. 40^ - 48=3ai^ - 12 ; a?=36, etc. 

8. 250000 -x^= 233359; o^- 16641 ; x=±129. 

9. 8112=3jb«; a?= 2704, etc. 

10. l^-18a; + 65=9a^-18x+9;llx^-18x*=-112;7a?»112,etc. 

TO 

12. x?-aa;+6=»aa:'-aa;: aa?-Q?^h\ «*=» — rtetc. 

' ' a-1 

13. 180x2-225=1140:*+ 171; 66x«=396; a? =6, etc. 

14. 42x2-126=35x^-70; 7x^=56; x^^B; x2=4x2; x= ±-2^/27 

LXXXVI. 

1. a?+6x+9»=81 ; x + 3=±9, eta 

2. x2+12x + 36=100; x+6=±10, etc. 

3. fl5'+14x + 49=64; x+7=»±8, etc. 

4. x^+46x + 529=625; x+23=±26, etc. 

5. x^+128x+ 4096=4489; x+64=±67,eta 

6. x^ + 8x+16=81; x+4=±9, eta 

7. x^+18x+81=324; x+9=±18,eta 

8. x^+16x + 64=484; x + 8=±22, eta 
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LXXXVIL 

1. a?-6a; + 9=16; x-3=±4, etc. 

2. aj'-4x+4=9; »-2=±3, etc. 

3. a?- 20x+ 100=121; aj- 10= ±11, etc. 

4. a?-2a; + l=64; x-l = ±8, etc. 

5. a;2- 12a; +36=4; a;- 6= ±2, etc 

6. x^-14fl;+49=4; aj-7=±2, etc. 

7. a;8-234a; + 13689 = 1; x-117=±l, etc. 

8. a:2-6x + 6=15x + 42; ai2-20x=36; a:2-20x+100=136; 

a;-10=±V4x34; a;=10±2V34; 

9. 3x>-17x-2x«-5x+120=0; o^- 22a; + 121=1, eta 

10. a;2«i0x+25+a?-14a;+49=a;2.8a; + 46; a;2_i6a;= -28, etc. 



LXXXVIII. 



i.x2+7a;+f-l-^;x+|=±]^,etc. 

2.x^-llx + 12ia^-?;a;-]^=±^,etc. 
4 4' 2 2' 

« « 81 256 9 _^16 ^ 

3. a;» + 9a; + ^=:_; x+-=±-2,etc. 

s ,0 l169 729 13 .27 . 

4. x«-13a; + _=— ; a;-2-=±-2,etc. 

1ft 13 

?. a;*+ a; +—-=-- • a;+— -=±— -i etc. 
^ ^ 4 16' 2 4' 
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/: ^ ^^ 1 289 1 .17 -^ 

^ -^ 07^. 1369 16129.^^37 +127 .^ 

Q • ^ 1 226 1 .15 ^. 

9. 6a;-a^+2x?-14fl5-10a;+60=0; a»-19a;=»-60; 

4 4 

10. 35x*-312a;+693-34x2 + 21«+45=448; a^-291x=» -290; 

-2 001^^84681 83521 291 .289 . 

05*- 29108 + — 3 — a — 7— ! x--^7- = ±-Tr-, etc. 
4 4 ' 2 2 



, ^ 2^ . 1 36 ^ 1 . 6 .^ 



o. 4^ . 4 1 .2 .1 . 
^^+-5*-*'26=26>*"*-5 = -"5'"*^ 

, o 28aj^l96 169 14 .13 ^ 

^'^-T-*'8r"-8i5^-9-"*F"*^- 

. «J 8^^ 16 49 4.7^ 

^ ^-ri^-*-i2i-i2i'^-ri==*=n''^ 

9 4 4 529 2 . 23 

6 26 26 ' 6 6' 
7. iis.__x+— -— ,« y-£y,eta 
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go 4^^ 4 2209 2 .47 ^. 



xc. 

- 1 1 289 1 .17 X 

3 36 36 ' 6 6' 

^ rA !«.. 1 9801 1 .99 . 

2. ar — -— JC4- — ^ 'a— — =+ — .etc 

T^^ioo 100 ' 10 "10* 

^ • 1 1 625 1 .25 . 

3-^^^+16'-16'^n==*4'^*^ 

4. *^+ 2^+16 16 '^^^4 -4' 

r «J 9^^ 81 1681 9 .41 . 
c, 35" x-K s= :x =x — .etc. 

^6 100 100 ' 10 10' 



f. Ji 11«. . 121 25 11 . 5 . 

n^ l^.u.225 2401.^ 15-+4^Afc«. 

« r2 23.^529_676.^ 23__.26 . 
^' '^- 7^+196=196'''"l4=-14'^*^ 



XOL 

1. x^+2ax+a^ = 2a^; a;+a = ±/v'2.a, etc 

2. {B2-4aa;+4a2 = lla2; »-2a = ±Vll.a, eta 

3. {B2+3»?ia; + ?^^=4m2;» + ^=±2TO,etc 

4 2 



■ ^_6n« 26n?^^« x-5!?= + 72, etc. 
* 2 16 16 ' 4 ~ 4 ' 
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5. ^+(._i)x+(^*=«i±f±i ; x+irl=±^,etc 

6. ^+(«_j)x+M'=(^ ; x+'L-J=±^*,etc 



2 JkS 

7. — ^^— r7i= r— — To ; and, taking the square root of each side, 
(x + a)2 (x-af 

JL_«+ J^,eta 
x + a x-a 



8. acx2-a(ix + 6cx = 6(i;x» + 5i::^x=-; 



2 . he -ad {hc-<i^__{hc + ad^^ 
ac 4a*c* " 4aV ' 



X + ^±1^= +*" ir*?^ ; x=2^ or - ^ , etc 



9. ^a-rc;;x c« ^^^^^ "^ a + 6 ^+6)** 

2_ ex c^ c' + 4ac c _^ s^c»+4 ac . 

a + 6'*'4(a + 6)2 4(a+6)2'" SCa + ft)"- 2(a + 6)'* 

lo. X* =,--_j acS + -__=.0; »- — =0; »«— 



oc a'c*' oc a'C ac oc 



aoc aoc^ 



^2 + Sa^ + feg (3a» + 6g) «^ 24aSfi + 4a'6' - Soi^ + 9a* + 6a^6* + h* 
abc 4a^bh^ ~4a?P? 

^.3a2 + 62 .3a2 + 4^5_52 

x+ -— — — = ± etc. 

2a&c 2a&c 

K 
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4a2-9c<i2 ^■*' (4a*-9crf2)a (4a2-9c(i2)« ' 



4a«-9c(P "- 4a2-9c(i2 ' 
-- 2a(oc' + hd? ) ±Zdy /c.{ac^ + 6(P) . 

(-2a±Zd^c)(a^h(P) 
(2a + 3(iVc)"(2a - Zd»Jc) ' ' 



XCII. 

1. x*-7a:-8; a:»-7x+^=~; x— 1.= ±|-, eta 

4 4 ^ ^ 

2. x«-5a; = 6; »«-5aj+?5=l^ . a;-A=±|., eta 

4 4 2 2 

4 4 2 2 

4. x»-13a:=14;s«-13*+^=?|^;i8-^=±^,etc. 

4 4 ^ ^ 

6. 4x2-12a;-12+a; = 22x-66; 4a;*-33x« -64; a;«-???=-5f . 

4 4 

. 33x 1089 225 33 .15 . 

7. x«-9x+^=l;x-|=±l,eta 

8. 10x'-30x-6x + 6=7a*-27»+18;3aj'-9a;=12; x«-3x=4,eta 



T TZ -EZZl^CZJrr^^j 



■^ 1 * * " ~ 



i " i * i- 



_3M ^Z^_^ 



^ — •■^^ -— ^ ^ - * *"""<' 

■5- a«*'-»-afe, «^ » - , » ■^— r~"» — i- 

161. jF— *e— -=-*^ *= 4 4' T — T'^ 

is. «*-««-'^;**-5x-:e=4;s_4=ii,^ 

32. *^ *^ 
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23. a5«+lla;-7x«-9-4a:; 6x»-15x=9; 2x2 _ 5^^3.3^. ^^3 . 
. 5x . 25 49 5 .7 .^ 

2 16 16' 4 4* 

ox2oX 1 49 1.7. 

^ ^6 6 ' 6 144 144' 12 ~I2' 

^5-^-T + l6=l44 5*-T=*l2''*'- 
26.x2-x+l=.?il;x-l=±f,eta 

27. 6x + 2x + 2=3x2 + 3a;; Sx^. 53.^2; x»-^=4->®*^- 

28. 4x«-33=x: x2— 5-=??: a?- ^+ 1=5??, eta 

' 4 4 ' 4 64 64 * 

29. 2x« = 3x2-3x + 2x2-4x + 2; x^-~=--|., etc. 

. 7x 46 „ 7x 49 2809 7 .53 ^ 

3^-^-15'=15' ^'-l5-^9i)0=900-'^-30^*30»'*^ 

31. 5x + 10-10x + 20 = 3x2-12; »« + ^=14,etc. 

32. 4»*-100 + 40a!-4a? = 75s-15z'; 15«'-35«=100 j 

-._^=20._7x 49^289 j^ 
"^ 3 3'*^ 3^36 36' 

33. 9ar-126+I8x=.22«'; x«-^=-ff; x.-^%^=M,eto: 

34. 3x2-5x=7x + 420; iB'-4x-140, etc. 

48-12x + 40- 8x^ 32 . 22-5x ^ 8 
^^* 20-9x + x2 x + 2'20-9x + x2 x + 2' 

44 + 12x-5x2=160-72x + 8x2; 13x2- 84x« -116 ; 

. 84x_ 116. o 84x 1764_256 
*^— I3""~"l3"' *^" 13"^ 169" 169' 



KE Y TO ELEMENT A R V AL GEBRA. 1 49 

36. 10x« + 490 --140a; + 10a;2=203x- 29x2; 49a^-343x= -490 ; 
a;?-7x=» -10, etc. 

37» «'+(a+o;« + i— ---^=^— -— <-;x + — — «±— — ,etc. 

4 4 2 2 

• 

38. x«- (6-a)x+ ^ 4 4 >^~"^'°^~2~* 

39. a^-2aa; + a2=6»; x-a=±6, etc. 

40. x*- (a»-o^x+ ^** ^ ' « ^^ ^"'^ ;g~ o -± o >eta 



XCIIL 

4xy «144) *^ ' (x-y=± 6 

iay -400)' ^' * ' U-y=±21 

4xy =264)' * ^ ' (x + y=±26 

5. ««-2xy + y2=2025) 
4xy -slOOO 



i>^+2xy+,«-3025,{^;J-^^,eta 

2xy+y«=9801 j ^^2^ ^^^,0201, T-^'.^J^eta 
4xy « 400)' '' ^ * («+y»±101 
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XCIV. 

eta 



I. fl5*-2xt/+f/'=16 ) 

2. 05^-2X1/ + !/'=» 100 ) 

aj« +y8-i78r 2xy-78;aj«+2xy+y8=256,etc. 

\. ^^J,^^gj;2xy-240;x« + 2xy + y«=676,eta 

4. ^j^^^y"^^^^^^^ 

5.3^ + 2x^ + 2^=144) ^ .^ o « o «. 

x« +y2=104r ^"^''^■■^■*"^"^^'®*^ 

6. x* + 2x1/ + t/'=* 2401 ) 

«i +y2„i68i i ' 2xy=720; x2-2xy + y»=961, etc. 



xcv. 



1. a^- xy + j^=13) 32jy^3g »a-2xt/+t/«=l, eta 
«? + 2xyfy2^49)' ^ ' -'^■r-y i, «i^ 

2. x"- xy+y2= 31 ) 

« ^ „ > ; 3xv=90 : x'-2xv + v'=l, eta 

X x*— XV + V**" 84) 

. „ > ; 3xv=60; x'-2xt/+t/*=64, eta 

x2 + 2xy + y8=144)' ^ ' ^'^ o^, «««. 

4. x'+ xy + y2=28) ^ ^. • ^ « «^ 
V^ « f W > 3xy-24; x«+2xy+y2«36, eta 

x'-2xy + y'= 4) 

5. x'+ xy + y2=49) „ ^i^ « « • /»^ x 

6 21^+ XV +1/2 ^93 ) 
'^-^+j!«- 9!;3«y-84; «' + 2xy+j,'=121,ete. 
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XCVL 

I l+l+^=-?L') 

• a^^xy^p '^^C. A=i2.. 1« 2.4. 1-J_ etc 
1 l^ill'^ 400' o^ iy"*"^ 400* 

s? ■*'^"'400| 

1 1 5 I ' a:y 16' «« xy y* 16' 

^ ■*"?"I6) 

^i+|-*-? = ^) 2 ,, 1 2 1,^ 

/^;— =12;^ + -5—I, etc. 

1 l,«r^ 'oB'xyy' ' 



? "*"? 



13 



117 

4. Diyide the second equation by the first ; then — — = At etc. 

X y 12^ 

117 
5* Diyide the second equation by the first ; then ai -i-, etc. 

♦ jf *i 

6. DiTide the second equation by the first ; then * 7, etc. 

If 

XCVIL 

1. x-f = 1 ; x^~2xy+y*=l; 32:y»36, etc* 

2. a;^ + 12ry+36y*=«576; x + 6y-±24. 

Now, from the first equation, x (x+6y)»144^ .'. ±24xb 144, etc. 

3. x'+2xy+|f*-441; x + y-±2L 

Now, from the first equation, x (x+y)—210, /. ±21x*210, etc 

4. x^+2xy+|f*— 100; and3c?-2;ey + y*— 36 ; 

hence x+y-c ±10, and X -y— ±6, etc 



y 
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5. a; + y=8; a;* + 2xy + y*=64 ; 3xy = 45, etc. 

6. 4x = 10 + 5y ; put — — ^ for jc in the first equation ; 

then M+MV?2y+i5l^=10O; 7(y+190y-660 ; 
4 4 

33 
7y*+19y«»66; whence y = 2 or--^, eta 

7.Puty-mx. Then 3^,^.^^ ==^; -__^--; 
25 + 25m + 25m2= llTm* - 195m ; 92m2 - 220m = 25 ; 
hence we get m = — or - 7^ • Taking the value -— , we get 

ic2 + ^+?^=39;39aJ = 39x4;a;=±2, etc. 
8 Put =ma. Then-?^i^-=:— • -— *^ =— • 

5 + 5m ■> 66m - 66m' ; m* - -^= - ^^ > hence we get 

60 66 

15 5 St* 

m = — -, or — . Taking the value _, cc' + -L. == ge, 

11 6 DO 

whence ac* = 36, x = ±6, etc, 

9. Put y = ma;. Then _1±^ =?? ; whence m^^ or -1 . 
^ ^ 5m + 2m2 12* 2 10 

Taking the value J, we get 3a;2 + 2a;2=s 20 ; a = ±2, etc. 

•D * _ Ti. « ^'^ ~ ^'^ + ^^^' "7 1 - m + m' 7 

la Futy-mx. Ahen^^,^^^^^g^^=— ; ^--^^_-^^=_ 

162-162m+162m2=21 + 91m + 56m2; 106m2-253m= -141; 

_3 253_ 141 . ^ 253 . 65 . ^ 3 ^^ 47 

mr — — m =s — — ; m — — = x- — ; m ^ — or — — • 
136 106 ' 212 212 ' 2 53 

3 Si^ Ox' 

Taking the value -|-, we get x^. ^ --7. a;«+2, etc. 
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11. Puty-wuR Then-LJ?i=?|; 35m2 + 63m=18: 

. 53 .73 2 9 

70 70' 7 10 

2 
Taking the value --- we get x= ±7, etc. 

29 — 7t/ 

12. «= — — ^ ; putting this for x in the first equation, we get 

2523-1218y + 147y^ n6y-28 y% 5,,2^y, . 

25 "*" 5 -ruy /I, 

17 

132y2 - 638y = - 748 ; y = 2 or ~, etc. 

13. « + y=22; a^ + 2a:y + y2=484; 3xy = 360; «y = 120; 

ac*— 2xy + y^=4; a;-y = ±2, etc. 

14. Subtract the second equation from the first ; a:^ + 2xy + ySasi69 • 

« + y = ± 13. Take the positive value, and for y put 13 - a; in 

the first equation; a2 + ii7a;.9aJJ^340 . a;2_117jp^ _340 . 

8 8 

. 117 ^13689 2809. ^ 117 .53 , 

15. a;* + y'=225 I a^ + t/*+2a;y=441 ) a; + y=±21) 

2xy=216r «2 + y2_2a;y= 9 K a;-y=± 3 ) ' ®^ 



XCVIIL 

1. Let X be the number; then ~x-|-=864; »"= 5184, eta 

2. Let X be the number ; then ^^ x -|-W3 =. 298^ ; ?^«896, eta 
I. Let X be the number ; then (94-a;){94 + a;)«8612 eta 
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4. Let X be the greater ; then i — is the less ; and x x -.-.ssS-rr-, etc. 

X /oO 3 

5. Let X and y be the numbers ; then ac* + y*= 13001 and ac* - y*=s 1449 ; 

adding^ 20:^=14450^ etc. 

377 377 

6. Let a; be the greater ; then — is the less ; and a; - 21 = 21 — -^ ; 

«'-42a;=-377; a^-42x+441=64, etc. 

7. Leta be the number; then ~x-^x^x^ = 6750; jb*«810000; 

2 3 4 5 

35^=900; x=30. 

8. Let X be the number : then li52P ==3; + ~ : 11500=a* + 51, etc 

X X 

9. Let X be the number ; then (x + 20)* + 2 (a; - 10)*= 17476 ; 

a» + 40x + 400 + 2a;2-40a; + 200=17475 ; 3iB*=16875, etc. 

10. Jiet X and 26-a; be the numbers ; then a;* + (26-a;)*=436 ; 

2x«- 52a; + 676 =436; a;* - 26a; = -120, etc. 

11. Let a; + 17 and x be the numbers ; then (a; + 17)* + a;'=325^ eta 

12. Let X and — be the numbers ; then a;* + — «- =514 : 

X ^ 

«*- 514x2= -65025; a;4-514a;2 + ^6049=1024; 
a;»-257= ±32 ; a^*=289 or 225 ; a;=l7 or 15. 

13. Let X and 16 - a; be the parts ; then x* + (16 - x)' + (16 - x)x=«208 

x» - 16x + 256=208 ; x*- 16x= - 48, etc. 

14. Letx»be the number; then x* + x=1332; x2 + x+4- = — ^ 

-r 44 

x+i-=±^; x=36; x«=1296. 
2 2 
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195 

15. Let sc^ be the number ; then ^ - «=-j-> ®^ 

16. Let 7? be the number ; then a^-a;=2550^ et& 

24 / 24\ / 24\ 

17. Let as and — be the numbers ; then (05 + — j (05 )=20 ; 

0:^-^=20; a:*-20x«=576; a*- 20a^ + 100=676; 
ar 

05*- 10= ±26 ; taking the positive value x=6, etc. 

18. Let X be the greater^ ^ the less ; then x (a; + ^)=204 and 

y (x-y)=35, or, 35^ + 0^=204 and a:y-y2=35. 

Put y = too;. Then — gi^- « = -— - : hence one value of tn is— 
^ wuB^-mV 35 ' 12 

and a5»+ ^^'-204 ; 17a2^2448 ; a2=144, etc. 

19. Let X and a; - 5 be the numbers ; then x (2x - 5) = 228, etc. 

20. Let as- 1, a, « + 1 be the numbers ; then (as- 1) as (x + l)««3x ; 

85^- 1=3 ; 0^=4 ; a;=2, etc. 

21. Let X and 0; + 1 be the numbers ; then (x + l)'— a;'=15, eta 

22. Let X and as + 1 be the numbers ; then 05*+ (« + 1)*«-481, etc. 

23. Let a; - 1, as and a; + 1 be the numbers ; then (x - 1)* +x* + (x + 1)* 

=365, etc. 

24. Let X be the number ; then — a + 1 • 

X x + 3 

60x+180=60x + x2 + 3x; x^ + 3x«180, etc. 

80 80 

25. Let X be the number ; then — ^..rr. + 1 etc. 

^ X x + 4 




iS6 
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26. Let X be the price of each piece in shillings ; then 675 »4d x J- — 2; 

675a;«32400-ic«,etc. 

27. Let X be the number ; then — « - \ + 3, etc. 

X x + 3 

108 108 

28. Let X be the number of miles : then — ss — +6, etc. 

X x + 3 

29. Let X be the number of sheep ; then — = — — - —- , etc. 
^ ^' X x-15 10 

30. Let X and x + 2 be the number of hours ; then — + — - = — -, etc. 

X x+2 2U 

31. Let X be the number of yards in the breadth ; 

then X (x + 1)= 10100, eta 

32. Let lOx + y be the number ; then x=2y and (lOx+y) (lOy + x) 

=2268 ; hence 21y x 12^=2268 ; y*=9, etc. 

33. Let X and y be the D, 

distances in feet 
of the ladder from 
the bottoms of the 
houses ; z the 
length of the lad- 
der in feet. 

c y B 

Then since BCE is a right angle, 

DC A and ECB together make a right angle. Eucl. L 13. 
But BCA and ABG together make a right angle. Eucl. L 32. 

.% angle EGB^ angle ABQ, 
Hence triangles A CD and BEC are equal in all respects. EucL.L 26. 

.'. x=27, and y=36 ; and x + y=63. 
Also 2»= (27)» + (36)1 EucL L 47 ; and .-. a-45. 




^ ^ ^ -- " - - -^ ' ' 1 T'm * . ^ 



b-v fc. * M ^^ 



« -^i 






— \ 









*■ •"( '.^ ^ 



iCf 3XM(&. 



j[i "i -I 'i 



as: £ 



«-^-«ri 



^l' 



-1' ■ ' 



■2 =iii'»'''ri 






37' 






f ^ 












1 

teui z^ 

X 






— =^1- « 3fe 



•3fc=:=J_-, 
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^ ^ 92-19y ,„ « 5y-l ,.5y-l ^ 
2.x- — —I'^ia-ay — ^-j ;let-^=TO 

If™ ^^miA : let *=^ 

^ 6 6 ' 6 

^ 5n-l J, n-1 ,.w-l_^ 
m=— — =2» + -2> ; let -^^'9 

n = 2p+l 

Theny = m + n = 2n+|>+it = 4p + 2+|> + 22? + l-7i) +3 

a;=13-14p-6-4|>-2-|>-i 6-19p 
when|> = 0, a; = 6 and y«»3. 

3.-^'^¥^^=^0.,.g;letg.n. 

Then y » 13f» and x«90-199» 
whenn = 0, y=" and x^ 90 

n = 1, y = 13 and x = 71, etc. 

26-5t/ « 2y-2 , . 2y-2 _ 

4. x=:~^-8-y--^;let-^ = TO 

=m + 1 + -x- ; let -5-= » ; i» ■■ 2» 



^ 2 "• • ' ' 2 ' 2 
Then y — 2» + 1 + n = 3rH- 1 

x = 8-3n-l-2n = 7-6» 

when n=«0,y=«l,x=7 

n — l,y = 4,x = 2. 

S. 6y = 14x-7;y = 2x-l + l^;Iet^^=m 

^ 6m + 2 ^m + 2 , . «* + 2_^ . ^ . o 
x= — r — =m+ — i — : let — t-*^^ % i»=»4n-2 
4 4 4 

Thenx = 4n-2 + n«»5n— 2 

y«10n-4 -l+4n-2«14»-7, eta 
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^59 



^ 1031 -15t/ ^„ 4y-8 , ^4y-8 ^ 

^ llm + 8 o . o . 3m , . 3m ^ 
Sf= — ;j — = 2m + 2 + — r ; let— r-=» 

4 4 4 

m=--.=n + y ; let g-^i'J n = 3p 

Theiiy = 8p + 2 + 3p = ll;> + 2 

« = 93-ll^-2-4^ = 91-15p, eta 

^ .. 308-llx .. 4x , . 4x ^ 

7. y= =44-«-y; let y =m 

^ 7m . 3m , . 3m ^ 

a^'-r- =m+-7- ;let —r^'^ 

4 4 4 

m = !?=„ + 1.; let f=J> 5 n=3p 

Then a;=m + n= 3p +2) + 3p « 7p 

y=44— a;-m=44 — 7p — 4p=44— lip, etc. 

« ^ 23 + 19t/ ^ . .3y + 3 , ^ 3y + 3 

— 4~~^'=^ + '*y+~4~ * let-^^=m 

4m — 3 - vnt , . in, « 

y=— y— =m-l + y;let-^=n; m=3n 

Then y=3n-l+n=4?i-l 

a;=5 + 16n-4 + 3»=19n + l, etc 

^ ^, 20X-683 - ^_ , 2a;-8 , ^ 2a;-8 
9- y= -R =2aj-75+ — jT- ; let —^r- =m 



«= 



9 
9m + 8 



9 



9 



4m + 4 + -5-; let o-=»; m=2n 

Thena;=8n + 4 + n=9n + 4 

y=18n + 8-75 + 2n=20n-67, etc 

Theny=3m + 2 

a;=127-6m-4-m=«123-7m. etc. 
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„ ., 54-27X -, ^ 3a;-2 ,. 3a;-2 ^ 

II, ysr ^ =13-6a5 — ; let — - — ^m 

4 4 4 

x= — — =m+— ^ ; let — o— **» m«3n-a 

Then «=3n - 2 + n=4n- 2 

y=13-24n + 12-3n + 2=27-27n, eta 

7 ^7*7 

. y= — 2~ =3m + l + -2-; let y"*^? *'^"2n 

Theiiy=6n + l + n=7n + l 

x=93 - 7n- 1 - 2/1=92 - 9n, etc- 

^ 7m + l ^ ,m+l ,.m + l „ , 

«= — ■= — =3m + — ^; let — o-=^; m=2n-l 

Thena;=6w-3 + n=7n-3 

y=8-7» + 3-2n + 1=12-971 
when n=l, x=4, y=3, 

X4. iL-J^ = ^; l3a;-lli/=82 
^ 11 13 143 ^ 

13a;-82 ^ 2x-5 , ^ 2a;-6 

y=— Yj— =a;-7+ -jj- ; let~jj-=m 

^ llm+.5 g .ft.w + 1 ,.m + l _ _ 

«= — g— =5m + 2 + — ^;let— ^=n; m»2n - 1 

Thenx = 10n-6 + 2 + ri = lln-3 

y=lln-3-7 + 2H-l=13n-ll 
when ^=1, a=8, 2^=2. 
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1 5. Let X be the number of florins, y the number of half-crowns ; then 

4 4 

Then y =4m- + 2 and a;=12 - 5m, etc. 



16. Let X be the number of half-guineas, y the number of half- 

crowns; then 

21x + 5y=800; y=.160-4a;-|- ; let ~=m 

Then x= 5m and y = 160 - 21m 
when m«l, x=5, y=139, etc. 

1 7. Let X be the number ; y the first quotient, z the second quotient. 

Then-=y + -;-=. + ^ 

Hence 5y + 2 = 9z + 3; y=g+ ^j"^ : let ^^— m 

5 5 

5m— 1 ,m— 1 ,,m— 1 ^.^ yi«,ii 

a= — 2 — «=m+ . ; let — j" ■'**5 m— 4n + l 

a=5n + l; yBBgn + 2 
Hence y— 2, 11 . . . and hence x=12, 57 . • • 

18. Let X be the number of guineas, and y the number of crowns. 

Then 21x + 5y= 235; w=47-4x-^: let -^=m 

5 

Then x==5m ; and y«=47 - 21m, etc. 

19. Let X be the number of half-guineas, and y the number of half- 

crowns. 

Then21x + 5y=183; y=36-4x-^ let?^=m 

5 

Then x=5m + 3; and y= 36 -20m -12- m= 24 -21m, etc. 

L 
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2a Divide by 17; then 19ac-31^B-^ ; and the right-hand side 

being a fraction, no integral values of x and y can make the 
left side equal to the right. 

21. Let X be the number of oxen, y of sheep, z of hens. 
Then a; + y + «=100, and 100x + 20^ + 2;= 2000, 

/. 99x + 19y=1900 

Hence yc» 100 -6x-^; let^»m 

^ 19m - m y . m „ , ^ a^ 
flc=- - = 5m- -r : let -r— ^5 m=^4n 

4 4 4 

Thena;=19n; y=100-99n 

If n— 1, »«19, y=l, and .•. 2=80. 

22. Let A give x sixpences and receive y fourpenny pieces. 
Then Gx - 4y =58 ; or 3x - 2y =29 

Then y=a;- 14 + ?^ ; let ^^=w» 
Then x=2m+ 1 and y=3m- 13, etc, 

23. Let as be the number of half-crowns, y of florins, z of shillings. 
Thena;+y=42, and !^ + 2y+2=244 

Hence « + y =42, and lOx + 8y + 42=976 
.Mlx+9y=976 

Hence y=108-a- ?^^ ; let ^^y^=*» 

a;=4m + 2 + ^;let"^=n; m=2» 

Thena;=9n + 2; y=108- 971-2- 271=106- 11» 
Hence «=2, y=106, 2=27, which gives the greatest number of 
coins possible. 
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24. Let there be x half-crowns, y florins, and % fourpenny-piecei. 

Then a; + y + « = 60, and 30a; + 24y + 4«= 1200. 
Hence 26a; + 20y = 1000. 

.•.y=50-x-g;letg=.m. 

Then x=^^^=3m+^; let ^=n; m-3». 

Hence aj^lOii and y=50 — ISi* 

.-. 35=10, 20, 30 ; y=37, 24, 11 ; J8=3, 6, 9. 

25. Let A give % soyereip:ns, and receive y dollars. 
Then 240a; - Sly = 12 ; or, 8bx - 17y =4. 

Hence y = 4a; + l?^; let^^^=m 

x = m+_^^;let-j2 « 

ft 2n — 4 , 2n — 4 
m=2n + .±^^; let^^^^jp 

n = 2i? + 2 +|. ; let |-=g ; i)=2gr. 

Then x=m+n=37H-^=6p + 6 + 6g=17g + 6 
y=4a;+m=682 + 24 + 2»+|>=822 + 28. 
Hence when g=0, x=6, y=28. 

26. Let 2x and 3y be the parts ; then 2x + 3y=25. 
Then x=12-y-2^; let^=:w 

y=2m + l andx=ll-3m 
Whenm=0,y=l,x = ll; 2x = 22, 3y = 3, etc. 

27. Let there be x crowns and %j florins ; then 5x + 2y « 49. 
Then y=24-2x-?^; let^=m 

x=2m + l, and y=22-5m 
Hence we get positive values for x and y, when msO, 1, 2, 3, i 



1 64 KEY TO ELEMENTARY ALGEBRA. 

28. Let 7x and 11^ be the parts ; then 7cc + llys^lOO. 

Then x=14-«-lS;^. let ^=m. 

7m+2 . 3m + 2 , . 3m + 2 ^ 

y=— 4-=^+— 4— ; let— ^=» 

471,-2 . n-2 ,.n-2 ^.^ o«j.o 
m=— y-=n + ~^ ; let — ^=i>; n=3p + 2. 

Hence y=2n+jp=7p + 4 

«=14-7p-4-n-p=8-llj?. 
When jps=0, y=4, x=8 ; 7x=66, lly=44. 

29. Let the quotients be x and y. 

Then 5a; + 2 and 7y + 4 are the dividends 
,\ 6x+7y + 6=100, or, 5x+7y=94. 

Then x=18-t/ -?2^ : let ^^=m 

5 6 

y=2w + 2 + ^; let^=n; w=27i. 

Theny=6n + 2 andx=16-77i. 
Hence x=16, 9, 2 ; and y=2, 7, 12 
and 6x + 2«82, 47, 12 ; and 7y + 4=18, 63, 88. 

30. The L. 0. M. of 2, 3, 4, 5, 6 is 60. 

Hence the general expression for the number required is 60m + 1. 
Makingm=l,2, 3 .... successively, we get 61, 121, 181,241, 
301, 361, and of these 301 is the only multiple of 7. 



CI. 

x*»-xPy*»+y^ 
x^+x^^yP + x^y^ 

+ x*Py^+x»'2r*+2^ 
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2. a8»+3a*»t^ + 9a'V*+27y8* 

- 3a**y* - 9a*^** - 27a'*^ - 81y** 
a** - Sly*** 

3. aJ«-2aa^+4a' 
a;« + 2aa2«i + 4^2 



+ 2aiBW-4a«iB"+8a8x« 

+ 4aV*-8a8a;*i+16a* 

o'*+6*-2c'' 
2a'*-6 + c> 

+(r»c>+6V-2<f'*'> 
2a^+2a«6*-4a"»(f-a'*6-6*+i + 2J<j*'+{r»c*+feV-2c»'+' 



6« j^"*—* — 1^ 






'W *~ w .^ flfi***/"* — • jwm *" H "^ w 



tgJMIi ^ /|4IMt *~ tl MfHi% " tl .^ 'gf^fj^ •— filMI 
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7. jc>»-fl^y» + y»» 



9. aj^'+jc^'+l 10. «^-a^ + l 



+a5*»+a^ + l +«^-a^+l 



*'*+2a^ + 3x^ + 2a^+l a^-2x^ + 3a:*»-2a^ + l 

OIL 




Qprtrmt^ln _ 


-y^ 






ofimi^. 


^Q^myim 








fgSmyim. 


-y** 






g^mHyTBM^ 


~ Q^^'Un^ 








aj"»y**- 


.y4m 




• 


rgMySm^ 


-y4m 
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2. a;»+^)x^+^(iC*»-x?*2^+x^2*-a'*2/^ + y*' 






























3. af-y»')a^-y*'(ac**'+a!*^y'', etc. 

T^'f-yf^^ etc 

4, a'''+62ff)ai^+6i<>«(ai^-a^6*«, eta 



-ai^62«+6i<>«, etc. 
5. «*-3)a:«-243)»«+3a;W, etc. 



3a:" -243, etc. 
6. a*» + 2a«^* + 4a*»)a*»*+4a*»a:2n + x6a^(a2«-2a"hB* + 4a5*» 



-2a»«aJ*+16a5*» 

_ 2a*»x* - 4a2«x2* - Sa"^!:?* 

4a*'hB^ + 8a"«x5* + 16x** 
4a**x*» + Sa^V* + 16x** 




i68 KEY TO ELEMENTARY ALGEBRA. 

2 + 10a;P + 2x^ 






3sc^ + 15«'i> + 3x**» 
3a2p + i5>j5P + 3x*P 









a««+6a*» + 16a*« + 20a3»+15a*» + 6a«+l(a*» + 3a** + 3a~+l 



a< 



On 



2a3» + 3a*» 






2a8"» + 6a^ + 3a'» 



6a*^ + 20a*» + 15a^ 



2a*» + 6a*»+6a*+l 



2a5» + 6a*» + 6a«+l 



10. 



2a"» + 6* 



2a"» + 26'* + d»' 



aft»» + 2a"*6* + 62» + 2a«<f + 26'»c'' + o^(a'» + 6* + c** 



rSm 






2a"»c'' + 26*<f+c** 
2a*c'' + 26*c*'+c** 
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cm. 

I. a:l-2a:* + l 2. 


yi + yi + yi + 1 


-a5f + 2a*-l 


y+yl + yi + yi 
-yl-yi-yi-1 


«-3xf + 3x*-l 

3. at + alod + a^ 
af-a:! 


y -1 


a'+aloci + aixt 
- atxl - at at - o^ 









a - at6^ + ahh\ - aid - ai&M + oW 

+ aid - ai6M + 6lcl - aW - Wcl + e 
a+6+c-3al6lci 

lOx + 4xly4 + 6x*yi + 14iBiyl 
- 16x1^ - 6a:*yi - 9a:ii^ - 21y 

lOx-llxSy* +6«Jyf-21y 

6. ml + inltvh + ml nf + mini + til 

m + mint + mini + mint + mhnk 
- mini - mfnf - mint - mint - n 

m — » 
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7. 






iiit-2(2im +4(2}mi 

+ 2(ftm -4(ihnf + 8(»mi 


8. 


tnf 

8af 
2at 


+ 4dimi +16(2 

f4a?&^ + 5a^6? + 9&9 
-36t 




16a + 8af 6» + 10a»6f + 18at6f 

- 24a»6t - 12a?6f - 16a»6f - 27& 


9. acl + aJ 


16a + 8af&» 

i 
ai 

f 

\ 

i-6x* 


+ 10a»6f + 18al6» - 24a?6t, etc. 
10. 5ci-aJ 


ari + aiacl 


-aiaji+af 


a:l + 2a*a:t + 

II. scf+yf 
acl+yl 

xt+ocfyf 


a:l-2atei + af 
12. a + &i 


13. rf-Saci+S 


• 

14. 2x? + 3a;* + 4 
2x? + 3x» + 4 


aB-2ai+3xi 

-2a:f+4aH 

+ 3d 


4a:l + 6a;? + 8x? 

+ 6x» + 9x? + 12xf 

+ 8x1 + 1235* + 16 



x-4xl + 10xi-12xi + 9 4x1 + 12x9 + 25x1 + 24x^ + 16 
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15. «l-yJ + «* 
jci-yj + a* 






16. jc* + 2y*-a\ 



+2xlyi + 4yJ-2yJ8* 

-afoi-2yl«i+a* 

sci + 4ciyi + 4^ - 2xbl - 4^i2^ + A 



CIV. 



I. a:l-yl)aj-y(xl + yl 


-3f 


2. al + 6l)a-6(ai-W 
a + ai&i 






3. a:t-yl)a;-y(«l + a%*- 


4. a*+M)a+6(af-al61 + 6l 


acly*-y 
xlyl - x*yf 




x*yl- 
xJi/l- 


al6i + 6 
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5. al + yi)x + y(at-alyt, eta 6. mi-nt)m-n(mt+mlwi, etc. 
x + xtyt 'm,-m\n\ 

" flrfyi + y, etc. mM - n, etc. 

7. xi-3^)x-81y(rBl+3xiyi, etc. 

x-3xi^ 

3xi2(i - Sly, eta 

8. 3ai - 26J) 81a - 166 (27al + ISaift*, eta 

81a>54alM 



9. ai + xi)a-x(a4-xi 
a + aixi 


54al&i-16&, eta 

10. mJ-3)m-243(mt + 3ml, eta 
m — Zmt 


-aixl-x 
- aixl - X 


3mt-243 
3mt - 9ml, etc. 



II. xl + 7)x + 17xl + 70(xl + 10 12. xJ-3)xf+xJ-12(a:J + 4 

x + 7x* xl-3xJ 



10x1 + 70 4xi-12 

lOxJ + 70 4xi-12 



13. 6i-l)-6t+36-36! + M(-6 + 26l-6i 
-W+6 



26 - 361 
26-26f 

-61 + 6* 
-6l + 6i 
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x+xfyi+ofzi 

-ofyi - jcfoi - dxiyisi + y + « 
- fldyi - jciyi - xh/Hi 

xJyf + y - xlz* - 2xJyi«J + « 
a*2^+y+yJ2* 

- xfzi - 2xJy>2i - ylzl + s 

— xfei - xiyi«J - xJzl 

— xlyizi — yfeJ — ylzl 

xi«l + yizi + 2 
xisi+yizf +11 



15. xl + 4)x-6xl-46xJ-40(xf-9xi-10 
x + 4xf 



9x1 - 46x* 
»xf-36x* 

-10x*-40 
-lOxi-40 



16. mi-mln4+nl)m+m*ni+n(mi + minJ+n4 

»»i~ mini + mini 



mini+n 

mini - min* + mini 

mini - mini + n 
mini-minl+n 
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17. p*-22?* + l)p-4pi + 6p*-4pi + l(p*-2pi + l 

-2pi + 5pl-4pi 
-2pi + 4p*-2pi 



18. 2fl5i + 3y*+«i)2a;+a5lyJ-3y-4y*a*-a*j*-«(a;i-yl-«* 

- 2a;iy* - 3y - 4yh5i - 2xia5i - a 
-2x*8*-32/i«*-« 



19. at-a^yl+a;fyl-»lyl + y*)a5+y(«i + yi 

a; - xiyi + xJyl - acfyf + jcly J 

xf yl - a^yl + arfyf - oftyt + y 
arfyl - sdyf + acfyf - xJyf + y 



ov. 

I. a"i + 6"i 2. x-s + 6-2 
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. -jc2-l-a;-2-x-* +X2-1+X-8 



flC* -X * 



+ 1-X-2+X-* 



X* +l+x~* 



5. a"2 + 5-2 6. a-i-6-i + c"i 

a-2-6-2 a-i + 6-i + c-i 






a-* -6-* 



+a"^c"^-6~^c"i + c~* 



a-2 + 2a-ic-i-6-*+c"» 



l-a6-i + a26-2 

1 +a26-2+a*6-* 



8. a26-2 + 2+a-262 
a26-2-2-a-262 
a*6-* + 2a26-2+i 

-2a26-2-4-2a-«62 

-l-2a-262-a-*6* 

a*6-*- 4 -a-*6*-4a-262 
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9. 4a;"*+3x"2 + 2x""i + l 
x~* - a"i + l 

4a;"*- a~* + 3a;"* + 2x""*+ »"i + l 
io.Aa;-2 + 3a;"i--^ 

2 



-|x-8-3x-« + |«-i 



6 _« 3 _, 7 
4 V^ • 6 



ox • + -=-X * — X ■ -I X * H 

2 12 6 6 



GVI. 

I. x + x~^)x*-x~2(x-x-i 2. a-6"i)a*- 6"*(a+6~^ 

x2+l a^-oft-i 






3. m+n"*)m'+n"'(m*-«in~* + n"* 
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4. C-d-l)c6_^-6(e4 + c34-l + c3<i-2, etC. 






c^d-^-c^ei-', eta 



5. a5y~i+x~^)a:2y-24.2 + /c-Y(ajy~^+a?'^ 






a-36-i_a-26-2+a-i&-s 



7. xy"^-a;"^)a53y"3_3a^-i + 3a.-iy_a.-Y(x2y-2-2+a;"2y2 

x"^-x~y 
M 
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8. 5^_,-x+3)^-4c-+^-^'-^*-^V27 



( 



2 V 2 ■ 4 



2 8 " 4 



6a;-* 



L-+ 6a;-5-16a;-« 



g"» 17a;-' 33g-^ 
8 4 4 

8 " 4 ■*■ 4 



^*-9a;-i + 27 
2 

^'-9a;-i + 27 



9. a6-i+a-i6)o56-8+o-»&8(a«6-«-l+a-26^ 
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10. a-i+6-i + c-i)a-»+6"3+c-«-3a-i6-ic-i(a-«-a-i6-i-a-ic-i 









cvn. 

I. «l + 2aj»yl + 2y)a:*-4ajy+4acly+4y'(ajf-2x4yi+2y 

aBt + 2a%} + 2s% 

- 2xi^ - 4a^ + 20% 

- 2xlyi - 4aM/ - 4xiyf 

2xly + 4a:iyf+4y* 
2xly + 4ah/l + 4y' 



1 ISoft+U 

2. {«*^ X a^to=5=x^ 



1 10H-M « 

3. (xl» + Mo)i5=5aiX 8a-S 
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7 2 

3x-«-2a;-i-Y 

7x-* + 12x-8-4«"* 

7 



--^-«-2aj-i+-i. 



7^-4^22 _3 421 .2 10 _. 1 



6. ^ — — =a^-«+«=x». 



7. a5* + j^)x2i»-y*»(aJ*-y* 






- al6f-3a6f-3ai6!-6V 
a«+2a36? -2al6f-6V 



9. al - 6 J) a - 6 (al + aJ6 J, etc. 



ahh\ - 6, etc. 
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II. a"** = a*»*; .*. m^==mn\ m^~^=^n\ m^^n^^* 

12. 5C»+ft + «+a+6-e+a-6+«+6 + «-o__jp8tt + 26 + fc, 

13. («*»)»» •r(xP)*>-«=a^-rajP*-«=xM. 

14. 4a*-r i-=4a*x4a«=16a^. 

16. 2a2» + 2a"»6*>-4a"»<?»-3a"*6-36»+i + 66<f. 

17. »"•"»+•""•. 6»-p+p-» 6— Ixlxcae. 

* (ai + 6i)(ai-ai6i + 6f)"°al + 6r 

19. (xJ + xJ + l)(xi-a:* + l)=af + «l + l 
(a;!+xJ + l)(af-a:* + l)=a:l+a5l+l 

20. a^^-fta^^'^ + ca**"^ 
a** + 6a»~^a!-ca*"^ 



+ 6a«+»"^-6%«»+»-2jB2 + 6ca'»*»"V 
a»+» - 62^»»+«- V+ 26ca'**»" V - c2a'**»"*56* 

m>— 1 1 ms— 1 



22. {(d») "• }"H-i=o'*+i-a*"i. 
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23. si?^+x^yp+x'^y^ + y^'^ 

jC*** + T^y* + X^ry 2p + a-rySp 

- a^yP - a2ry2p _ ^rySp _ ^ 

ag*r _y4p 

24* 4/625=^25 = 5; and j22=i44' 



2C oJIIMi"* ^ i|AIM*~W* 



26. a*+3x*-l 
a*-2a;"* 



x+3«2-at 
-2fl5i-6a;i + 2x"* 

» + 3x1 - 2» I - 7x* + 2aj ~ * 



cvin. 

1. flcJ and yi ; at and y! ; y x^ and ^y*. 

2. 4* and 2t ; 4A and 2A ; V^*^ and ^25, eta 

3. 181 and 50* ; 181 and 601 ; yiS^ and ^50*, etc. 

4. 2"» and 2* ; 2'** and 2^" ; •^2* and "V2». 

5. a** and 6* ; a*^ and 6"^ ; "Va* and ^b^, 

6. (o+6)i and (a-6)i ; (a+6)f and (a-6)8, eta 
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CIX. 



I. V24=V(4x6)=2V6. 

5. V(16x22/!83)=48{V(2y»). 
7. V(144 X 5c2) = 12c V5. 



2. V50= V(26x2)=5V2. 

6. V(100xlOa) = 10V(10a). 
8. 7.V(36xlla;)=42V(llx). 



9. 18.v(|x|a:3^=6a;Vf • 10. a v(a« x |.) = aV| 

11. VW<»^+2aa; + a^}=(a + a;) V*. 

12. jj{x(x^-'2xy+y^}'={x-y)^x. 

1 3. V{2(25a2 - 50a6 + 2562)} =5(^-6) ^2. 

14. V{72/(9c*-6c2y + t,2)}^(3^_y)^(7y), 

15. y(27a«x262)=3a2y(262). 

16. i^(20a^x8xY)=2a^*^(20a^). 

17. y(27m%^^x4n)=3m8n3y(4n). 

1 8. y (343a«6^ x 46) = 7a66« ^(46). 

19. lf{x{s?+Za?y + Za^^+f)}^(x+y)i/x. 

20. y{a(a8-3a26 + 3a62-68)}=(a-6)ya. 



ex. 

I. 4 V3= VI6 . V3= V48. 2. 3 V7' 

3. 5 V9= yi25 . y9= yil25. 4. 2 V6: 

5. 3V|-=y27.y-|=4/^. 

6. 3 V<»= V9 . Va= V(9a). 



V9 . V7= V63. 

yi6.y6«y96. 
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7. 4(»V(3x)- V(16<»^ V(3a;)= V(48a«j;). 



II 



CXI. 

1. V3=y3»=y27; y4= ^42= yi6, eta 

2. Vl0=yi03=yi000; yi5=yi52=y225, eta 

3. 2^3- V(4x3)=-Vl2; 3 ^2= V(9x2)= VI8, eta 

A. / 2 - V 27 . ./14_ .,196 , 
"^ ^"6 ^125'-^l5""^225'^*'^" 

5. 3^7= V(9x7)=V63; 4^3= V(16x3)= ^48, eta 

6. 2 V87= V(4 X 87)= V348 ; 3 ^33= V(9 x 33)= ^297, eta 

7. 2^22= ;/176= V30976; 3^7= ^189= ;/35721; 
4^2= V32= y 32768, eta 

8. 3 Vl9= V171= ;/5000211 ; 5^18- ^2250= ;/5062500 ; 
3 V82= ;/2214= ^4901796, eta 

9. 2 yi4= yil2 ; 5 V2= V250 ; 3 V3= ^81, eta 
10. -l.V2=v|;]-V3-4;|V4=4,eta 
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OXII. 

1. 3V3 + 8V3 + 18V3 = 29V3. 

2. 30Vl0 + 20V2 + 144V2=30vl0+164V2. 

4.4 2 + 7^2 + 2^/2=13^2. 5. 21^2 + 6 y2 + 6V2=33 4/2. 

6. 4V6-3V6=V6. 7. 9^3-4^3 = 5^3. 

8. 72^2-24^2=48^/2. 9- 10^2 -6 4/2=4^2. 

o. 2lV3-2lV3=0. II. V6x /v/8= V48=4V3. 

2. Vl4x V20=V280=2V70. 13. ^50x^/200=^10000=100. 

4. V(3a26)xV(9a62)= »/(27a363)=3a6. 

5. 4/(12a6) X V(8a263) = 4/(96a36*) = 2a6 4/(126). 

6. Vl2+/v/3= V4=2. 

7. V18^V50=V|=|. 

8. y(a26)-y(a62)=v(|.)- 

9. i/(a36) - y(a63) = y g^ = ^(|.) . 

20. V(xH.^)^V(x4.2x^+x3,^=V(j:f|^.)=Vr^ 



CXIII. 

I. Vajx \/y= \/(«y). 2. V(«-y) >^ Vy= V(icy- 

3. ,J{x-\ry)y> »J{x + y)=X')ry. 4. »J{x-y)x ^(x + y)= ^{x^-^y^. 
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5. 6aJxxZmJx=18x, 

6. 7V(a; + l)x8V(«+l)=56(a; + l). 

7. I0sjxx9s\x-l)^90>s/i!x?-x). 

8. V(3x) X V(4a)= V(12a;2)=2a; V3. 

9. ijx>f. " Vx=-a;. 

0. V(a;-l)x - V(«-l)=-(aJ-l) = l-a;. 

1. Zijxy. -4Va;=-12x. 

2. -2fjax -Zfja=6a. 

3. fJix-7) X - Vx= - ^{x^-7x). 

4. -2V(a; + 7)x -3VaJ=6V(a;2 + 7a;). 

5. -4V(a'-l)x-2V(a'-l)=8(a2-l). 

6. 2V(a^-2a+3)x -3 V(a^-2a+3)= -6(a2-2a + 3) 

-6a2+12a-18. 



CXIV. 



I. V«+7 
»Jx + 2 




2. 


Va; + 3 


x + 7aJx 
+ 2V« + 14 






x-6^x 
+ 3Va;-16 


a + 9V« + 14 






x-2VaJ-16 


3. V(a + 9) + 3 
V(a + 9)-3 




4. 


V(a-4) + 7 


a+9 + 3V(a + 
-3V(a + 


9) 
9)-9 




a-4-7V(a-4) 
+ 7^/(a-4). 



-49 



a-53 
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5. 3V*- 7 6. 2V(a;-5) + 4 
Va:+ 4 3V(aj-5)-6 

3a;- 7V« 6(a;-5) + 12 V(a;-5) 

+ 12Va;-28 -12V(a;-5)-24 

3x+ 6^35-28 &C-64 



7. V(6+a;)+ V« 

6+aj + V(6aJ+a;2) 
6 



8. V(3a; + 1)+ V(2x-1) 
V3a; -V(2a;-1) 

V(9x2+3a;)+ V(6a;^-3a;) 

+ V(6a;2-aj-l)-(2a;-l) 

V(9x2 + 3a;)+ V(6a;2-3a;)+ V(6«'-«-l)-2a;+l 



9. Ja-v fJ{a-7^ 
^x- ^(a-x) 

- fj{a^-ax)-(a-x) 
tj{ajx)+ Aj{aa-x^- tjip^-a^j-a + x 



10. V(3+a;)+ VaJ 
V(3 + a) 



3+flj+ V(3a;+a^ 
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05+ V(iBy)+ V(a») 

+ ij{xz)+ mJ(3/z)+z 
x-y + 20j{xz)+z 

12. tja+ Mj{a-x)+ mJx 
fja- ij{a-x)+ mJx 

a + Mj(a^ -ttx)+ fJiax) 
- V(a^ - ax) - (a - «) — V^oa— ac^ 

+ ^(ax)+ ^(flx-a^ + x 

13. 21+ V(a5^-9) 
21+ V(a:2_9) 

441 + 21V(»2_9) 

+ 2lV(a^-9)+a;«-9 

432 + 42V(a;^-9) + x? 

14. V(» + 3)+ V(a; + 8) 
V(a; + 3)+ >/(a; + 8) 

a; + 3+ V(»^+lla; + 24) 

+ V(«^+lla; + 24) + a;+8 

2a; + ll + 2V(«^+lla; + 24) 

15. V«+ V(«-4) 16. >/(a;-6)+V« 

Va5+V(«-4) y/{x-e)+^x 

x+ >/(»2-4a;) a;-6+ V(a;^-6aj) 

+ V(a^-4a;)+a5-4 + >/(a;^ - 6a) + « 

2a5-4 + 2V(a^-.4a;) 2a? - 6 + 2 V(a^ - 6a:; 
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17. 2VaJ-3 

2^25-3 

4a;-6Va: 
-6Vx+9 




D- 


18. V(«+y)-V(«-y) 


4a;-12V» + 9 

19. v». 

fJx, 


2x-2^{x^-y^ 

V(a5-1) 
.>/(aJ-l) 


x(a;+l)- 


■ >Jx 
•^x 


.V(a5"-l) + (x-l) 



ai» + 2a;-l-2V(a'-a;) 

20. ^(x + l) + ^x,^{x-l) 
m/{x + 1) + ^x.^(x-1) 

x+1 + mJx.mJ(x^-1) 

+ slx,tj{7? - 1) + a;(x - 1) 



cxv. 

I. C'-'d^{Jc+ sjd){^c- ^d). 2. c2-rf-((j+ V^((j- V4 

3. c-d^={^c + d){^c-d). 4. l-y-(l+ Vy)(l- Vy). 

5. 1-3»2=(1+ V3.a;)(l- ^Z.x). 

6. 5m«-l = (>/5.m+l)(V5.m-l). 

7. 4a2-3«={2a+ ^(3x)}{2a- >/(3x)}. 

8. 9-8rt={3 + 2V(2n)}{3-2V(2n)}. 

9. lln2-16=(Vll.n+4)(Vll.n-4). 

10. i)2-4r=(i> + 2Vr)(p-2Vr). 

11. p-32«=( Vp+ V3.g)(Vp- V3.2). 
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2. o2»»-6»=(a« + 6«)(a"»-6V. 

^' 3::272''3T2V2 9^8 24 + 17V2. 

. 2 2+V2 4 + 2V2 4 + 2^2 «. /o 

^' 2r72^2T72=^"4:^=-T^'^"'"^^ 

' 2- V3 2+ JZ 4-3 ^ 

8. 2^ 2-V2^ 4-4V2 + 2 ^ 6-4V2 ^3,g^g 
2+ V2 2- V2 4-2 2 ^ 

Va+ Va ; Va+ > /g_ a + 2 V(aa;)+g 
Va— Vic v^T >/x a — as 

^^ \+ Jx 1+ fjx \ + 2^x+x 

20. ^X; — ^ = =-3i . 

l-Vx \+ fjx \-x 

2j V(a + a;)+ ^{a-x) ^ V(a+g)+ V(a-a;) 
tjia+x)- Mj(a-x) t>J(a+x)+ ^{a-x) 

_ a + x + 2^(a^-7p) + a-x _ ^a+2^(a^-7?)a+ V(a«~ai^ 
"~ a + a;-(a-a;) 2a; x 



22. 



V(m8+1)- V(m«-1) V(m«+1)- V(m«-1) 



m ^ + l-2V(m*-l)+wg-1 ^ 2m^-2V(m*-l) 



m2+l-(i»2_i) 
=m2- V(^*-l). 



_, a+ V(a'-1) a+ V(a»-1) a^ + 2aV(a«-l)+a»-l 
-2a«-l + 2aV(a*-l). 
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0+ V(ag-a;^ a+ ^{d?-Qi?) _ a^-¥2a^{a^''^-¥a^'-v? 



2a2-g2 + 2aV(ag-gg) 



x^ 



CXVI. 

r. 4+ V(-3) 2. V3-2V(-2) 

4-V(-3) V3 + 2V(-2) 

16 + 4V(-3) 3-2V(-6) 

~4V(-3)-(-3) +2V(-6)-4x(-2 ) 

19 11 

3. 4V(-2)-2V2 
4V(-2)-3V2 

2x(-2)-V(-4) 

-12V(-4) + 6x2 

8-13V(-4)=8-26V(-l) 

4. V(-2)+V(-3)+V(-4) 
V(-2)-V(-3)~V(-4) 

-2-V6-2V2 

+ V6-(-3) + 2V3 

+ 2V2 + 2V3-(-4) 

-2 + 3 + 4 V3 + 4=5 + 4V3 

5. 3V(-fl)+ V(-ft) 6. a+ V(-a) 

4V(-a)-2V(-&) a-V(-a) 

-12a-4V(a&) a2 + aV(-a) 

+ 6V(a6) + 2& -ajj{-a)+a 

-I2a + 2^{db) + 2b a^ + a 
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7. aV(-a) + &V(-&) 


a a + j8V(-l) 




a2 + a^V(-l) 
-a^V(-l)+i8' 


-a» +6» 


a* +j8» 


9. 1- V(l-e2) 


10. eV^> + «~V<"'> 







e^^(-D _e-2v<"« 



I. 



CXVIL 

3a; + 3>/(gy)~3V(a^) + 3y ^ z+y 



2. {l + 2V(-l) + (-l)} + {l-2V(-l) + (-l)} 
2>/(gy) + 2y + 2a;-2>/(a^) _ x+y 

4. {l + 2V(-l)-l}-{l-2V(-l)-l}=V(-l)=Vri6). 

5. a^+V2.aa; + a2)a^ + a*(x*-V2.aa; + a' 

- Mj2,aa? - a^jB^ + a* 

aV+V2.a*B+a* 
aV+V2.a^+a* 
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6. m^ - J%mn + ?i^ m* + n* (m^ + V2. wiri + n* 

,J2.rn?n - mV + n* 



= >/«. (a + 1/) + Vic» (a; - y) = 2a;Va5. 

10. o2'^2_2aA^ + -V=a^'^^-2 + -^ . 

g^ + ag + 2V(g*~a*) + fle^-a^+a;^+a^-2V(g*-a^) + g^~a' 
"• (x2 + a2)-(x2_062) 

4x2^2x2 
'"2a« a?* 

^, x-l i (Vx+l)(Vx-l ) (1 + Va;)(l-Va:) ) 



X- 
X 






^^T-^-<H-f-^ = |-^>^(rH 



N 
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17. {-l-aV(-l)}^=l + 2aV(-l)-a* 

{l + 2aV(-l)-a2}2=.i_4a2 + a* + 4aV(-l)-2a2-4a?V(-l) 

1 - 6a« + a* + 4aV(- 1) -4aV(- 1) 
-l-aV(-l) 

-l + 6a2-a*-4aV(-l) + 4aV(-l) 

- aV(- 1) + 6aV(- 1) -aV(- 1) + 4a«-4a^ 

-l + 10a2-5a*+(10a3-a6-5a)V(-l) 

18. 3V3-(-8) + 4;/3=8 + 7V3. 

6c2 ,/a;(4a;2-8x + 4)\ 60^ 2a;-2 ,x 12cV« . ,,0 \ 

20. ^ {V[3l)»{«'- 21x2+ 147*-343}]} „ « . V(3p»).(x- 7) 
=xV(3p'0. 



21. 



^^--^)42T(- >^^-3n2 + 3.-l )]=^(---^)yGi>(-A) 



22. 2(» - 1).3V7 + 1 V7 - 2s/7 + ?(!L^)2LV7 - \^ 

- 6»V7 - 6V7 + -|s/7 - 2V7 + i^^^ - ^s/7 - -J V7 

23. V(17« - 33) V(65'' - 1 29) = V256 - V4096 - 16 - 16 •= 0. 



KEY TO ELEMENTARY ALGEBRA, iq5 



CXVIII. 



Adopt the notation of Art. 316 ; then 

a:y = 5o ) ' Ascfij =220 ) ^^ *' 

a:y=14i' 4ay =56) ^ ^ ' ^ 



y=5, etc. 



4. a; + y= 94) x2 + 2a:y + y2=8836) 

a:y=2205)' ^ =8820)' "^ 
x-y=4, etc 

5. x-.,=13 ) a- + 2a^ + y«=169 ) ^.^^^.4,. ,.,^7,etc. 

a:y=30j' 4xy =120 K * ^ » if > 

6. x + t/= 38) x2 + 2a5y + y«=i444 ^ 

«^/^ J ; ^ , ^^^ > ;jc'-2a5y + y*=4;a;-y=2,etc. 

a:i/=360 ) ' 4xy =1440 ) ' ^ ^ > :f > 

7. 05 + ^=14) a:2 + 2a:y + y2=i96 > - ,^^ 

>: > ; a5'-2a5t/ + V^=100; 

ai/=24)' 4xy =96)' ^'^ ' 

a - 1/ = 10, etc 

8. 05+^=103) x'+2a=y+j^ = 10609) 

ai, = 396j' 4!iy = 1584$'*^ ^•'^^~^"^'^' 
«-y = 95, etc 

9. a + y= 75) x^ + 2x^ + ^2 = 5625 ) , ^ , 

X - y = 51, etc 

io.x + y= «M x«+2a^ + 3^ = 7569) 

x?/ = 1512)' 4xy =6048)' ^^"^Jr ^^'-^i , 
X - y = 39, etc 



2601: 
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x-y=-|,etc. 



= 57) »2 + 2a^ + w2 = 3249 ) „ ^ , ,^„^ 

J ^ ( : x^-2xw + v2 = 1089; 

= 540) 4icy =2160r 



12. a; + y= 57) x^ + g^^ ^ ^2 ^ 3249 
a!-y = 33, etc. 



CXIX. 

I. 35=72=49. 2. a;=92=81. 3. a;=5«=25. 

4. x=23=8. 5. a;=33=27. 6. a;=4*=256. 

7. 05 + 9=36, etc 8. a- 7=49, eta 9. a;-15 = 64, etc. 

10. a;-9=144, eta 11. 4x-16=8, eta 12. 3V«=18; «=3& 

13. y(2a; + 3)=3; 2a; + 3=27; 2a;=24; a=12. 

14. cVx=a-6; c2a;=(a-6)2; x=i5L^i-. 

15. V(a5^-9)=9-a;; a;2-9=81- 18x + a;2; I8a;=90; x=6. 

16. aj2_ii«a;2-2x + l; 2a5=12; a;=6. 

17. 4a52 + 6a;-2=4a;2 + 4a; + l ; a;=3. 

18. 9a;«-12x-51=9a;2-18a; + 9; 6a;=60; a;=ia 

19. x^-ax + b=^oi?-\'2aa+a?; 3aa;=6-a^, eta 

20. 25ic2-3m»+»i=m2 + 10mx + 25a:2. I3^a;=ii-»i^j etc. 

CXX. 

I. v'(16 + a;) = 8-V«; 16 + a;=64-16Va;+a;; 16Vx«48; Va;==3; 
x=9. 
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2. x-16 = 64-16V« + «; 16s/x=80; Jx^h\ a;=25. 

4. a;-21=a;-2Vfl; + l ; 2*Jx=^22; V» = ll ; a; = 121. 

5. a-l=« + 4-6V(« + 4) + 9; 6V(« + 4) = 14; V(a; + 4)=-|^; 

^a.A 49 13 

6. l + 2V(3x+l)+3a; + l=4x + 4; 2>v/(3a; + !)=« + 2; 

Squaring both sides, 4(3x + l)=a^ + 4x + 4; x^—SXj eta 

7. l-2>v/(l-3a;) + l-3a;=4(l-a;); 2V(l-3x)=a;-2; 

4(l-3a;)=ac2-2a5 + 4; a2 + 8a;=0, etc. 

8. a-js/x^/Jix-a) ; a^-^a^x + x^^x — a] 2>v/a;=l+a; 

4a!=(l+a)2, etc. 



9. ^{x-m)= _2^ja;-m= ^^^ ; — 4w— wr-4mva!3 

. nH-4 /»»+4V 



10. V(«-4)=3-V(a5-l) ; fl;-4=9-6V(a;-l)+aJ-l; 
6V(a;-l) = 12; V(«-l)=2; a;-l=4; x=6. 



CXXI. 

1. V(a;2-9a;) + a;-9=36; V(a;2-9a;)=45-x ; 

a:2-9x=2025-90a; + a?; 81x=2025; a;=25. 

2. a; + V(a^-21a;)=35; «2-21»=1225-70x + a:2 . 49a;=i225 

a;=25. 

3. a; + 7 + V(x2 + 7a;)=28; V(«" + 7a;)=21-a;; 

a2 + 7x=441-42a; + x2; 49x=441 ; a=9. 
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4. x-15 + V(a;2-15x) = 105; V(a^ - 15x) = 120 - x ; 

x2- 15x =14400- 240a; + ««; 225a;=14400; a;=64. 

5. V(aJ*-4x)+a;-4=8; V(«^-4a;) = 12-x;»'-4x«=»144-24a + flc*; 

20x«144, etc 

6. V(3aB + ie^) + 3a + x-9a=0; V(3aa; + «*)=6a-a;; 

3ax + x2=3e^2_22aa; + xa; 15aa;=36a^ etc 

7. 6*-(ixaB62-aa;-a& + 6x; 6a5=sa6; x=a. 

8. 2 + Va;-a=^^^; 4 + 2Va;-2a;«4 + Va; ; >Jx^2x\ x^4x^; 

whence xa«0 or — . 



9. x + 28Va;+192«x + 36>/x + 128; 8Va=64 ; x=64. 
10. x-6V»-16=x-10>/a; + 24; 4Va;«40; x=100. 



CXXIL 

1. x-3Va;=4; 3Va;=-a;-4; 9x=x2-8x + 16; x2-17a;« - 16, etc 

2. 14Va;=a; + 45; 196x«x2 + 90x + 2205 ; x^- 106x= -2205, etc 

3. 9(7 + 2x3) ^ 25.(4x - 3) ; 63 + 18x2= lOOx - 75 ; 

18x2- 100x«- 138, etc 

4. 6x- 11=249 -2x2; 2x2 + 6x=260; x2 + 3x=130, eta 

5. 6-x=4-4V(2x-l) + 2x-l; 4V(2x-l)=3x-3 ; 

16(2x-l)=9x2-18x + 9; 9x2-50a;=«-25, etc 

6. x + 12=2V(4-3x); x^ + 24x+ 144=4(4 - 3x) ; x2 + 36sc« - 128. 

7. 2x + 7 + 2V(6x2-15x-126) + 3x-18=7x+l ; 

V(6x2-15x-126)-x + 6; 6x2-15x-126=x«+12aj + 36, etc 



XjEV to elementary algebra, 199 



8. 4(204 - 5a;) = 400 - 40>/(3x - 68) + 3a; - 68 ; 

40V(3x - 68) = 23a; - 484 ; 

1600(3x - 68) - 529a;2 _ 22264a; + 234256 ; 

529a;2 - 27064a; = - 343056 ; 

2 27064 183115024 _ 183115024 - 181476624 _ 1638400 
* 529 * (529)2 (529)8 *" (529)« 

13532 . 1280 . 

X s= ± • etc 

^ 529 529 ' 

9. (Va;-4)(V» + 4)=33; a-16=33; x=49. 

10. (Va; + ll).(V«-ll)=608; x- 121=608; a;=729. 

11. V(«^ + 17a; + 60) = 12; a;2 + 17a; + 60=144 ; a;2+17x= -84, etc. 

12. X + 3 + 2V(a;2 + llflJ + 24) + a; + 8=25a; ; 2V(a;^ + 11a; + 24)=23a; - 11 ; 

4(x2 + llx + 24) =529a;2 . 506X + 121 ; 525a;2 - 550x= - 25 ; 

a;2.22x^_l etc. 
21 21' 

13. V(25 + x)=8-V(25-x); 25 + a;=64-16>v/(25-a;) + 25-x; 

8V(25-a)=32-a;; 64(25 -x) = 1024- 64a; + a;2; x2=576; 

x=±24. 

14. x + 4 + 2V(2x2 + 7x-4) + 2x-le=36; 2^(2x2 + 7x - 4) = 33 - 3x , 

4(2x2 4. 7a; - 4) = 1089 - 198x + 9x2 . ^2 _ 226x= - 1105, etc. 

15. V(13x-1)=5 + V(2a;-1); 13x-l=25 + 10V(2x-l) + 2x-l ; 

llx-25 = 10V(2x-l) ; 121x2 -550x + 625 = 100(2x-l) . 

.«. 2 ^Kf^ ^OK ^ 750 . 140625 140625-87725 . 
121x2-750x=-725;x2-— a;+-pj^= ^j^jp , etc. 

16. 7a; + l-2>v/(21x2 + 10x + l) + 3x+l=4;>/(21x2 + 10x+l)=5x-l; 

21a;2+iox+l=25x2-10x+l; 4x2«20x; x=5 or 0. 

17. V(4 + «) = 3-V«; 4 + x=9-6V«+a;j Va=-|; «=||- 

1 8. X + V(a^ + 9975) = 525 ; V(a^ + 9975) =525 - x ; 

x2 + 9975X-275625 - 1050x + a? ; 11025x= 275625, etc 
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19. |+3 + 2vg-9) + |-3=f;vg-9)=|; 

20. »2-l + 6>v/(«*-l) = 16; a^-l + 6V(a;'-l) + 9=25; 

V(«*-l) + 3=±5; V(«'*-l) = 2or -8. 
Hence x^ — 1=5:4 or 64 ; sc2_5 q^ ^5^ ^\^^ 

21. a;2-2aa; + a2 + 2a6 + &2=»»2 + ^2 + 52_2aa; + 26a;-2a6 ; 4a&»2&x; 

«=2a. 

22. x2 + 2ax + a2 + 2a6 + 62=62^^2 + a;2_2a&-26a: + 2ax;4a6= -26x; 

«=-2a, 

23. a; + 4-2V(a^ + 4a;) + a; = x + 4; a;+4'=2N/(x2 + ^) > 

a:2 + 5a; + ?5=4x^ + 16a;; 3x2+lla;=?5; jb2+ 115^121^196. 



4 ' 3 36 36 



11 .14 1 25 

'^"'"6="-6>'''^'2^'"6- 



5 1 11 

4 4 4 4 

25. V(4 + a;)=V3 + Vaj; 4 + «=3 + 2>v/(3x) + a;; 2V(3a;) = l ; 

12a=sl, etc 

26. V(« + 4)=«9-V(« + 5); a; + 4 = 81-18V(a; + 5) + a; + 5; 

18V(« + 5)=82; 9V(a; + 5)=41; 81(x + 5) = 1681, etc. 

27. V(a^-4x) + a-4=8; V(2c'-4a;) = 12-x;a?-4a;=144-24x + x«; 

20x=144, etc 

28. a:2_21=V(a^-9); x*- 42x2 + 441^3.2.9. a:4_43a^« .45^ . 

a:4.43a;2 + l^^^ . a;2_^=+ 7 . ^^35 or 18, etc. 
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29. V(50 + a;)=2 + V(50-a;); 50 + a=4 + 4V(50-a;) + 50-x; 

»-2 = 2V(50-a;); o^ -4a5 + 4=4(50- a) ; ac^^ 196, eta 

30. V(2x + 4)-l=v(|-+6^; 2a; + 4-2V(2x + 4) + l = |. + 6; 

^-l=2V(2x + 4); 9x2-12a; + 4=16(2a; + 4) ; 9x2-44x=60; 
» 44 484 1024 . 

"^ -9■^■*■8^=-8^''*'• 
3I. 3 + a; + V{3aJ + ic^=6; V(3a; + a;2)=3-a; ; 3a; + »*=9-6a; + {B2 . 
9a;=9; a;=l. 

32. V(«-i)+V(a5+i)=-i; V(«-i)=i-V(x+i); 

a;-l = l-2V(aJ + l) + a; + l ; 2V(aJ + l)=3; 4(a; + l)=9, etc. 

33. 3a; + V(4a; - a;2) = 635 _ 2^(4a; _ a;2) . 3^(4x-x2)^3a. . 4a;-.a2^aj2. 

2x2 =4x, eta 

34. ,J{a-,J{ax + x^)=^slO'->J^\ a- iJ{ax + x^':^a-2,J{ax) + x ; 

/J{ax + x^ = 2j{ax)-'X; ttx + a^=4aX'-4xiJ(ax) + 3^; 
4x^{ax)=3ax ; whence 05=0, or 4jJ(ax)=Za ; lQax=9a^ ; 
16a; = 9a, eta 



CXXIIL 

1. a;-2=0, or, x-5 = 0; /. a=2or6. 

2. a; -3=0, or, a; + 7=0 ; /. a;=3or -7. 

3. a; + 9=0, or, a; + 2=0; .•.a;=-9 or -2. 

4. «- 5a=0, or, x- 66=0 ; /. a;=5a or 66. 

5. 2a; + 7=0, or, 3a;-5=0; .•.aj=--|- or-|-' 

6. 19a;- 227=0, or, 14a; + 83=0; -'-^^^ or - — . 
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7. 5x-4wi=0, or, &c-lln=0: .•.a;=^or — . 

5 6 

8. x2 + 5aa;+6a2=0, or, Jc2-7ax + 12a2=0; 

(a5 + 2a)(x + 3a)=0, or, (x-4a)(aj-3a)=0 ; 

.•.a5 + 2a=0, or, jc + 3a=0, or, a!-4a=0, or, a;-3a=0, etc. 

9. (a; + 2)(a5-2)(a;-a)(a;-a)=0; .•.a;=±2ora. 

10. 05.05.(05- 5) =0, /. 05=0 or 5. 

11. aca;-2a + 6=0, or, 6cx + 3a-6=0; 

/. acx=2a-6, or, 6ca;=6-3a, etc 

12. ca;-d=0, or, cx-e=0, etc 

CXXIV. 

I. Let m be one of the roots of the first equation, and i one of the 

roots of the second equation. 
Then arf? + 6m + c= 0, and cW + 6'm + a'=0. 
Multiply the first by a! and the second by c ; then 

oa!w? + a'6m + a'c «= 0, and cc^m^ + h'cm + a'c = 0. 
Subtracting (oa' - ccOm^ + (a'6 - 6'c)7W=0. 
AVhence (aa'-ccO»i=-(a'6-6'c) .... (1). 
Again, multiply the first by c' and the second by a ; then 

adm? + hdm + cc'= 0, and <u!7t^ + oi'wi + aa'=:0. 
Subtracting (6(/ - <ib')m=cc' - aa' ; 

OT (m'-C€f=^--{ah'-hc')m .... (2). 
Multiplying (1) and (2) together, we get 
. (aa'-cc02=(a6'-6cO(a'6-6'c). 

6 c 

2. o + /3= anda)3=— ; 

a a 

.-. a2 + 2a/3 + i32=:^, and 2ai3=^ 
a^ a or 
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a a 

^aci x^ X + 1 ) 

\ ac / 

=* ocas^ + (2ac - h^x + ae, 

4. The roots are -^ + V(^^-4ac) -6-V(6«-4ao) ^^ ^^ 

2a 2a 

52 
these may be eqtbol, we must have 6^ — 4ac=0, or c=— - 

Putting this for c in the expression aa^ + bx + e^ 

,^2^l.,,b^_ ^'^^4abx + h^ j2a^ + bY 
4a 4a \ 2^a J 

5. a + ^=:l+a,an(ia/3=?-t^±^\ 

a2 + 2a^ + i32=l + 2a + a2^an(i2ai3«l+a + a» 
/. o2 + /32=a. 

cxxv. 

1. (x-5)(x-e)=0,OTyCi^-llx + Z0^0. 

2. (a;-4)(a; + 5)«0, or, a;2 + a;-20=0. 

3. (x + 2)(x + 7)=0, or, a^ + 9a; + 14=0. 

^ r "TJr "4)""^* ^^' (2»-l)(3»-2)=:0, or, ac«-7j; + 2=0. 

5. (a;-7)ra;+-^^=0, or, (a; - 7) (9a; + 5) = 6, or, Oa;^-. 58a; -35-0. 

6. (aj-V3)(a; + V3)=0, or, a*-3=0. 

7. (a;-m-n)6B-m + n)=0, or, aj'-2ma5 + m2-n'=:0. 
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CXXVI. 

1. One root is found by trial to be 2 ; then 

a3-iia^ + 36a;-36=(x-2)(x2_9x + 18) = (a;-2)(x-3)(a;-6). 

2. One root is found by trial to be 1 ; then 

a3_7a;2 + i4a;-8=(a;-l)(a;2-6x + 8) = (x-l)(x-2)(x-4). 

3. One root is found by trial to be — 1 ; then 

»3-6r«-46a;-40 = (x + l)(x2-6x-40) = (x + l)(a;-10)(x + 4). 

4. One root is found by trial to be — 1 ; then 

4x3 + 6x2 + 05- l = (a; + l)(4x2 + 2a;-l) = (x + 1)4 ya;2+^-.J-'\ 

and since the roots of x^ + —.--—=: are ^^— ^ — and ""^ ~ . 

2 4 4 4 * 

4c3 + 6a:2 + a;-l=4(x + l)(x + i^Vx+i^). 

5. One root is found by trial to be — 1 ; then 

6xS+llx2-9x-14=Cx+l)(6x2 + 5x-14)=(x + lXx + 2X6x-7). 

6. If we put x=— y-«, the expression becomes zero, which shows 

that X + ^ + 2 is one of its factors ; the other is found by 
division to be x^ + y^ + z^—xy — xz—yz, 

7. If we put a=b + c, the expression becomes zero, which shows 

that a—h — c is one of its factors ; the other is found by 
division to be a^ + h^ + c^ + ab + ac — he. 



x2 
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8. One root is found by trial to be I ; then 

3x3_a;2_23a; + 21 = (a;-l)(3a;2 + 2a;-21) = (aj-l)(3a;-7Xa; + 3). 

9. One root is found by trial to be 1 ; then 

2x3-5x2- 17a; + 20=(x-lX2x2-3x-20)=(a;-l)(a-4X2a; + 6). 

10. One root is found by trial to be - 1 ; then 

15x3 + 41x2 + 5x - 21 = (x + 1) (15x2 + 26x - 21) 
= (x + l)(3x + 7)(5x-3). 

CXXVII. 

1. x*-12x2=13; X*- 12x2 + 36=49; x2-6=±7, eta 

2. x6+14x3=-24; x« + 14x3 + 49=25; 03 + 7^+5^ ^tc. 

3. x8 + 22ac*=-21 ; x^ + 22x* + 121 = 100 ; x* + ll=±10, etc 

4. x2« + 3x"» + 4=?;a^ + -|=±4>etc. 

4 4 2 2 

, 9 .81 121 , 9 .11 . 

4 36 '26' 6 

•• -9+^/97 

1 81 19 

1 . -. 1 



...^4„4,..(^=„(-.).- 



9. x2-2x + 5 + 6(x2-2x + 5)i=16; 

(x2-2x + 5) + 6(x2-2x + 5)l + 9=26; (x2-2x + 5)» + 3= ±5 ; 
(x2-2x + 5)i=2 or -8; x2-2x + 5=4 or 64, etc. 
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10. 2a;3-2x + 10V(2a;2-6x + 6)=3» + 33; 

2x*-6a; + 6 + 10V(2x*-5a; + 6)=39 ; 
(2x2-5a; + 6) + 10V(2a^-5x + 6) + 25 = 64; 
V(2x2-5a; + 6) + 5=±8; V(2r.2-5a; + 6)=3 or -13; 
2x2-5x + 6=9 or 169, etc. 

11. 3x*-6V(3a^-2ax + 4) + 12=2ax + a2 + 2a; 

3x2-2aa; + 4-6V(3a;'*-2aa; + 4)=a2 + 2flt_8. 

(3x*-2aa; + 4)-6V(3x2-2aa; + 4) + 9=a« + 2a + l; 
V(3a^-2aa; + 4)-3=±(a + l); 
3x2-2aa; + 4=(4 + a)2 or (2-a)2, etc. 

12. x^-<ix + a^-2^{7?-ax + a^)=^-2a + a^; 

V(a*-aa; + a2)-l«±(a-l); a^-oa + a^^a^ or (2-a)«, etc. 



CXXVIII. 



^ _6 2 42 54 49 . 
^' 3 ' 7 ' 9 ' 63' 63' 63' 

x + 3y x + 2y ^ x^ + 4a;y + 3y^ 7? + 4xy + 4y^ 
^' x + 2y' x + y ' (a + 2y) (x + y) ' {x + 2y){x + y)' ^ 

x-by x-3y x^-7xy + l0y^ x^-7xy + l2y^ 
^' i^' x-2y' (x-4y)(a;-2y)' {x-4y){x^2yy ^^ 

4. Let X be the number. 

Then P^^-^; ad + dx:^bc + cx; 
h + x d 

(c - d)x =aad-bc; a = — ^^ • 

5. Let xiyhe the ratio. Then 

a;2 + t/8=181 ) JB2 + y2 + 2a:y = 36n a;+y = 19) ««lOor9 
xy ^ 90) s^ + y^-2xy^ 1 3 ' »-y= ±1 ) * y= 9 or 10 
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CXXIX. 

I. a;:y = 6:9 = 2:3. 2. a;:y = 6:(». 

3. (a-c)x = (6 + d)2/; x:y = 6 + (i:a-c 

a; = (±V6-l)t/; a;:y = ±V6-l :1. 
5. a;2-12a;y + 36y2 = 49y2; jc-6y = ±7y; 

» == ISy or - y ; » : y = l3 : 1, or, -1:1. 

7. Let 3a5 and 4a5 be the numbers. Then 

3y_^^ 7 7x25a;2 = 50x7x; x^% 
9x2 + 16x2 60 • 

Hence the numbers are 6 ^nd 8. 

• 8. Let 6x and 7a; be the numbers. Then 

5i±i|=l?; 78x + 156 = 84a; + 144; 6a; = 12; a; = 2, eta 

9. Let 7x and 13x be the numbers. Then 20a; = 100 ; » = 5, etc. 

10. Let % and v be the numbers. Then a;* - y* = 48, and ^=^- 

^ »-y 1 

Hence as + y = 12a; - 12y, or, 13y = 1 la^ 

Then 3^2-?:^= 48; 48a;2 « X69 x 48 ; a; = 13,etc. 

11. Let X be the value of a gold coin, and y the value of a silver one. 

Then 5x + 4ys=3x + 12y ; 2a; = 8y; »:y = 4:l. 

12. Let X be the value of a gold coin, and ^ the value of a silver one. 

Then8a; + 9y = 6a; + 19y; 2a;=10y; y:a5 = l:5. 



A 
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CXXXi 

|x4— • 2 1x^^.4 8 

3 5 16 y9-^-3==9- 



3 ^^y% ^-a:y+y' _g-y 

a^ + y^ a + y aj + y' 






^ (x + 2)(a; + 3) ^ g(y-3) __ fa + 2)y 
(y-3)(y-4) a(a; + 3) ^-4;x' 



CXXXI. 



I. Let y =X, then 4 == ^- Then a = X6 and e «i X<i. 



Then 



a + 6 X6 + 6 X + 1 



a X6 X ' 
and ^i^= ^^"^^ ^"♦'^ 



c X(2 X 

X Let ~-=X, then ^= X. Then a = X6, c - XdL 
Then^^=^!^^=X«-l 

3. Let ^=X, then J- X. Then Oi^XJj, and o,-}^ 
Then ^^ + m^jm^hx + ^w,,X6a _^ Oj 
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4. Let a = &X and c « (2X. Then 

3ag + a5 + 26g _ 3^^g + 5^ + 25^ _ 3Xg + X + 2 
3a2-262 362X2-262 "" 3X2-2 

3c2 + cd + 2i2 3^2X2 + d2X + 2(£2 3X2 + X + 2 
3c2-2d2 ^ 3(f^2_2(i2. = 3X2-2 * 

5. Let a = 6X and c = c?X. Then 

a2 + 3a6 + 62 _ 62X2 + 362X + 62 _ 62(x2 + 3X + l) _62 

c2 + 3cd + rf2 d2X2 + 3d2X + di"(i2(X2 + 3X + l)"(i2 

2g6 + 362 ^ 26^ + 362 _ 52(2X + 3) _ 6^ 
2cd + 3(i2 2fli^X + 3ci2""d2(2X + 3) cP" 

6. Let -?^=X; then JL=Xand -4 = A. 

h d f 

Then a = 6X, c = dX, e =/X. 

Then — ^ ;.= — ^ — ^^ = X = -p. 

ma - nj ma -nf b 

ma /- m\ 
a •" a( 1 1 

n \ nJ 

8. Let a = 6X, c =5 c?X, e ss/X. 

oa 6a 

and ^<^^ + ^g^ + ^g '_ ?^^' + m(PXg+n/2X» ^2 
Z62 + m(i2 + r^2 W^Tmd^Trip 

9. Let «! = 61X ; Oa = 62X ; a, «=» 6gX. 

b;' + b,^ + b,^ 6x2 + 6.2 + 5^2 -^ =5;i- 

10. Let ai = 6iX ; a^^b^; a, = 6,X. 

• 

rpjjgjj aiOa + 02^8 + <t«flH ^ 6i6aX2 + 6a6aX' + 6a6iX^ _ ^2 ^^ . 
6i6a + 6a6,+ 6»6i 6i6a + 6a6a+6A ~ 6i2* 
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(a^ + 62) (2aO »-a&(2c« + 20^) ; a'cd + h^<A^aM + aW« • 
a2c(i-a6cP=o6c*-6*C(l; od(ac-6(i)=»6c(a€— fed); 
then tiXhtr ad^hc\ and therefore a : 6»e : d^ 
or oc - 6(Z«0 ; and therefore ac«6c{, or, a : 6 asd : e» 

12. (a2 + 62)(c«-(F) = (a'-2'^(c' + <P); 

5c=ad ; and .*. a : 6»e : d. 

13. Let -r-=X and --r=^ ; then a=s&X and e^dX. 

a 

Then (<^ + <^)(<^'+c^ _( &^ + <^)(^'X« + d^«) (6 + d)(6« + d«) 
(^^^^T^^f^ (6\-dX)(62X«-.d^2)'"(6-c0(6«-d*)' 

14. Let Ois^xX and OasiaX. 

CXXXIL 

1. (a-&)c=(6-c)&; (wj-6c=62-6c; ac=6*; a;5«&:Q. 

2. Let a=X6 and c=Xd. 

Then (^' "^ ^')(^ -^ ^) -3 P^'^' + 6^ (X6 + 6) (X"+l)(X + l) 
a3 X363 ==' X« » 

ana -3 ^3-^ ^ ./. 

Alan y(wi?i+^*)_ 4/ m6^X* + nd^X* HyA-^ a 
^^' 'V(iiiPT^*)" ^ m6* + wd* ^^ ^"y 

3. Let a^h\ and c»dX. 
ma - rib mh\ - n& mX - n 



Then 
and 



ma + n6 m6X + nh mK + n* 
mc-nd mdK-nd tnX-n 
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4. (5a + 36) (76 + 3c) = (7a + 36) (56 + 3c) ; 

35a6 + 15ac + 2162 + 95^ = 35^ + 21ac + 166« + 96c ; 66* = 6ac ; 
62=:ac; a:6»6 :c. 

5. Let aih^cidy and suppose a to be the greatest of the four. 

Then *.' _»— ., and a is greater than 6, c is greater than d^ 

and *.' — B — ., and a is greater than c, 6 is greater than d. 
c a 

Again, if a + 6 :m + n=m-n:a— 6, 

and a + 6 is greater than m + n 

m - n is greater than a - 6 

.'. a + 6 + m-n is greater than w + n + a— 6 

•*. 26 is greater than 2n; and .*. b is greater than n. 

6. (»-l)(a; + 2)=(aB-2)(2a; + l); a^ + x-2^2a^''3x-2; «3-4'c: 

x—4 or 0. 

a . c , a e 

7- T + i-li + iJT-rf- 

8. Suppose the bicycle went bx and the tricycle 4x yards per minute. 

Then the tricycle had a start of 2x yards out of 1760 yards. 

Also the bicycle went 880 yards while the tricycle went 
1760-2X- 176. /. 1760 ; 1760-2x- 176=5 : 4 5 
1760 X 4= (1584 - 2x) x 5 ; 1005-7920 - 7040, eta • 

a_^e a^^c^ a^-l^ c^-d^ 

•*• %—io=^io ; and since 6^ is greater than d^. 
(T-d^ d^ 

/. a^ - 6* is greater thtin c* ~ cP 

.•.a* + (P is greater than 6*+c*. 

10. (10a + 6)(12c + cr) = (10c + d)(12a+6); 

120ac + 126c + lOad + 6(i= 120ac + I2ad + 106c + hd ; 26c= 2a^ 
hc^^ad; aib^cid. 



J 
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1 1. 2a;=32/, and xy=600. 

Hence % x :^ = 600 ; a;2=900 ; a;=30, eta 



12. Let-?-=X; then A=x. 
6 c 



Then (1.) 



c 
a \b 



a + 6 X6 + 6 \+l 

a-b X6-6 X2c-Xc X«-X X 



a - c X6 - c X^c — c X^ - 1 X + 1 

(2.) (a2 + 62) (62 + c2) = (X262 + 62) (X2c2 + ^2) 
= X2c2(X2 + 1) (X2c2 + c2) = X2c*(X2 + 1)« 

(a6 + 6c)2= (X62 + Xc2)2« (XV + Xc2)2= XV(X« + 1)«. 

13. Let a=s6X and c=rfX. 

mu a + 6 6X + 6 ^,, 
Then — , - = — , — =X + 1 ; 
o 

and £+^=^+^=X + l, 
a a 

TT a6 - 6c-c?3g -f (6c + cZa ;) a-h-c + {h+o) , 
tc + da; "" 6 + c ' 

or, ,-^=ir- ; 7-V=r^5 b^ + bc^bc + dx, etc. 
^bc + dx b + c' bc + dx b + c 

14. Let a=X6, and 6=Xc. 

m, a + mb _ \b •}- mb _ \ + m , 
a-m6~X6-m6"~X — m' 

J 6-Mwc_Xc + ?7ic X + m 



b—mc \c-mc \-m 

2562 



-6« 



56 J XI, i. a2-62 16 9 

15. a=_; and therefore __,=^^^^-^^.^ . 

16 

16. Let the sides be 2jx, Sfx, and 4x yards. 

Then 2ja + 3|x + 4x=205 ; ~a;=205 ; x=20, etc. 
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1 7. Let the sides be 3a;, Ax and 5a; yards. 

Then 3a; + 4a5 + 5x=480 ; 12a;=480 ; a;=40, etc. 

1 8. Let a + 6 be the greatest term of the proportion, then a - ( is the least. 

Also, ^±^=P:i?. 

jp + q a-6 
Hence («+&) - (j> + g)^(Pz5Mj^) . 

Now p + qis greater than a-b. 

.*. (a + b)-(p + q) h greater than (p - g) - (a - b). 
And .'. {a + b) + {a-b)k greater than (p + q) + (p- q)> 

19. Let X be the rate of the man's rowing, y the rate of the stream, 

in miles per hour. 

Then a5 + t/= the man's rate down stream, 

and x-y=: the man's rate up stream. 

Hence a5 + y:»-y=5:3 ; 3a; + 3y=5a;-5y ; 4y=». 

Ai 30 30 -o 30.30 TO ,^ ,0 11 

Also + =12; i- + ^ = 12; 16 = 12y; y=lj. 

x + y x-y 6y Zy 

20. Let C contain x pints of brandy and y pints of water. 

Then A contains x + y pints of water, and Bx + y pints of brandy. 
Hence when B and C are mixed, the mixture contains 2x + y 

pints of brandy ; 
and when A and C are mixed, the mixture contains x pints of 

brandy ; 
therefore 2a; + y:a«9:l; 2x + y =9x ; y = 7a;, eta 

21. Let X be the number of quarters ; y the price of each in shillings. 
Then selling price : a;y=105 : 100 

/. 125^=:jry + 16 X 20 ; .-. jry=C400. 

Again a<y + 5) —ocy + 20y ; /. a;=4y. 

Hence 4y*= 6400 ; y2«i600; y=.40; x-160. 
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22. Let X be the price of the horse in pounds. 

Then since cost price : gain b>100 :gain per cent. 

.-. a;:144-x«100:a; 

.•.a;2+i00x= 14400; a« + 100x + 2500- 16900 ; x=80. 

23. Let X be the cost of the goods in pounds. 

Then 05: 96 -a- 100: a; x2+ 100x=9600; «=60. 

24. Let X be the cost of the sheep in pounds. 

Then oc : 24 - »= 100 : a; ; a* + 100x=2400 ; «=«20. 

2 5. Let the first crew row x yards, and the second y yards at each stroke. 
Then in 8 minutes the first crew row 320a: yards, 
and in 8 minutes the second crew row 360^^ yards. 
Also the second crew has 4a; yards start. 
Hence 320x=360y + 4x; 316x=360y; 79«=90y, etc. 

26. Let X be the rate of the fast train, y the rate of the slow train. 

180 30 
Then i^ + — = time for journey by slow train 

V y 

152 + 15= time for journey by fast train 
X y 

y xy ' y xy 

Hence 14x9 xa;=(12y + a;)x 14; 8x=12y; 2a;=3y. 
Again x=t/ + 15; .'. 2y + 30 = 3y; t/=30 ; a;=45. 

27. Let x be the worth of the article, y the selling price, in pounds. 
Then a;:a;-y=100:a; 

.-. o^ ^ lOOaj - lOOy ; x* - lOOx + 2500 «= 2500 - lOOy. 
To obtain a real value for x, lOOy must not be greater than 2500 ; 
.'. y cannot be greater than 25. 

CXXXIIL 
I. Let -4= ^ and JB^-^- 
Then^^m-s-^^— C; .-.^00 a 

C n 
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2. Let A—wH. Then ~-=m -p^ > •*• p « p " 

3. Let A^mB and C^nD. Then AC'^mn.BD, etc. 

4. 5:7=12:»; 605=84, etc 

, ^. 1 -^1 a; 10 4 10. ,,_. 

5. a;:-_ = iO:--.; -s-=— ; -^=— ; y="' 

y 2 ' 2 y ' 2 y 

6. a5:y»=l:2x3; 6x—yz; 6x4=yx2; y=12. 

8. 3x ; 5y : 5x l 3y=31 : 25; 75x I 125y«1553r + 93y ; 32y«80x, etc. 

9. Let^=mB,andJB3«nC»; then^-nC; ^3„^.(;f2. 

m 

10. »:{cy«4:2; 30:3a;=2:l; x=5. 

11. ^:JB=:8:12; 12^=8JB; A^^B. 

12. a^:f=9:e4; 6405^=9^*. 

,. 2 1 >. 1 a;^ 4 o 108 
y3 27 ' 27 y* ' jT 

14. a':y2=27:4; 4a;'=27y». 

ti 1 ' 

15. Let x^mzj and y= — ; then xyB^mn ; a;s=mn. --. 

«. y 

16. The area of a triangle ae^ (base x altitude). 

Let Oi, Os be the altitudes ; hifbg the bases of the triangles ; 
then <ijfi^'aj>2f or, Oi la^^hfibi. 
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1 7. The area of a parallelogram b base x altitude. 

Let Oi, Os be the altitudes ; hx^h% the bases of the parallelogran] 
Then a}>y^^(Li)^ \ or, Oi : aa»&s : &i. 



18. Let y=«|)+i»w5 + nx*. 
Then 6=|?+ m^ n 

^ ^ I / = wi -r u/» I 



ll=^ + 2m + 4n>; ^_..k« h ^=1> "*^2, 



19. 10 X 27 : 9 X 9 X 10=2 x 27 : 3 x 3 x required height in feet. 

^ 10 X 27 X 3 X 3 

20. Let g^ n, I, h represent the area of glass, the number, length, ai 

breadth of the panes respectively. 
Then suppose g^m.rdhf where m is a constant, 

n">^ , where j? is a constant. 

< 

l^-^-y where 9 is a constant. 
o 

Then ^=w-p.^.-f-wip2.jj=OTp5f.^=^.^ 

•*• g varies as P, 



CXXXIV. 

I. a=2, ci«3, n-l=16 

2==2 + 16x3=2 + 48=5a 

a. a«4, (i=4, n-l=49 

a=4 + 4 X 49=4 + 196=200. 



3. a=7, dsa-l, n-l=15 

«=7+i-xl5-7 + 15«io-|. 
4 44 
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^ 6' 2 6 3 

6 1 „ 5 11 -6 

6. a=-12, <i=4, n-l = 13 

«=- 12 + 4x13= -12 + 52=40. 

7. a=-3, d=8, n-l = 15 

a= -3 + 8x15= -3 + 120=117. 

p ^ n-1 , n-2 n-1 -1 ,__ - 

o, a= ,a= = — , n — l=n— I 

n ' 71 n n 

n-1 1 , _. n — 1 n— 1 ^ 
2 X (ri-l)= =0. 

9. a=x^ + 2xy + y', (i= -2a^, n-l=ri-l 

a=»2 + 2xy + y* - 2xy (n - 1) =a;2 + y' - 2(» - 2) ajy. 

•^- a — 6, 3a— 26_ , , 

a + 6' a + 6 

a-6 . 3an-26»-3a + 26 3a»-26»-2a + 6 
a^h a+6 a+6 



cxxxv. 

1. 2a=4, (i«l, n«100 

,=122(2 + 99 X 1}»50 X 101-6050. 

2. 2a—4, (i=2, n—50 

«»25{4 + 49 X 2} =25 X 102=2550. 
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3. 2a-.6, (i=4, n=20 

«=.10{6 + 19 X 4}=10 X 82=820. 

4. 2a=.i.,d=l,n-15 

I 4 



"I t4-»! -¥-"-»» 



5. 2a=-18, (i=2, n=12 

«=6{-18 + 2xll}=6x4-24. 

6. 2a=-|,d^ i'*»"17 



17 ( 5 1 ,^) 17 / 11\ 



«=^^-^— ^xiet =±iyf-m=-.l§7«_3ii_. 



7. 2a— 2, (i=l, n=n 

,=|{2 + lx(n-l)} = |L.(n+l). 

8. 2a«2, d=3, n=n 

,=|{2 + 3(n-l)}=|(3n-l)-?!^. 

9. 2a=2, (i=7, n«n 

.=|{2 + 7(«-l)}=|(7«-6)-Z!!!=»«. 

n ( 271—2 n-1 ) n^ n-1 n— 1 
*'*2( » 7iJ2^n'*2 



CXXXVI. 
1. -14=100 + 194; 19d=-114; d«-6. 



2. -x=a; + 50d; 50d=-2x; (i=-il. 
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3. 6i.= -l + 48(i;48(i=6; (i=i.. 

4. -2li.=«-4 + 24(i; 24d=-21; d^-1- 

4 4 8 

5. -20=-10 + 5d; 5d=«-10; (i=-2. 

6. 0=-150 + 90(i;90(i=-150;d=::-.A. 



CXXXVII. 

I. (1.) a + 58(i=70 



a + 58d=70) ^, , ^ 

(2.) a + 19c?=93-356) , , ^, 

a.-20c£^98-376h^=^-2^' a + 95 -386 =93 -356, etc 



g a+ d:=-i I 54a + Ud = 27 ) 

ir.j icoi ' a + 54(is=5-8) ' 
a + 54(f«5'8 J 



(3./ (t-r c*=-27 f wiM- T u**!* = -jbt I a 

63a=21'2; a^ — - 

5 



(4.) a + (i= 4 ) 86a + 86(i = 344 



a+ (i= 4) 86a + 86d= 344) 

ooj OA f > o^j o/x J ; 85a=374; a=4-4. 

a + 86d=-30) a + 86(i=- 30 ) ' 

?. (a + 2rf) + (a + 7cO=31 ) 2a+ 9rf=31 ) 

(af4cO + (a + 9cQ=43) ' 2a + 13ci=43 P «~3, a-2. 

Hence sum of 10 terms = 5 {4 + 27} «= 155. 

3. a + (a + 2d)=:0 ) 2a + 2d^0) ,_ 

(a + (i) + (a + 6(i-40)'2a + 7d=4o}' ^-8» «"=•-»• 

7 7 

Hence sum of 7 terms=-^'{-16 + 48} = -— x32«112. 

2 2 

4. a + 3(i=24 ) , ^ 

^7 00 h <i=9, a--3. 
a + 4<i=33 J 

Hence the 100th term is -3 + 99x9» -3 + 891s88a 
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5. 302=5 + (»-l)x3; 300=3»; »=100. 

6. «=^ I 32|- + 19 X 32^1=10x20x^=6433^. 

7. From the formula « = (a + «)—- 
«=(1 + 103) X 265.= 27045. =£135.4& 

8. (1.) 4l8tterm=- 5 + 9x40:^355 

Sum = (-6 + 355) x^ = 7175. 

(2.) 4l8t term =4a2 - 4a« x 40= - 156a' 
Sum = (4a2 - I56a2) x ^ = - 31 16a2. 

(3.) 4l8tterm=l+x + (4 + 2a;)40=161+81x 

Sum = (1+05 + 161 + 81x)x ^=3321 + 168I®. 

(4.) 4l8t term = -4i. + 3:^x40= 119-i. 
Sum = (-4l + 119l)xf = 2357i. 

(5.) 4l8t term =i. + i- x 40= 8-i- 

4 6 4 

Sum=(i.+8l)x:5 = 174l. 

9. (1.) a— 1002 ; d« - 8 ; nth term— a+ (n- X^ 

2=1002-8(»-l); 8n=1008; »=126 
< - (10002 + 2) x 63 = 63262. 

(2.) 186=-6 + 8(n-l); 8n-200; n«25 
«-(-6 + 186) x^= 2260. 
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(3.) -72-3a = 2l»-l-7x(7i-.l); 17n=76-5; n=45 

45 

«= (2-5a; - 72-3x) x _= - 1570-5a;. 



(4.) -24=i-(n-l)xl;^=24|;n« 
'=(■2-2^)^-2==- 



99 



I * « . 1 w 4653 , , /,o 1 



(5.) 139(1 -m)=m-l + (7i- 1)2(1 -m); 139=-l + 2(n- 1) ; 
n=71 

s= {m- 1 + 139(1 - m)} x ^ =4899(1 -m). 

(6.) a-2=a + 254-(n-l)x4; 4n=2 + 258; n=65 
fi={x + 254 + a-2}?^=65x + 8190. 



CXXXVIII. 

1. 18=3 + 5<i ; d=3 ; means are 6, 9, 12, 15. 

2. -2=2 + 6d;d=-|-; meansare ll, |.,o, - -|, -1-1 

3. |-=3 + 4d;a=-^; means are 2l,l-|,ll. 

4. — = — +5(£: d— -;r-; means are -- , -- , — , —• 
^3 2 ' 30 ' 15 ' 30 ' 6 ' 30 



CXXXIX. 

I. » = m + 4a; a = — ; — ; means are — - — , eta 



2 fynt + 3 

2. m-l=m + l + 5(i; (^1=--- ; means are — -— , etc. 
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3. n«+l-na + 5d; rf=l; means are 5!^±I , eta 
4.x«-y2-x« + y« + 4i; d- -|% means are -?^±J?, etc. 



CXL. 
I. «-lx2««64. 2. »=-4x3»=-4x 19683=78732. 

3. «=5 X 48-327680. 4. «=8 x /"-iV^^i! = i— ^ 

V2; P 2" 2048' 

5. »-2x3«-13122. 6. »»^x4W-g-4^«l6384. 

3 V 2/ "'3x2«"'3x2*"~96' 



CXLL 
I. «=^^|^^-2(32768-l)=66634 



2 ^^ 1(3^-1) ^ 729-1 ^^^, 
2. «= 3.1 -—^—-364. 



3. «' 



5. «: 



. g(a^"-l) ^ , "*(? V a/a;»-l\ 

OS 

(a* - jc^ I 1 - 1 } 



a + x 
(a-g){l-(a+g )7} 
(a+x)6.(l-a-a;) ' 



.,.?fci).3.-, ,,.'|^.„^.,^ 
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6((-2)«-l} . 5(l-256) _ ,0. 
8.. ^^^^^ 3 42a. 



9. «a= 



-l!(4)'-'i -H-A-i 



-S-' 



43 
96' 



1^ 

128 



-1 /" l??^ 

9 ''V'"128/ 



CXLII. 



2 2 



2. «=• 



1- 



1 3 



3. «=■ 



1- 



3 ^3x9^27 

1 8 8 ' 



9 



4. 2< 



2 
3 



'4 



5. « = 



3 

4 



'-i 



3x3 1 

'4x2 8 * 



6. «= 



1 

2 



1x3 3 



-I 



2x5 10 



7. «= 



8 



i-ii 



8x12 .8 

T — 11 ®n" 



8 i.= ^'^ _l-5x3 „1 

7i 2 — ^ 

3 



64 64x4 Q^l 
9..= --y— 3-=85^ 

4 



2x8 iSarJ 

10. *^ — — — as s • 

1 8x2 + 1 



1+ 



8x2 



II. «i 



a a' 



1- — 
a 



a-6 



t2. s< 



1 

id 



1- 



10 
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13. «' 



% 



^^J. a; + y 



14. «=86 



1 

100 



1- 



= 86x1=??. 
99 99 



100 



,,544 5 

^ 10 100 1000 10 



100 



'-fo 



10 90 



49 

90 



16 ,^8 , 36 36 8^ 

10 1000 100000 • • • ""lO 



36 

1000 



1- 



8^ ^_46 
10 990""55 



100 



CXLIIL 

1. 243=3/* ; /*=81 ; /=3, etc. 

2. 1024=1 x/5 ; /6=45 ; /=4, etc 

3. 16=lx/*;/4=16;/=2,eta 



64 2 



2 



CXLIV. 
I. (I.) «={16 + 7(12-l)}x~«93x6=55a 

(2.) <= {232- 8(10 -l)}x^=- 160 x6=80a 



(3.)., 



18 
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13 169 
2 



1189 



(5.).= jl-^(13-l)jx:^=(-13)x:^=- 

2 ( 3« } 3 / 3«-2« \^665^133 
(6.) «- ^ ""lO'V 3« y 2430 486 

"3 

(7.)s=.{l-|x28|x|=(-41)x|=- 

/Q\ no 2 »,) 8 24 ^ ,^6 
(8.)«= |_ + — x7( X— =y x4 = 13y. 

1_ 

3 13, 

(»-)^=— 2=-3^T=^- 
3 

(11.) The common factor = -V6-^^= -.^= -^/lO 

v5 i^3 

Vy { ( - yiO)^ - 1} ^ V3.{10000 - 1} ^ 9999V3 

*" -Vio-1 V5{-Vio-i} V5(>/10+1)' 



__Ai_?i_L= 2 / 5^ + 2» \ 3157 



(12.) 



2. Let the series be a, a/, a/^, a/^, a/*. 
Thenaxa/xa/2xfl/3xa/*=32; ayio=2*; a/2=2. 

3. 6=^ and V^Jisic) 

• ^ _ tt + C 
'•6'"2V(^" 
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\ 



l!» I 



'■,/ 



4. The arithmetic mean is —— \ the geometric is /J(ah). 

Now since the square of every number is ^sUvot 
{fJa-JhY is greater than 
a - 2 ij{ph) + 6 is greater than 0. 

/. ?— — is greater than ijiflh). 



5. a + (a + d) + (a + 2<i)=12; 3a + 3<f»12 ; a + cf=4. 
Also, a + 5(2= 12. Hence 4(f»8; (2=2; a»2. 
Then sum of 6 terms ={4 + 10} x 3=42. 

6. Let / be the common factor : <rf^h and aj^^e 



7. 2nx-— asaj'; l^x*: a5=±L 
2n 



8. 2n + ^=2y;y=n + l. 



I 9. The sum of the geometric progression is ^ or -2 or 40. 

«} "• 1 2 



The sum of the arithmetic progression is {8 + 4(n - 1) }^ . 
Hence 2n + 2n2«=40 ; ?i2+n=20 ; whence n=«4. 



10. The first term is 1, the constant difference 1. 

+ 
2 



Hence 153={2 + (7 + n-l)}^t!?'; 306 = (8 + n)(7 + n) ; 



n* + 15n=250; w=10. 

11. Let n be the number of terms. 

Then {2 + 2(n - l)}-^=2n x ^ =n». 

^ 2 

12. Let the series be a, a+c?, a + 2d, a + 3rf, a + 4{iL 

Then 6a+ lOd— 95 ; and .*. a + 2d= 19. 
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I 



396 = 47w+ 13n2 ; whence w=4. 

14. Let lOOx + lOy + 2 be the number. 
Thena; + 2=2y (1) 

and 100a; + 10y-Hg ^^Qy ^j. ^^^^ _ g^ _ ^^^^^ /gj 

and 100« + 10y + 2-396=1002 + 10y + x. (3) 

From (3) 99«- 396=992; or a; -2=4. 

From this and (1) «=t^ + 2 and 2=t^-2. 

Hence from (2) lOOy + 200 - 97y - 106y + 212=0. 

Thus y=4, 05=6, 2=2. 

15. In any geometrical series a, a/, etc 

the (jt> + g')th term is a/^+«"^ 

the (p - g')th term is a/^"«~^ 

the j?th term is a/^ ~ \ 

Hence mn=a/»+«-ixa/»-«-i=a2/2p-2^(^yi,-ij2 

.•.a/i>-i= V(wn). 

16. Let X and i^ be the numbers. Then 

X — 1/=48 N 

I a-y=48 1 a;-y=48) 

-2^= V(a5y) + 18 J ' a + y-2Va:y=36 } ' v«- Vy= 6 ) ' 
dividing, V« + Vy=8 ; hence 2^2?= 14 ; V«=7 ; 05=49 ; y=l 

17. 11 = 1 + 4^^; 4(^=10; cf=-|-, etc. 



18. 2748 = {-068+ (n-1) X -0004} x -^ ; 5*496= '067611 + -0004n2; 

54960 = 47i2 + 67671 ; w« + 169w = 1 3740 ; n = 60. 

19. -l = l + 10rf; 10c?=-2; fl^=--i-, etc. 

o 
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2*— 1 
The sum of n tenns is =2* — 1. 



20. The (n + l)th tenn is 2*. 

2-1 

21. Sum of the J?r«f 'p terms ^^ — ^^ . 

Sum of the second p tenns := — ^^ ^ . 

r-1 

Sum of the (hird p tenns ^^- — yLlL-1, and so on, the sums fonn- 

r— 1 

ing a geometric series whose common factor is r^, 

22. {a'-2d)-¥(a~d)+a+{a + d) + (a + 2d)=65 ) 



5a« 



=55 ) 

,^ « ^«K J ; a=ll ; a=4, etc. 
+ 10^2=765 5 ' ^ ^ 



23. Let the series be a, a/, a/^, a/', a/*. 

a/*-a:a/3-a/=10:3) ^ 3/* -3=10/5 -10/) 
a/+a/3=2a2/ J ' l+/2=2a J ' 

3(/*-l) = 10/(/'-l) ) . 3(/2+l) = 10/ (1) ^ 
l+/2=2a 5 ' l+/2«2a (2) ) • 

from (1) we fin(i/=3 ; and then from (2) a«=s5, etc. 

24. This is explained in Art. 472. 

25. Let lOOoc + lOy + « be the number. Then 

x + y + »=13 > 

100a; + 10y + 2+792 = 100!8+10y+xj 
From the third equation we get » - 2= - 8. 
Hence x^ - 2xz + 2*= 64. 
But 4xz =41/^ 

.-. (x + «)2=64 + 42/2. 

Also 05 + 2=13-1^ 

.-. (13-2/)«=64 + 42/2. 
Hence we get y =3 ; and then x=l and »=gt 
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26. Let X be the increase per cent. Then the population of any year 
is times the population of the preceding year. 

Hence 10000 x /'Ml^V^ 14641. 
Take the fourth root of each side ; then 
10xl^±f=ll; 100+x=110; a=10. 



CXLV. 

1. First insert two arithmetic means between ~ and — 

24 6 24 ' 24 

Hence the arithmetic means are -- and — 

8 12 

.*. the harmonic means are 8 and 12. 

2. i.=i.+5c?;5c?=-4-; ^ = -h* 

3 2' 6 ' 30 

7 \'\ 2 11 
Hence the arithmetic means are — > =— > —9 —- 

15 30 5 30 

.'. the harmonic means are -— > — j -— , — . 

7 13 2 11 

•^3 3 * 12 

Hence the arithmetic means are — 9 — > _ 

12 6 4 

.-. the harmonic means are LM,1. 

29 11 5 

4. 18=3 + 5c?; 5<£=15; c?=3. 

Hence the arithmetic means are 6, 9, 12, 15 

/. the harmonic means are --^ 9 -i> , -L , i- . 

6 9 12 15 
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5. 2~*-.~ ; and we have to insert five arithmetic means between 

- 1 and 2. 

2 

Hence the arithmetic means are -—,0, JL, 1, ^ 

2 2 2 

/. the harmonic means are - 2, 00, 2^ !,---• 

3 

6. -2-2 + 6C?: 6rf=-4: rf=-A. 

' ' 3 

Hence the arithmetic means are --- > -— » —--.i — ^ 

3 3' 3 "3 

.'. the harmonic means are — - > — - > 00, _ _3^ — _?. . 

4 2 2 4 

T 23 1 . ^ , - . 21 , 1 

Hence the arithmetic means are — - , -— j — , -1. , tZ , ^^ 

6 3 6 3 6 "3 

/. the harmonic means are — -> -— > — - > — - , -5. , ^, 

5 4 ir 7 17 10 

8. 1 1 +(n + l)(f; (i. 2x-3y 
3y 2x^'^ \ ' 6xy(»+l) 

First arithmetic mean is 1^ 2x-3y 3ny+3y+2a?--3y 

2a; 6xy(n + 1) 6a:y (» + 1) 

3ny + 2a5 
6xy(n + 1) 

Second arithmetic mean is _?^y±2« ^ 2g - 3y gny + ^g- 3y 

6xy(n + l) 6a^(n+l) 6ficy(i*+l) ' 

nth arithmetic mean is 1 - ^-^ ^ _2na + 3y ^ 

3y 6xy(n + 1) 6xy(» + 1) 

Hence the harmonic means are-?52?^±L) , ^C^+Jj. , . . 

3ny + 2« 3ny + 4x-3y 

6xy(n + l) 

2jix + 3y ' 
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9. Let — and — be the second and third terms. 



Then % x, i^ are in arithmetic progression. 
Hence 2 + y=2x 

and 



» /«^ jr — ^ — 

2 X y 12J 

^fT^o^ =4; 36a;- 24=10x2- lOx: 10x»-46x» -24 ; 
2a^ - 2aj 12 ' ' 

hence we find x=4 or --. ; and .'. y=6 or- — . 

5 5 

The arithmetic progressions will therefore be 
-4-20246 and^^ 24 17 « 3 _ 4 

.*. the harmonic progressions are 

1 1 111,55515 5 

"T* "T'"*' 2"' T''6^'*3l'24'l7'"2 '"3 ' ~7 

10. Let X and y be the numbers. Then 

'^=V(^) + 13 (l);andV(a^)=^ + 12 

|^=V(a^)-12 (2). 

Multiply (1) by (2) ; xy^xy + ^^xy)" 156. 

Hence Mj{xy)=^lb6 ; from this and (1) we find x=104, ^=234. 

11. 26=a + cand i- + -l.— A 

ode 

.'. hc==ad, a,nd ,\ a:b==c:d, 

2mn 1 1 

12. x= — — : + = 



m + n' x-m x-n 2mn 

— 7n 




fn + n m + n 



m 



-Hn m + n _^ m+n ^ I 1 \ ^m + n 1_ _1_ 
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13. a!+y+«=ll \ (a,+«)»=i2i-22y+y» 
y=.^ 1 2aa!=72-22y+2jf' 



\ 



x+z 

Now (x+«)y=2aa. 

.-. (11 - y)y =72 - 22y + 2y* ; whence y=3. 
Then x+z=8, and a»=12 ; whence x—2, »=6. 



14. — , — , — are the pth, gth, and rth terms of an arithmetic 
X y z 

progression^ suppose a, a+d. . . . 



Then ±^a + (p-l)d 



X 



l-a + (g-l)(i 
l.=a+(r-l)(i 

2 



l-l=(,-r)d 



1 1 / ^J 



Hence a - «= (2? - r)a»(i '^ 
y-z=^(r-q)yzd >; 
x-'y=(q-p)xyd) 
adding 0=(j)-r)xzd + (r'-q)yzd + (q-p)xyd 
0=(p-r)xz+(r-q)yz + (q-p)xy, 

2ab 2bc 2ca ^^^ :„ a t> 
15. =. , f — , are m A. F. 

a+b b+e e+a 



be ah 



ca 



be 



b+e a+b e+a b+e 

(b + c){a + b) (6 + c)(c + a)'®'' a + b c + a 

a^ e^ Ir 

. . a+b b + e c + a„^^. * t> 
Again, ^ . , -t^T- , -t; — are m A. r*. 
^ ' 2a6 ' 26c ' 2ca 
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• ^"K^ a+hc + a h + c 
he ab "^ ae be 

cbbaaccb 

112 
'•. — +-r-= — ; ••• 6, a, c are in H. P, 
c b a ' ' 



16. (1.) When c is the arithmetic mean between a and 6. 
a + b « a + b «, 

2 _2 5a + 6 a + 56 

a + 6 , a + 6 a — 6 b—a 

5a + 6-ci-56 4a-4& ^ 



a-6 a-6 

(2.) When c is the geometric mean between a and &. 
V(ofe) + 2a ^(ab) + 26 
W{(^)-b'^ ^{ab)-a 

^ ajfjb + 2V a) V6(>v/a + 2Jb) _ a^b + 2a Ja - bja - 2b^b 
"" V&(Va - V&) Va(Va - ^b) " »J{pb).{^a - ^b) 

= ^^"^^^/M^) : and since a + 6 is greater than 2Mah\ 

.-. 2^+ 2&;W) i3 greater than ^(^^);y ),or,than 7. 

(3.) When c is the harmonic mean between a and 6. 
2ab 2ab „, 

£±L_4.^±i_ 4a& + 2a» 4aft + 26'' 

2ab , 2ab " ab-b^ ab-a^ 
-b — r-a 



a+b a+b 

^ 4a^ + 2a^-4a¥-2h^ _ 2a^ + eab + 2i^ ^ 
ab{a -b) " ab 

Now a^ + 6' is greater than 2ab 
. . r 18 greater than — —r — , or, than 10. 
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CXLVL 

1. n.(n-l) = 12x 11 = 132. 

2. n.(n-l).(n- 2) = 16x15x14=3360. 

3. n.(n- l).(n-2).(n-3)=20 x 19 x 18 x 17=«116280. 

4. n.(n- l).(n- 2) (n-3) (n-4)=8 x 7 x 6 x 6 x 4=6720. 

5. Number of letters is 11, and three are twice repeated, 

111 
.*. number of permutations = . ^ TT". a =4989600. 

6. n.(n-l) . . . (n~7)B8x7x6x5x4x3x2xl=:40320. 

7. n.(n-l) . . . (n- 9) =[10=3628800. 

8. (1.) The number of signals in which we have 3 flags of different 

colours is 5.4.3 = 60. 

(2.) When 2 flags in a signal are of the same colour, suppose 
red, we can put 4 diflerent colours with these, and each 
of the resulting signals may be arranged in 3 different 
ways, that is, with both the red first, or both last, or one 
first and one last. Thus we shall have 12 different signals 
with two reds. Similarly we shall have 12 different 
signals with two of each of the other 4 colours. 
.*. we shall have 5 x 12 or 60 in aU. 

(3.) When we have 3 of the same colour, we shall have 5 different 
signals in all. 

.'. total number = 60 + 60 + 6 = 125. 

9. Number of permutations —~\^^ o ~^^ 



la n:n(n-l)(n-2) = l:20; 

20»=ii(n-l)(n-2); »*-3n + 2=20; n=6. 
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11. m.(m-l)(m-2) :(m+2)(m+l)m=l :5 ; 

5m.(m - 1) (m - 2) = (m + 2) (m + l)m ; 
5m^-15m+10=m^ + 3m + 2; m=4. 

12. Number of letters is 7, and therefore the number of permutations 

in which cdf stand firBt=| 5=120. 



13. Number of letters is 9, one of which is repeated twice, one three 

times, and one four times. 

19 
.*. Number of permutations = 19 fo |4 ~9 x 4 x 7 x 5=1260. 

14. In Conceit we have 7 letters, one of which occurs twice, 

17 
.*. number of permutations = t2-=2520. 

In Talavera, 8 letters, one of which is repeated three times, 

18 
.*. number of permutations =t^=6720. 

In Calcutta, 8 letters, 3 of them repeated twice, 



,8 
.*. number of permutations =g ^ -7 — t=5040. 
*^ 2x2x2 

In Fropositiofif 11 letters, 2 repeated twice, 1 thrice, 

.". number of permutations = i-q— r ^ .^ =1663200. 

In Mississippi, 11 letters, 2 repeated 4 times, 1 twice, 

111 
/. number of permutations = ■ . TT" to = 34650. 



CXLVIL 

I. ^a=120i^iiii??i^=3921225. 
1x2x3x4 



^ n 6x6x4x3x2 « 

2. sUsSS; — - — - — - — - = o. 

1x2x3x4x5 
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3. Leave out a, and find how many combinations can be formed out 

of the remaining 9 letters, 4 at a time 

^ 9x8x7x6x5 j^gg with each of which a wiU combine 
1x2x3x4x5 

to form a word of 5 letters. 

19 X 18 X 17 

4. Out of the 19 consonants we get —- — - — -t— combinations of 3, 

1x2x3 ^ 

19 X 18 X 17 
then — - — - — -— X 5 = number of ways in which we can get 
1x2x3 ® 

3 consonants and 1 vowel, and each combination of 4 letters 

admits of [4^ permutations. 

.-. number of words ^^^^^^ x 5 x 1 4=116280. 

J n.(n-lKn.-2)(n-3) ^n^^^.^g . (n- 2) (n- 3)^90; 

n=12. 

, n.(n-l)(n-2)(n--3)(n-4) _18 n.(n-l)(n~2) , 
1.2.3.4.5 5 ^ 1.2.3 ' 

(n-3)(n-4) = 18x4; n=12. 

7. Number of words =?^^^ x f^ x |5 =816000. 

8. Number = ^^}}'}^:\^:^ x ?4I x 1 9 =335301 1200. 



1.2.3.4.5.6 1.2.3 — 

/ i\/ o\ n(n - 1) (n - 2) (n - 3) a at #»\ ^ 
9. n(n-l)(n-2)=-^ 1.2.3.4 -^ x6 ; 6(n-3)«.24; 

n-3=4; n=7. 

10. Taking the coins singly, by twos, by threes, and so on, 

number of combinations =fi + gJ4.g:gi + ?Mg + 6-S-4.3.2 t 

1.2 1.2.3 1.2.3.4 ^ 1.2.3.4.6 

=6 + 15 + 20 + 16 + 6 + 1=63. 

11. «-(»-l)(»-2) ^425xn; (n-l)(»-2)=2560; hence »-6a 
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12. Number =l?Ji:12x 1^^^=123200. 

1.2.3 1.2.3 

13. (1.) The number is ?54|^i?|:??= 376992. 

1.2.3.4.5 

(2.) He will go out with as many different parties as can be 
formed by taking 4 out of 35. 

.-. he goes with 35.34.33.32 ^^^3^^ 
^ 1.2.3.4 



CXLVIII. 

1.2 1.2.3 1.2.3.4 1.2.3.4.5 

= 6« + eft^c + 156V + 2063c3 + 1552^ + gj^ + ^^ 

+ ^^-^-f-^-f oftg + 67 = a' + 7a«6 + 21a562 + 35a463 + 35a364 
1.2.3.4.5.6 

+ 21a266 + 7a6« + 6^ 

8 .7.6.5.4.3 „ - 8.7.6.5.4.3.2 7 « 
1.2.3.45.6*^ "** 1.2.3.4.5.6.7^ ^ 
= x8 + Sx^y + 28x«y2 + 56x61/3 + 70xY + 56aY + 28x V + Sxy^ -r 2/®. 

5. 5* + 4.53.4a + i?.52.42a2 + ^.5.4%3 + (4a)* 

= 625 + 2000a + 2400a2 + 1280a3 + 256a*. 

6. (a2)6+ 5(a2)*.6c + ^(a2)3.(6c)2 +5||(a2)2 (6c)3+ g||aW* 

+ (6c)«= a^o + 5a86c + 10a86V + 10a*63c3 + 5a26M + \^f^. 



A 
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CXLIX. 
» /.6 1^,6^ J. 6.5 4, 6.5.4 6^5A3 3 . 6.5.4.3 .2^^ , ^ 



2. 6'- 



tm.. t 7.6 , , « 7.6.5 , . - 7.6.5.4 , , - 7.6.6.4.3»o « 

7.6.5.4.3.2 ;.^_^ 
1.2.3.4.5.6 

. 6' - 75»c + 21 W - 356V + 356»c* - 215V + 7W - e^ 



).(2x-33,)»={2«(l-|)j* 

( 21 1.2 W 1-2.3 V2a;^ 

^Y_/3j/Y) 
\^) \2x/ 5 



1.2.3.4 

= 32««!l-^.X + 5f?.g_5.f-7.g 
( 2 a 4 ar 8 ar 

.5^ y;^_243 f\ 
■^ 16 ' a* 32 V J 

=32x5 - 2400*2/ + 720x3^2 - lOSOxV + SlOxy* - 243i/». 
4. l-5(2x) +j;|(2x)^-fg(2x)^ + li^|74^ 



5.43.2 



1 - lOx + 40x2 - 80x5 + 80x* - 32x«. 



5.1- 



10^: + lO^^a . 10^^ + 10|^7^^. 10|A7^6^ 



1.2 
10.9.8.7 



x6- 



1.2.3 
10.9.8 



x^ + 



1.2.3.4 
10.9 



1.2.a4.5 
•xS-lOx^ + aj^o 



1.2.3.4'' 1.2.3" • 1.2 

1 - lOx + 45x2 - 120x3 + 210iC* - 252x5 + 210i»« - 1 203^ 
+ 45x8-10x» + xi<>. 
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CL. 

1 . {(a + 26) - c}3 = (a + 26)' - 3((i + 26)lc + 3(a + 26).c2 - ^ 

= a' + 6a26 + I2a62 + 863 _ 3^2^ _ i2a6c - 1262c + Za^ + 66c2 - c». 

2. {(1 - 2a:) + 3a;2}3 ^ (1 « 2a;)3 + 3(1 - 2a;)« 3x2 + 3(1 - 2a;).9a^ + 27a;« 

= 1 - 6a: + 12x2 - 8a;3 + 9jc2 _ 36a;3 + 36^4 ^ 27iC* - 64x6 + 27ic« 
= 1 - 6x + 21a;2 - 44x3 + 63^4 _ 54a^ + 27x«. 

3. (x3_a;2 + a;)3=,jB3(a;2-«+l)3=x3{(l_a.)+a.2}8 

=a;3{(i _ a;)3 + 3(1 _ a.)3^aJj + 3(1 _ jc) j4 + j^e} 
=x3{i_3a. + 3a;2_jB3 + 3jc2_6x3 + 3a4 + 3a4_3^ + a^ 
=x»-3a:8 + 6a.7_7a.6^ga^_3a4 + jg3^ 

4. {(1 + 2xi) + 3xi}3= (1 + 2x*)3 + 3(1 + 2xi)2.3x* + 3(1 + 2xi).9xl + 27x 

=1 + 6x1+ 12xi + 8xi + 9xi + 36x* + 36x1 + 27x1 + 54x» + 27x 
=27x + 54x« + 63x1 + 44xi + 21x1 + 6xi + 1. 

5. {(x + l)-l|'=(« + l)3-3(x + l)2.1 + 3(x + l).^-^ 

=x3 + 3x2 + 3x + l-3x-6-i. + ~ + -|-4 

X X X2 X* 

=x3 + 3x2-5 + J— ^. 

6. {{a\ + 6J) - ci}3= (al + 6i)3 - 3(ai + 6i)2 d + 3(a4 + 6i)c* - d 

=a« + 3ai6i + 3aJ6i + 63 - 3aici - 6ai6M - 36ici + 3aici 
+ 36ici-cl. 



^ 
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CLL 

1. The 8th term of (1 + a;)ii is il4'^?f|^.«'=330x^ 

1.2.3.4.5.6.7 

2. The 5th term of (a8-6«)" is l^H^.(a«)i2-5-»- 1.(2,2)4^495^162^ 

x.^.0.4 

3. The4thtennof(a-6)i«>is -12^:^??.aioo-4+i.^^ _ 161700a«^&». 

4. The 9th term of (2a6 - c(i)" is ^^'^^'}l'\\^^'^^^^ \ 

= 192192a«6«c8(P. 

5. The 9th term of (a- &)« is 16'15.14.13.12.11.10.9^^ie~a-i-i y 

1.2.3.4.5.6./. 8 

= 12870a86^ 

6. The 5th term of (ai + 61)8 is §:Z:?:5.(ai)8-6+i.(61)4=70al6l. 

1.^.0.4 

7. The 10th term of (a-6)w is - 19-^8-17.16.15.14.13.12.11 ,. ., 
' ^ ^ 1.2.3.4.5.6.7.8.9 * '^ 

« - 92378aiW 

The 11th term of (a-6)w is therefore 92378a»6io. . 

8. The 7th term of (a + x)i3 is ^^/f '^^^^f •^ »a^.g«= 17l6aV. 

1.^.0.4.0.0 

The 8th term of (a + a;)" is therefore 1716aV. 

9. The coefficient of the rth term of (a + a;)* is ^•(^-^)»..fn-r + 2\ 

1-2 .. . (r-1) 
and the middle term of (a + jc)** is the (2w+ l)th. 

.-. Coefficient _4rt.(4n-l) . . . (4n-2n-l + 2) 

1.2 .. . (2n+l-l) 

_ 4n.(4n-l) . . . (2n + l) 
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49i.(4n-l) . . . (2n + l) ^ 2n.(2n-l) . . . 1 
"^ 1.2 ... 2n ' 1.2 ... 2n 

^ 4n.(4n~2) . . . 6.4.2 (4n - 1) (4ti ~ 3) . . . 5.3.1 
^2n.(2n-l) . . . 3.2.1 * 1.2.3 . . . 2n 

=2.2. . . to2r. factors. (^-\)-(fr^)'"^'^'^ 

1.2.3 . . . 2fi 

e=2^ ^-^-^ . . . (4n--l) 
1.2.3 . . . 2h 



10. The middle term is the (2n+2)th. 

.-. Coefficient _ (4n + 2) (4n + 1) . . . (4n + 2-2n-2 + ^) 

1.2 .. . (2» + 2-l) 

^ (4n + 2).(4n+l) . . . (2ti + 2) 
^ 1.2 .. . (2w + l) 

^ (4n + 2)(4?i)(4n-2)...(27i + 4)(2w + 2)(4?i + l)(4w-l)...(2n + 3) 
(27i + l)(2n)(27t-l)...(n + l) ' n.(«-l)...2.1 

=2.2. . . to (n+1) factors. (^^ + ^)(^-,^) ' ' ' (^^+^) 
^ n.(7i-l) ... 2.1 

^2n+i (2n + 3)(2n + 5) . . . (4n--l)(4n+l) 

1.2 ... » 



CLII. 



....4„i(til.ifHii:i 



1.2 1.2.3 



, ia-)a-')a-i 

1.2.3.4 
Q 



A 
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...j..MH..f(l-')(l-t 



1.2 1.2.3 



, 2a a^ 4a* 
^^3 9 81 



, .iJi^l ^ , "3(3 V x2, 3(3 0(3"^) a:* 
**" 1.2.3.4 *a* ) 



""* 3al Qof^Sla} 243aV 






i(i-0(Y-^)(i-0 



1.2.3.4 

.■= 1 + X — — + — — — • • 
2^2 8 



^ - ! ■-^^■0'-''^^".!lf^ -^gy 



6 54 



( 5 ai 1.2 at 1.2.3 of ) 



5 25 IzD 
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a;2 



f(i-'). Ki-0(i-) 



2 ^ 1.2 1.2.3 



ia-)a-)(i;i)^ 



1 



1.2.3.4 

a* IK* a^ 505^ 
2~'8' 16"l28 



3 ^ 1.2 " 1.2.3 

_,_7a» 14a« 14g« 

" 3 9 81 ■ 

"4 32 128 * 

,0. 0:3 5 ^ 3 2y ¥'(-2-V 4y2 y{y-0(¥-^) 81/3 j 

J ^ 2 3a:2 + j^g 9iC* 12:3 2^ ) 



s= x* — aw + — + ^^ 



II. 1 gX+ j2 x- j-^^g x3 

s=l ^ _5./r2 35 ^ 

6^~72^"l296^* 
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cun. 

(- 2)(-2-l)(-2-2)(-2-3U _,_^„^a.,_^8^^« 
1.2.3.4 

(~l).(-2).( ~3).(-4) /3a;)4»i + 3aj + 9x2 + 27a?+ 81aj*. 
1.2.3.4 "^ ^ 

, l,:,, (-^)»(-5) 0^ (-4). (-5). (-6) ^ 
^ 1:2 16 1.2.3 64 

= !+« + _ + _. 

. l,-,| (-2).(-3) =»« (-2). (-3). (-4) ^ 
4. 1 + X+ — ^ J 2^3 g + 

(-2). (-3). (-4). (-6) _ x^„i + ^ + ^+^ + 5^. 
1.2.3.4 16 4 2 • 16 

5. a-'»-(-5)a-».2xH-^l^V".4x«- (-°>-/-|)<-'^) .a-».8^ 

(-5).(-6).(-7).(-8L -i, ig^ 
1.2.3.4 

-a-w + 10a-%+ 60a-iV+ 280a-". !r'+1120a-»B«. 

6. «-».(-6)a-K^.^^«yz2).a-».«l-i:iMrJl(-8^ 



1 6^ 21x1 56x 
a2 "^ at "** aJ a^ 



CLIV. 



,,-4..(4hH)..(:iH4)±i), 



1.2 1.2.3 
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, H) ■ (4) ■ B) ■ (4), . 



1.2.3.4 
2 "*■ 8 " 16 128 ' 



.,»,., (4) ■ (4) , (4) (4) -(4), 
, (4) ■ (4) • (4) • (4), 



1.2.3.4 

^ 3x2 1^ 35^ 315^ 
"*" 2 8 16 128 



^ I 5 J? 1.2 xio-^ i;2;3 38 

«x-«-|«-7g6+ 7^-iV0_^a;-i7.gi5. 
5 25 125 

, . ., (4) ■ (-1) ,, (-1) ■ (-D • (-!) „, 

4. l-a;+ 12 ^ ^ 1.2.3 ^*^ 

, (4) -(4) -(4) •(4) ,,. 

1.2.3.4 
1 «._L3a^ 5x8 35a4 
2 2^8 



,..-.{.-i.|.(4)iifi.. 
,(4H4H4)..l 

1.2.3 «^ ) 



'a"2a»'*'8a*"l6?' 



A 
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(""3/ • \ "3 j ' \"z) ^j_i J^a.?^_ 
1.2.3 'a») a "3a*"*" 9a' 



14x» 
Sla^o' 



CLV. 

The rth term of (a + «)»» is ^-(^"l) - - '/^"f + ^V -i. a*" '+ 

1.2 .. . (r-1) 

1. The rth term is J - 6 . . . (9~r ) ^ 

1 • 2 . . . (r-1) 

2. The rth term is (-1)*-^ • ^^'}l ' ' '/^^"^V "^ 

1.2 • . • (r — 1} 

3. The rth term is (-1)*-^ • 8.7 .. . (10-r)^9-^ ^ ^.^^ 

1.2 .. . (r-1) 

4. The rth tennis ^-8 - - ^V^^ v • (5x)w-»' • (Sy)*^-!. 

1.2 .. . (r-1) 

5. The rth term is (-2) ' (-3) . . . (~2-r+2)^,i^ 

1.2 ... (r-1) 

6. The rth term is tl ' ' ' f^"*'?x ' i^Y'^ 

1.2 .. . (r-1) 

_ r.(r+l).(r+2) . ,3^x^-1^ 
1.2.3 "^ ' 



7. The rth tenn 



. "2 • "2 • " \ "2) --1 

IS 7-^ — X — • 37 * 

1.2 .. . (r-1) 



^ 
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__ j 1.3.5... (2r^3)jx(-|y"^ ^_^ 

1.2 .. . (r-1) 

_ 1.3.5 . . . (2r-3) /_aY""^ 
1.2 .. . (r-1) ' V2/ 

12 5 



8. The rth tennis (-1)*""^ 



3 3 3 \ 3/ ^ ^j_^+i^-i 



• • • 



1.2 .. . (r-1) 



j 1.2.5... (3.-7) }x(iy-- ^^,.y-x 

^ < 1.2. . . (r-1) V«/ 

^, .,-1 . 1.2.5 . . . (3r-7) . ^j . /^y-i 
^ ^ 1.2 .. . (r-1) W 

^ 1.2.5 ... (3r-7) .^^V_^y-\ 
1.2 .. . (r-1) V ^) 

iJUi)... (Ur-2) 

9. The rth term is -? — ^ 1 ^A^ / . (2a;)r-i 

^ 1.2 .. . (r-1) ^ ' 

J7.9...(2r + 3)j x(-|-Y"' 

1.2 .. . (r-1) ^^ 

, 7.9 . . . (2r + 3) . 1 
1.2 .. . (r-1) 

10. The rth term is ^ ^ ,0 7-^ L(aY^-^^^.{x^^-'^ 

1.2 • . • (r— 1) 

. /1\*""^ 
{3.^ ■ - 



^.7. . . (4r-6)}x(-^y . ,_i 

1.2 .. . (r-1) •*" 'UV 

3.7 .. . (4r-5) g-f /£^\«»-i> 
"" 1.2 . . . (r-1) '4'-i* Uy 
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II. The (r+l)th term is 3.4 .. . (3 + r-l)^ 
^ 1.2 ... r 



3.4 . . . (2 + r) ^_ (r+l)(r + 2) ^ 
1.2 ... r 2 •* • 



2. The (r + l)th term is Alf 4_ If / (4a;)r 



1.2 ... r 



{1.3. . . (2r-l)}x(-i-y 



1.2 ... r 



.(4a;)< 



O (2r-l) (2^j,^ 

1.2 ... r ^ ^ 

13. The (r + l)th term is 2^-(2^-l) » » ■ (r + l)^ 
^ 1.2 ... r 



_ 2r.(2r-l) . . . (r + l).r.(r-l) . . . 2.1 . 
_ (2r-l).(2r-3) ... 3.1 2r.(2r~2 ) ... 4.2 , 

(2r-l)(2r-3) ... 3.1 S^.nr) 

\r_ [r '^ 

1.3.5 . . . (2r-l) 



1.2.3 . . . r 



. (2a;)''. 



14. Coefficient of tT^^ in (1 + a;)«+i is C^ + l-M^-l) » > . (n-r+l) 

^ ^ 1.2.3 . . . (r+1) 

Coefficient of af in (1 +x)» is ^'^"^"-^V^' ' (n-r + l)^ 

Coefficient of af +i in (1 +a;)» is ^-(^"l) - -; (^"0^ 

^ ^ 1.2 .. . (r+1) 

;^o^ (^ + lK^-l)'"(^-^+l) _ <^-l)'»»(n-r + l ) n + 1 
1.2.3 . . . (r + 1) 1.2 ... r Tqil 



n.(n-l) . . . (n-r+1) / n-T\ 
1.2 . . . r "\'*"r + iy 

n.(n-l) . . . (n~r+l) n.(n--l) . . . (n~r ^ 
1.2 ... r ■*" 1.2 .. . (r+1) ' 
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13 5 



'5- 1.2.3 '(^) * HxJ =I6^ •?' 



2 ' 2 ' V 2 j A 2J , 0,4-. , .,^._ 3 „-| 






1.2.3.4 •^"'^ -^ "' 128 



aB— —— — .C* ./^ • 

128 

18. w.(>W' + l) » « * (w^ + 8) ^,fan.9)^ 
1.^ • • • 9 



^9. ^•(^-0(^-^)-'(i:-5) ^i. 



1.2 ... 6 



•6J« 



(l-m)(l-2m) . . . (l-5m) l-eje 
1.2 .. . 6.m« •* •''• 



CLVL 

I. V31=Vf27 + 4)=3(i + iy 

(3 27^2 3 \3 ) 729 

64 



19683 



H4-(i-)-(i-) 

44-a-')(H(i-»)-^.----! 



_4 16 320 2560 

^■*'27 2187 531441 43046721 "*■ 

3 + -52§5^ =3-1413749 ... . 
43046721 
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6V 

25 



2. . V108= y(128-20)=2^1-A^ 

. 44(l-)(l-) 



1024 
125 



32768 

625 



1048576 



289 
59049 



4. i.(i-.).(i-.) ■(!-)■ 

^2|i 5 75 1625 40625 ) 

( 224 50176 11239424 2517630976 • * ' • J 

^oJi 56197120 + 3763200+364000 + 40625 ) 
( " 2517630976 J 

J _ 60364945 \ _ 2457266031 ,.g,gQ. 
V 2517630976/ 1258815488"" "*...- 

3. V260=;/(243 + 17)=3(i + ^y 

=.3|i+JL.iI+1.171-i^ 

(^5 243^2 5 \5 7 

6 5 V5 / \5 / 14348907} 

_3 5 1 , 17 578 29478 ) 
• ( 1215 1476225 1793613375 * * * ' J 

_^ 5 , . 25095825-702270 + 29478 ) 
r"*" 1793613375 ) 

-3 \ 1 , 24423033 ) _ 24423033 ,3 

" ^- r •*" 1793613375 } - ^+ 597871125=^ ^^^^"^ 

4, V31=V(32-l)=2(l-^^y=2Jl4.3^ 

^2 5V5 V 1024 6 5U 7\6 ^y 32768 
^24 -5 \5 ) \5 ; V5 V 1048576'- \ 
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=2 



160 12800 4096000 655360000 
4096000 + 51200 + 480 



=2 



I ^ "" 655360000 



21 



±21... } 



I. 23561 

42513 

645325 



1045032 

211010 
124321 



CLVIL 

2. 3074852 
4635628 
1247153 

10070344 

5. 57264 

675 



31134 



5)243012 



354604 
513354 
434070 

51117344 



31450 rem. 2. 

25|40|05|44(4112 
24 



10. 



12l\ 


140 


\ 


121 


1221 \ 


1505 


) 


\^ 1221 


12222 


\ 24444 




\24444 



6. 



358423 
267862 

80451 



1456 
6451 



1456 
6523 
11312 
13101 

14332216 



8. 6)3756025 



522256 rem. 1. 

5 1 68 1 98 Ul (2437 
4 



44\ 


168 


\ 


154 


483 \ 


1498 


\ 


1209 


4867 \ 


i 28«a 




\ 28e<l 
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I. 7 



261-1 




37-2 



CLVIIL 



2. 6 \ 1820 



V 



6 \ 303-2 




0-1 



3. 12 \ 43751 



" 


3645 -« 


u 


303-9 


A 


I 25-3 


12 


- 



0-2 



4. 5 \ 3700 



7. 



6 \ 740-0 
5 \ 148-0 




0-1 




3815 - 1 



1907 - 1 




6. 12 \ 215855 



0-1 



" 


17987 -« 


X. 


149S-« 


12^ 


\ 124-( 


12 


\ 10-4 



0-( 



8. 4 \ 34002 



4334-1 



1043-2 




122-0 



0-2 
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9. 12 \ 8978 



12 \ 816-2 



12 \ 75-1 

12 \ 6-« 



0-6 



2. 4 



4 \ 1165-0 




0-1 



10. 12 \ 3256 



12 \ 166-4 



12 \ 11-1 



0-8 



13. 7 \ 654321 





e0738- 


-5 


' 


16e3e - 


-3 


M 


2858- 


-3 


', 


478- 


-0 


A 


1 "■ 


-3 


7 


"■ 


-4 


7 


'■ 


-6 



0-1 



CLIX. 



II. 8 1 37704 



M 


4311- 


-5 


M 


480- 


-1 


si 

8 


l 64- 
6- 


-4 
-1 



0-6 



14. 11 \ 2304 



11 \ 104- « 



11 



2-7 
0-2 



3IX6-1+0 



.'. '41 is the result 



6»„9 9„,8 8^.1. 



i 
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1 ^,.7 7 -.,5 6 _ 

2 ^ , , 3 3 » , , 10 
_x7=1 + j^;j3x7=1 + jj 

.-. result is -162355043. 



3+jj, 



3- 


9 \ 23 


•125 






9\ 2-5 

\o-2 


9 






1-125 
9 


/. result is 25*1. 






1125 




4. 


6 \ 1820 


•3375 
6 






C \ 303-2 
6\ 50-3 






2-0250 
6 






6 \ 8-2 


0-1500 


.*. result is 122: 




6\ 1-2 
0-1 


6 






0-9000 








6 






5-4000 






• 


6 





2-4000 



5. 2x5 + a;4 + 2a;3 + 5x2 + 435 + 2-17486=0; 

(x - 6) (2a^ + 13x3 + 80x2 + 4353; + 2914) =0 ; 
.•. x=6. Hence the scale is senary. 

6. x» + 7x5 + 4x* + 6x3 + 3x2 + 5-511173=0; 

(x - 8) (x^ + 15x* + 124x3 + 998x2 + 79373; + 63896) « ; 
,*, xac8. Hence the scale is octenary. 
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7. (1.) Let N be the number, and suppose 

JV=a.lO* + 6.10»~i+ . . . +m.lOO +29.10 + g'. 
Then JV=a(10*-l) + 6(10»»"i-l)+ . . . +m(100-l) 

+^(10-l) + (a + 6+ . . . +m+^ + g). 
Now all the expressions 10* - 1, lO*"! - 1 ... 10^ - 1, 10 - 1 

are divisible by 10 - 1, or 9, and therefore by 3. 
Hence N is divisible by 3, ifa + 6+ . . , +m + p + 3be 

divisible by 3. 

(2.) Let JV=a.lO* + 6.10»»-i+ . . . +m.lOO +29.10 + g. 
Now 100 and all its multiples are divisible by 4, 
.'. ^ is divisible by 4 if lOp + g be divisible by 4 

(3.) LetiV=a.lO»» + 6.10'*"-i+ . . . +m.lOO+^.10 + g. 
Now 1000 and all its multiples are divisible by 8, 
.*. N is divisible by 8 if 100m + lOp + g be divisible by 8. 

(4) Let JV=a.lO'* + 6.10*""i+ . . . +m.l00+^.10 + 3. 
Now 10 and all its multiples are divisible by 6, 
.*. ^ is divisible by 5 if g=5 or g=0. 
(5.) Let N be the number, 2>*, j9._i, . . . i?4, i^s, i?2, l?i, the digits. 
Then N^'p^ + 10.i?2 + lOOpa + lOOOp* + . . . + 10»"^2?..i + 10«p- 
=i>i-i?a+l?3-;'4+ . . . +(-l)*.ja„ 
+^2(10 + 1) +1)3(102 - 1) +^4(10^ + 1) + . . . + p.{10» - ( - !)«}. 

Now 10 + 1, 102- 1 . . . are all divisible by 10 + 1, or 11, 
/. ^is divisible by 11, if (pi+^a+ . . . )-(l>2+P4 . . •) 
be divisible by 11. 

8. Let 'N^a.j^ + 6.r*~ ^ + . . . + m.i^ +pr + g, 

then7i=a + r6+ . . . +m.f*~2+2?.r**"^ + g'.r*. 
Then^-7i=a(r*-l) + 6.(r»"i-r)+ . . . -m(r«-2_y2) 
-j9(r*~^-r)-5(r*-l), and each of the factors r** - 1, 
r^-^-r . . , 7**~2_|^^ ,-n-i«y^ r^-l is divisible by r- 1 ; 
.'. N- n is divisible by r- 1. 



A 
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CIX 



I. 31651553 
4-7505855 
6-6879746 
2-6150026 


2. 4-6843785 
5-6650657 
3-8905196 
3-4675284 


3. 2-5324716 

3-6650657 

5-8905196 

•3156215 


1-2187180 


7-7074922 


2-4036784 


4. 2-483269 
3-742891 


5. 2-352678 
5-428619 


6. 5-349162 
3-624329 


4-740378 


2-924059 


3-724833 


7. 2-4596721 
3 


8. 7-429683 
6 


9. 9-2843617 

7 


5-3790163 


40-578098 


62-9905319 


[o. 3 \ 6-3725409 


II. 6\l4-432962 


12. 9\ 4-53627183 


2-1241803 


3-738827 
OLXL 


1-61514132 


I. Log 128= log 2^= 


= 7 log 2=2-1072100. 





Log 125= log ^^= log 1000- log 8=3- log 2» 

8 

= 3-3 log 2=3- -9030900 = 2*0969100. 
Log 2500= log 12522= log 10000- log 4=4-2 log 2 
«4- -6020600=3-3979400. 



2. Log 50= log 12? « log 100- log 2 = 2- •3010300= 1-6989700. 

Log -005 = log^= log 10 - log 2 - 3= - log 2 - 2«3-698970a 
Log 196= log (49 X 4) = 2 log 7 + 2 lo^ 2=2-2922500. 
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3. Log 6= log 3+ log 2=77815ia 
Log 27=3 log 3=1-4313639. 

Log 54= log (27 X 2) =3 log 3+ log 2= 17323939. 
Log 576= log (9 X 64) = 2 log 3 + 6 log 2=27604226. 

4. Log 60= log (2 X 3 X 10)= log 2+ log 3+ log 10=17781513. 
Log -03= log -~= log 3 - 2=-477l213 - 2=2-4771213. 

Log 1-05= log~=log|i= log3+ log 7- log2-l = -0211893. 

Log -0000432= log-i^;^i?^=»4 log 2 + 3 log 3 - 7=5*6354839. 

® 10000000 

5. Log-00075=log75-5= log3 + log25-6 = log/'^)*+ log25-5 

=:^ {log 18- log 2}+ log 100- log 4-5. 

=-1 {1-2552725 - -3010300} + 2 - '6020600 - 6 

= -4771213 - -6020600 - 3= 4*8750613. 
Log 31-5 = log (21 X 3 X 5) - 1 = log 21 + log 3 + 1 - log 2 - 1. 

= log 21+4" {log 18 - log 2} - log 2 

= 1-3222193 + -4771212 - '3010300 = 1-4983105. 

6. Log 2=log ^=1 -log 5 = -3010300 

Log -064=log. -?^ = 6 log 2-3=6-6 log 5-3=2-8061800 
^ 1000 

Log jl^ 1^^=1(60 log 2-20 log 5) 

= i. (30 - 30 log. 6-10 log 5) = i. (30 - 27-9588000) 



X (2-0412000) = -2916000. 



R 



d 
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k 



7. Log 6-log ^=1--3010300=-6989700 

log -125= log T^=3 log 6 -3=2-0969100 -3=1-0969100 
Log ^"^-log 6f?-log 2f9=log 6»-log 21 

=61og5-|.log2=6 Gog 10-log2)-|.log2 
-4-1938200 - -8027467=3-3910733. 

8. -2,0,2; 1,0,-1. 

9. 1593 is greater than 10^ and less than 10* ; characteristic 3 ; 
1593 is greater than 12^ and less than 12^ ; characteristic 2. 

'''• 25^"® ' 1^=^ 5 2^=28 ; 2y=3, etc 

1 1, (a) log 2 = i. log 4 = -3010300. 

Log 25=log 100-log 4=2- -6020600=1-3979400 

l^z 83-2=log (80x l-04)=|-log4 + logl0 + logl-O4 

= -9030900 + 1 + -0170333 = 1-9201233. 

Log (•625)T*ir = jl^ I log 625-log 1000 | =jL | 2 log 25-3 1 

^m \ ^ ^^^ ^^^"^ ^""^ ^"^ ] ^m i *-"l'2041200-3 j 
- - -0020412=1 -9979588. 

(6) Log (1-04)W«>«6000 log 1-04=6000 x '0170333 
= 102-199^000 \ .-. number of digits is 103. 
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12. (a) Log 6=-i- log 26 =-6989700 

Ju 

Log 4=2 -log 25=-6020600 

Log 51-5=log 6 + log 10-3=-6989700 + l-0128372=17118072 

Log (•064)i*ir=J^ jlog64-logl000 } =jL j 3log4-3 j^ 

=j~ I 1-8061800-3 I = - •0119382=T-98806ia 

(6) Log (l-03)««>=600 log 1-03=600 x -0128372 
=7-7023200 ; .'. number of digits is a 

13. Log 7623=2 log 3 + 2 log 11 + log 7 

= -9542426 + 2-0827854 + -8450980 =3-8821260 

Log ^=log 7 + log 11 - log 3 - log 100 

= •8450980 + 1-0413927 - '4771213 - 2=1-4093694 

Log J^=log 3 -log 11-2 log 7 

= •4771213-1-0413927-1-6901960=3-7455326. 

14. (1.) X log 4096= log 8-35 log 64 ; 4a; log 8= log8-2x log 8 ; 

4.=1.2x;6x=l;x=|. 

(2.) (2-5)* =6-26 =(2-5)2; ... a;=2. 
(3.) (06)* =m ; X log (a6) = log m 

log a + log 6 

(4.) a;(m log a + 2 log 6) = log c, etc. 

(5.) 3a; log a+ (4-a;) log 6=(2a;- 1) log c 

a;(3 log a - log 6 - 2 log c) = - 4 log 6 - log c, eta 

(6.) a; (log a + m log 6) = log c - 3x log»c 

X (log a,-\-m log & + 3 log c)= log c, etc. ^ 
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CLXIL 

1. P(l+r)''=2P; (l + r)*=2j (i + -^)"=2; 

log 2 _ -3010300 _,y,g 

log 104- log 100" •0170333"' 

2. P(l+r)* = 2P;(l + Ay=2; 

. n^ ^Qg^ ^ '3010300 , go., 
••"^ log 1-03 •0128372-'^* ' * * 

, /'l + i5.V«2- n- ^^g^ - '3010300 _y.gyg, 

^ I^ + IOOJ ^' ^ biTi~-0413927""^^^^^ • ■ ' 

W, . 5 \* Q . •. log 3 -4771213 OO.R „ , 
4- (l + iooj "=^'^=T^==-02n893=^^^^^^y- 



5. P(l+r)*=2P; .\n 



log 2 



log (1+r) 

P(l + 2r)«=2P ; /. m= , ^?^ \ v 

log(l + 2r) 

• ^— log (^+^) 
" n "" log(l + 2r)* 

Now 1 + 2r is less than (1 + r)* 

.-. 2?i is greater than i^^4^„ or, j?g(^ + ^). or i. 
»i *^ log(l+r)2'"'^'21og(l + r)'®^'T 

6. 1000(1 + r)» = 1800 ; {\ + AV = i -8 

.% n log 1-05= log 1-8; ^=||n||= 12 nearly. 

7. P(l+r)^=2P; (i + J^)'"=2 

.^2n= l2f2 S^=23-449.., 
log 1-03 -0128372 

.•.»= 11-724 .... 
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By E. H. Moore, M.A., Assistant-Master at the High School, 
Plymouth. [In preparcUion, 

Arnold's First Greek Book. By Francis David Morice, 
M.A., Assistant-Master at Rugby School^ and Fellow of Queen* s 
College^ Oxford. A New and Revised Edition. CroTvn Svo. 

' [In the Press. 

Essays on Aristotle. Edited by Evelyn Abbott, M.A., LL.D., 
Fellow and Tutor oj Balliol College^ Oxford. 

A Short History of England for Schools. By F. York- 

PowELL, M.A., Lecturer at Christ Churchy Oxford. With Maps 
and Illustrations. Small Svo. [In the Press. 

A Latin-English Dictionary for Junior Forms of 

Schools. By C. G. Gepp, M. A. i6mo. [In the Press, 

Introduction to the Study of Greek Antiquities. 

Edited by]. S. Reid, LL. M. , Fellow and Assistant- Tutor of Gomnlle 

.and Caius^ College, Cambridge; Classical Examiner in the University 

of London. [In the Press, 

History of the Romans to the Establishment of 

Imperialism. By], S. Reid, LL.M. [In preparation, 

A Geography, Physical, Political, and Descriptive, 

for Beginners. By L. B. Lang. Edited by the Rev. M. 
Creighton, M.A., late Fellow and Tutor of Merton College, 
Oxford. With Maps. Small Svo. 

^ Vol. II.— the CONTINENT OF EUROPE. [In the Press. 

^ Vol. III.— ASIA, AFRICA, AND AMERICA. [In preparation. 

• Study of the Church Catechism. Adapted for use as a 

Class Book. By C. ]. Sherwill Dawe, B.A., Lecturer and 
H Assistant-Chaplain at St. Mark's College, Chelsea. Crown Svo. is. 

■ft Cloth limp, IS. 6d. [^ust published. 



WATERLOO PLACE, LONDON. 




MESSRS. RIVTNGTON'S 



KEYS 

KEYS marked. A are published to the following Educational 
Works y^r the use of Tutors only. They can only be obtained 
by direct application to the Publishers, who will send a printed 
Form, to be filled up by the Tutor requiring the Key. They 
cannot be supplied through Booksellers. 



Abbott's Arnold's Greek Prose Composition 

Bennett's First I^tin Writer . 

■ Second Latin Writer 

Easy Latin Stories for Beginners 

Bradley's Arnold's Latin Prose Composition 

Gepp's Arnold's Henry's First Latin Book 
Exercises in Latin Elegiac Verse 



Nett Price 

of the Key. 

s, a. 



Arnold's 



Sidgwick's First Greek Writer 

Greek Prose Composition 
Ileniy's First Latin Book 

Supplementary Exercises 

——^ Second Latin Book 

First Verse Book 

Latin Verse Composition 

— Longer Latin Exercises. Part II. 

Latin Prose Composition. Part I. 

First Greek Book 

__ Greek Prose Composition. Part I. 

Sargent and Dallin's Materials and Models for Latin Prose 

Composition. Latin Version. ii6 Selected Pieces 5 
— Greek Prose Composition. Greek Version . . 7 

B 

Keys to the following are sold to the Public without restriction : 
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Arnold's 
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First German Book 

Second German Book 

First French Book 

First Italian Book 

__ First Hebrew Book 

Smith's (J. Hamblin) Elementary Algebra ... 

Arithmetic . . . . . 

Exercises in Geometry g 

Statics and Hydrostatics 6 

Trigonometry y 

Latin Prose Composition c 
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ENGLISH 

Select Plays of Shakspere. rugby edition. 

WttA Introduction and Notes to each Play, Small 9/vo. 

As You Like It. 2s. King Lear. 2s. 6d. 

Hamlet. 2s. 6d. Macbeth. 2s. 

Romeo and Juliet. 2s. King Henry the Fifth. 2s. 
A Midsummer Night's Dream. 2s, 

Edited by the Rev. C. E. Moberly, M.A., formerly Scholar of Balliol 
College^ Oxford, 

Coriolanus. 2s, 6d. Edited by Robert Whitelaw, M.A., Assis- 
tant-Master at Rugby School, 

The Tempest. 2s. Edited by J. SuRTEES Phillpotts, M.A., 
Head-Master of Bedford Grammar School, 



Second Edition, Small Si/o, 2s. 6d, 

The Rudiments of English Grammar and Com- 
position, By J. Hamblin Smith, M.A., of Gonville and Caius 
College^ and late Lecturer at St. Peter's College^ Cambridge, 

"This book is intended to give, first, a simple account of the elementary facts of 
English grammar, so far as they relate to the construction of sentences ; and, secondly, 
a short sketch of the fundamental principles of English composition. In fixing the limits 
of the work, I have been guided chiefly by the requirements of the University of Cam- 
bridge in the local examinations." — Extract from the Preface. 

Small S^o. is. 6d. 

The Beginner's Drill-booli of English Grammar, 

Adapted for Middle Class and Elementary Schools. By James 
Burton, B.A., First English Master in the High School of the 
Liverpool Institute. 

Small 8z/^. 2s. 6d. 

Short Readings in English Poetry. Arranged, with oc- 
casional Notes, for the use of Schools and Classes. Edited by H. A. 
Hertz. 

Small Svo. 2s. 6d. 

A Practical English Grammar. For the higher forms of 

Schools, and for Students preparing for examinations. By the 
Rev. W. TiDMARSH, B.A., Head- Master of Putney School, 
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ENGLISH SCHOOL-CLASSICS 

With Intfvduc/wns, and Notes at the end of each Book, 
Edited by FRANCIS STORR, M.A., 

CHIEF MASTER OP MODERN SUBJECTS AT MERCHANT TAYLORS* SCHOOL. 

Small ^0, 

Thomson's Seasons : Winter, with introduction to the Series, 
by the Rev. J. Franck Bright, M.A., Fellow of University 
College^ Oxford, is, 

Cowper'S Task. By Francis Storr, M.A. 2j. 

Books L and II., gd. ; Books III. and IV., gd. ; Books V. and VI., gti. 

Cowper'S Simple Poems, with Life of the Author. 

By Fran'cis Storr, M.A. is, 

Scott's Lay of the Last Minstrel. By], Surtees Phill- 

POTTS, M.A., Head' Master of Bedford School, 2s, 6d, 
Canto I., gd. ; Cantos II. and III. gd. ; Cantos IV. and V., gd. ; Canto VI., gd. 

Scott's Lady of the Lake. By R. W. Taylor, M.A., JiMd- 

Master of Kelly College^ Tavistock, 2s, i 

Cantos I. and II., gd. ; Cantos III. and IV., gd. ; Cantos V. and VI., gd. 

Notes to Scott's Waverley. By H. w. Eve, m.a., j/oiJ- 

Master of University College School, London, is, ; or with the TeM, 
2s. 6d, 

Twenty of Bacon's Essays. By Francis Storr, m.a. ij. 

Simple Poems. Edited by W. E. MULLINS, M.A., Assistant- 
Master at Marlborough College. &/. 

Selections from Wordsworth's Poems. By h. h 

Turner, B. A., late Scholar of Trinity College^ Cambridge, is. 



< 
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Wordsworth's Excursion : The Wanderer, By IL IL 

Turner, RA. is. 

Milton's Paradise Lost. By Francis Storr. M. A. Book L, 
gd. Book IL, gd. 

Milton's L'Allegro, II Penseroso, and Lycldas. By 

Edward Storr, M.A., late Scholar of New Colle^^ Oxfords \u 

Selections from the Spectator. By Osmond airy, M.a., 

Assistant'Master at Wdlingtati College^ i j. 

Browne's ReligiO Medici. By W. p. smith, M.A., Assistant^ 
Master at Winchester College,, is, 

m 

GrOldsmith's Traveller and Deserted Village. />> c 

Sankey, M.A., J/ead' Master of Bury St, Edmund's Grammar 
School, is. 

Extracts from GrOldsmith's Vicar of Wakefield. By 

C. Sankey, M.A. is. 

Poems selected from the Works of Robert Burns. 

By A. M. Bell, M. A., Balliol Collie, Oxford, 2s, 

Macaulay's Essays. 

MOORE'S LIFE OF BYRON, i^y Francis Storr, M.A. 91/. 

BOSWELUS LIFE OF JOHNSON. By Francis Storr, 
M.A. gd, 

HALLAM'S CONSTITUTIONAL HISTORY. By II. F. 
Boyd, late Scholar ofBrasenose College^ Oxford, is, 

Southey's Life of Nelson. By w. E. Mullins, M.A. 

2s, 6d. 

* Gray's Poems. Selection from Letters, with Life 

by Johnson. By Francis Storr, M.A. is, 

■^ ♦»* The General Introduction to the Series will be found in Thomaou's WlNTMl* 
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With numtrous Maps and Plans, New Edition^ Revised, Crown &v. 

A History of England. By the Rev. j. franck bright, m. a.. 

Master of University College^ and Historical Lecturer at Balliol^ New^ 
and University Colleges^ Oxford; late Master of the Modem School 

ai Marlborough College, 

Period I. —MEDIAEVAL MONARCHY : The departure of 
the Romans, to Richard III. From A.D. 449 to A.D. 1485. 
4r. dd. 

Period II.— PERSONAL MONARCHY : Henry VIL to 
James II. From a.d. 1485 to A.D. 1688. 5J. 

Period III.— CONSTITUTIONAL MONARCHY: William 
and Mary, to the present time. From A.D. 1689 to A.D. 1837, 
7j. dd. 

Extract from the Regulations for the Army Examinations, 

" At the competitions for the Military College, Sandhurst, the Academy, Woolwich, 
ftc., the examinations in English History will be limited to the periods A.D. X760-X790, 
and X790-z82o. 

" *«* The candidates readine on the period selected should include the study of that 
part oif Brifl^f s History which treats of the period he selects." 

With Maps and Illustrations, Small Svo, 

A Short History of England for Schools. By 

F. York-Powell, M.A., Lecturer at Christ Church, Oxford, 

\In the Press, 

With Forty Illustrations, i6mo. 2s, 6d, 

A First History of England. By louise creighton, 

Author of ''Life of the Black Prince," "Sir Walter Ralegh,'' ^c, 

"This is a neat, well-written little volume of about four hundred pages, in which the 
whole story of English history is told in a succinct but interesting way." — Athemeum. 

" This is one of the most satisfactory of the many histories of England lately published 
for schools. Mrs. Creighton has spared no pains to make their earliest lessons in English 
history in every way attractive to little children." — Academy. 

*' This is really a charming little volume." — Journal of Education. 

"The book gives a pleasing summar>- of the more striking events, and Is written in 
simple and familiar language. Forty illustrations (which we are told are from 'authentic 
sources ') brighten up the narrative and attract by their occasional quaintness. The book 
contains 383 well-printed paees, and there is a carefully prepared index." — Schoolmaster. 

"The style is so simple, that the book cannot fail to be understood by any child who 
can read ; and at the same time, the crucial and decisive events of our history are treated 
with an adequate appreciation of their imi)ortance, and their causes and consequences 
clearly set forth. The interest of the book is increased by numerous illustrations, many 
of which are reproductions of old designs."— .SV<;/j;;/a«. 

" It is well and carefully written, and the illustrations are numerous and authentic" 

School Guardian. 

WATERLOO PLACE, LONDON, 



,] EDUCATIONAL LIST. 



Historical Handbooks, Edued by oscar BRowT^md, 

M.A., Fellow of Kin^s College, Cambridge, 

Crown Sz/o, 

English History in the XlVth Century. By Charles 

H. Pearson, M.A., IcOe Fellow of Oriel College, Oxford, y, 6d, 

The Reign of Lewis XI. By p. F. Willert, m. a., Faiinv of 

Exeter College, Oxford, With Map. y. 6d, 

The Roman Empire, a.d. 395-800- By A. M. Curteis, 

M.A. With Maps. 3^. 6d, 

History of the English Institutions. By Philip v. 

Smith, M.A., Fellow of Kin^s College, Cambridge, y. 6d?. 

History of Modern English Law^. By Sir Roland Knyvet 

Wilson, Bart., M.A., IcUe Fellow of Kin^s College, Cambridge, 
y, td. 

History of French Literature. Adapted from the French of 

M. Demogeot, by C. Bridge. 3J. 6^. 
(Recommended by the Intermediate Education Board for Ireland.) 



History of the Romans to the Establishment of 

Imperialism, By J. S. Reid, LL.M., Fell(nu and Assistant^ 
Tutor of Gonville and Caius College, Cambridge; Classical Examiner 
in the University of London, 

[In preparaHonK 

This work is intended to be used by the higher Forms in Public Schools, and by Junior 
Students in the Universities. It aims at exhibiting in outline the growth of the Roman 
national life in all departments. Military history will not be neglected, but attention will 
be particularly directed towards the political and social changes, and the development of 
law, literature, religion, art, science, and social life. Care will be taken to bring the 
whole narrative into accord with the present state of knowledge, and also to pce«^ 
fiiCts of Roman History in a form likely to interest the Students for whom the WOrl 
in^ded. 
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Historical Biographies. Edited by the rct. m. 

Creighton, M. a., UUeFdlow and Tutor ofMerUm College^ Oxford, 
With Maps and Plans. SmaU %vo, 

Simon de Montfort. By M. Creighton, m.a. zr. 6^. 
The Black Prince- By Louise Creighton, 2j. 6</. 

Sir Walter Ralegh. By Louise Creighton. With Portrait y. 

Oliver Cromwell, By F. w. Cornish, m.a. 3j. M. 

The Duke of Marlborough. By Louise Creighton. With 
Portrait. 5x. dd. 

The Duke of Wellington. By Rosamond Waite. With 
Portrait y. 6d, 

Crown ^0. 6s, 

A Handbook in Outline of the Political History of 

England to 1881, chronologically arranged. By Arthur 
H. D. Acland, M.A., Christ Church, Oxford, and Cyril Ran- 
soms, M.A-> Professor of Modem Literature and Jlisiory^ Yorkshire 
College, Leeds, 

Second Series. Crown Sivo, 2s. 6d, 

Test Questions on Selected Portions of English 

Literature and History, By Thomas Miller Maguire, 

M.A., LL.D. 

(These questions refer to the works in English Literature and the periods in English 
Histcny selected hy the Civil Service Commissioners for the Army Examinations to be 
held in the year x88i. Copies of the questions on these subjects for z88o are still kept 
on sale.) 

Second Edition, Revised, Crown Sfi/o. js, 6d. 

History of the Church under the Roman Empire, 

A.D. 30-476. By the Rev. A. D. Crake, B. A,, Rector of If oven 
Street, Ryde, 

New Edition, iSmo, is, 6d, 

A History of England for Children. i?yGEORGEDAVYs, 

D,D,,f?rmerly Bishop of Peterborough, 
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SCIENCE 

Crvmm Se», 2s, 6^, 

Elementary Course of Practical Physics. By a. m. 

WORTHINGTON, M.A., F.R.A.S. Assistamt'Master at Clificm 
Calitge. 

Secottd Edition, With lUustratums, Crtntm 8cw. I2J. 6*^. 

Physical Geology for Students and General 

Readers. ByK, H. Green, M.A., F.G.S., Professor of Gtokgy 
in the Yorkshire Coll^ of Scietue^ Leeds. 

l/ew Editim^ Revised With Ulustratums, Crown Scv. 2^. 6d 

An Easy Introduction to Chemistry. Edu^ h the 

RcT. Arthur Rigg, M.A., a$ui Walter tI Goolden, M.A., 
Jxctnrer in Natural Science at Tonbridge School, 

Second Edition, With Illustrations, Crown 8tw. 5 J. 

A Year's Botany. Adapted to Home and School Use. By 
Frances Anne Kitchener, niustiated by the Author. 

Medium Szv. 

Notes on Building Construction. 

Arranged to meet the requirements of the syllabus of the Science 
and Art Department of the Committee of Council on Education, 
Sooth Kensington Museum. 

PART L— FIRST STAGE, or ELEMENTARY COURSE. With 

325 woodcuts, los. 6d 

PART IL — COMMENCEMENT OF SECOND STAGE, OR 
ADVANCED COURSE. With 277 woodcuts, los, 6d. 

PART III.— ADVANCED COURSE. With 188 woodcuts, 2is, 



Rbpokt on the Examination in Building Construction, hbld by the Scibncb 




limitint^ ^he students and teachers to the prescribed course^ has lately been well met by^ 

a wm jhdflished by Messrs. Rvutngtons, entitled * Notes on Building Construction, 

tgrrtsnged to meet the requirements of the Syllabus of the Science a$td Art Department 



^ f^ Committee of Council on Education^ South Kensington. (Signed) 

H. C. Sbddon, NIaior^ R.E. 
Vuue x8, 1875. {Instructor in Construction and EsttmaSing ^ ^he 

•^ SchiHd of MiUtary Engineering, Chatham.] 
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MATHEMATICS 

Riuington's Mathematical Series 

Small %vo, y. Without Answers^ 2s, 6d, 

Elementary Algebra. By j. Hamblin Smith, m.a., of 

GonvilU and Caius College^ and late Lecturer in Classics at St, Peters 
College, Cambridge, 

A KsY TO Elementary Algebra. Crown %vo, ^r. 

Small ^o, 2s, 6d, 

Exercises on Algebra. Byj, Hamblin Smith, m.a. 

(Copies may be had without the Answers.) 

Crown %vo, 8j. 6d, 

Algebra, part II. By E. j. gross, m.a., Felltrw of GonvilU 
* and Caius College, Cambridge, and Secretary to the Oxford and 

Cambridge Schools Examination Board. 

Small ^o, 3^.' 6d. 

A Tl^eatise on Arithmetic. By J. Hamblin Smith, M.A 
(Copies may be had without the Answers.) 

A Key to Arithmetic. Crown ^o. f^s. 
Small %vo, 4r. dd. 

Elementary Trigonometry. By j. Hamblin Smith, m.a 

A Key to Elementary Trigonometry, n Crown &vo, js, 6d, 

Crown ifvo, 5j. 6d, 

Kinematics and Kinetics. By e. j. Gross, m.a. 

Crown 8z/^. 4?. (id. 

Geometrical Conic Sections. By g. Richardson, m.a, 

Assistant- Master at Winchester College, and late Fellow of Si, Jokdi 
College, Cambridge. 

Small Svo. 3J. 

Elementary Statics. By J, Hamblin Smith, M.A, 

Small Svo, y. 

Elementary Hydrostatics. By j. Hamblin Smith, M.A 

CroTvn %vo. 6s. | / 

A Key to Elementary Statics and Hydrostatics, 

By J, Hamblin Smith, M.A. 



i 
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Small ^0, 3^. td. 

Elements of Geometry, By j. Hamblin Smith, m.a. 

Containing Books i to 6, and portions of Books 11 and 12, of 
Euclid, with Exercises and Notes, arranged with the Abbreviatiotis 
admitted in the Cambridge University and Local Examinations. 
Books I and 2, limp cloth, ij. 6^., may be had separately. 

Prescribed by the Council of Public Instructuni for the use of the schools of Nova 
<%i^atta' authorized for use in the schools of Manitoba; recommended by the University 
a/'MeJifax, Nova Scotia^ by the Council of Public Instruction, Quebec; and authorized 
^ikd Education Department, Ontario. 

Crown ^0, 8j. 6d, 

A Key to Elements of Geometry. By j. Hamblin 

Smith, M.A. 

Small S^o, is. 

Book of Enunciations for Hamblin Smith's Geo- 
metry, Algebra, Trigonometry, Statics, and Hydro- 
statics. 

Small Svo. 3J. 

An Introduction to the Study of Heat. By j. Hamblin 

Smith, M.A. 

COHTKNTS. — General EflFects of Heat— Thermometry— Expansion of Gases— Expansion 

of Solids Expansion of Liquids— Calorimetry — Latent Heat — Measure of Heat — 

xyiffafirm of Heat : Radiation— Convection— Conduction— Formation of Vapour, Dew, 
Ac. ; Trade Winds, Ebullition, Papin's Digester, Spheroidal Condition— Congelation— 
Measurement of Work— Mechanical Equivalent of Heat— Miscellaneous Exercises- 
Appendix— Index. 

* 

Crown 8z/^. 6s, 

The Principles of Dynamics. An Elementary Text-book 
for Science Students. By R. Wormell, D.Sc, M.A., Head- 
Master of the City of London Middle- Class School, 

Small %vo. 3J. dd, 

* Armu cind ^'^'1 Service Examination Papers 

^ in Arithmetic, including Mensuration and Logarithms, set in recent 

Examinations for the Army, Woolwich, Cooper's Hill, Home Civil 
Service, &c. With Arithmetical Rules, Tables, Formulae and 
Answers, for the use of Students preparing for Examination. By 
A. Dawson Clarke, B.A., St. John's College^ Cambridge, 

New Edition^ Revised, Croiun ^o, 6s, 6d, 

* Jirithmetic, Tlieoretical and Practical. By^.n. 

GiRDLESTONE, M.A., of Christ's College, Cambridge. 
,il' Also a School Edition. Small %vo, y, 6d, 
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LATIN 

New Edition^ revised. Crown Sivo, 3J. 6d, 

First Latin Writer, comprising Accidence, the Easier Rules of 
Syntax illustrated by copious Examples, and progressive Exerdses 
in Elementary Latin Prose, with Vocabularies. By G. L. 
Bennett, M. A., Head-Master of the High School^ Plymouth. 

A Key for the use of Tutors only. Crown %vo. 5 j. 

Contents. — Preface— Accidence— Exhrcisks on the Syntax (270) : The Simple 
Sentence ; The Compound Sentence : A4jectivai Clau-ses, Adverbial Clauses, Substantival 
Clauses — Latin-English Vocabulary — English-Latin Vocabulary. . 

Crown Svo. 2s. 6d. 

First Latin Exercises. Being the Exercises, with Syntax 
Rules and Vocabularies, from a "First Latin Writer." Ey G. L. 
Bennett, M.A. 

Crown ^0. IS, 6d, 

Latin Accidence. From a "First Latin Writer." By G. L. 
Bennett, M.A. 

rative^ he fails^ of course^ to recogmse. 
We cannot speak too strongly of this little 
work^ and we say to every classical teacher^ 
if you introduce this work into your junior 
class, vou will require mo other work 
throughout tUl you come to the fifth or 
sixth forntt and perhaps not even them. 
The book has our unqualified ap^(^tiou. 
IVe ought to mentionyfor the stSke of these 
who may think of using the zuori, that 
there are two sets of vocabularies^ whidi 
obviate the necessity of having recourse t» 
any Latin Dictionary.'* — Schoolmastbk. 



" The book is a perfect model of what a 
Latin Writer should be, and is so gradu- 
ated that from the beginning of a boy's 
classical course it will serve mm through- 
out till the end as a text-book for Latin 
prose composition. The exercises^ too, are 
so interesting in themselves, and take n^ 
the different idiomatic peculiarities tn 
such an easy and natural way that the 
pupil almost insensibly comes to be master 
of them, without having them glaringly 
thrust upon him in little detached sen- 
tences, which, when mixed up in a nar- 



Second Edition, CroTvn Svo. y, 6d, 

Second Latin Writer. B^G. L. Bennett, M.A., Head-Master 

of the High School, Plymouth. 

This work, in continuation of the First Latin Writer, gives hints on writinji: Latin Prose 
for Boys about to commence the rendering of continuous passages £rom English Authors 
into Latin. There is a large Collection of Exercises, graduated according to their diffi- 
culty, with Notes. 

A Key for the use of Tutors only. Crown Svo, $s. 



** This is one of the best introductions 
to Latin prose composition we have seen. 
The introductory remarks, the chapter on 
the analysis of the Latin sentence, the 
observations on style, the table of miscel- 
laneous idioms, and the collection of exer- 
cises for pnictice, furnished with notes to 
assist the student in points which present 
diffictUties, are all excellent. The pas- 
sages used for translation into Latin are 
specimens of continuous narrative, and 



are well adapted to be taken up by the sUh 
dentwho has just gonethrongh theordinurj 
Latin exercise books.'* — Schoolmaster. 

** Mr. Bennett's Second Latin Writer 
will be, or shotUd be, of very great ser- 
vice to students who have acquired a fidr 
mastery over the rudiments of the Utng' 
uage. The student who honestly worn 
through this book will have escgmrtd m 
very great degree of facility tn Latin 
prose, — Scotsman. 
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New Edition, revised. Crown S>z/o, 2s, 6d, 

Easy Latin Stories for Beginners. By g. l. bennett, 

M.A., Head' Master of the High School, Plymouth, With Notes 
and Vocabularies. Forming a First Latin Reading Book for Junior 
Forms in Schools. 

A Key for the use of Tutors only. Crown %vo, 5j. 

Small S>z/o, 2s, 

Selections from Caesar. The Gallic War Edited, 

with Preface, Life of Caesar, Text, Notes, Geographical and Bio- 
graphical Index, and Map of Gaul, dy G. L. Bennett, M.A., 
Head-Master of the High School^ Plymouth. 

Crown Svo, is, 6d, 

First Steps in Latin. By F. Ritchie, M.A., Assistant-Master 
at the High School, Plymouth, 

*' Thanks for Ritchie s 'First Steps in Latin* In my judgment it is much sounder 
and better than anything else yon have published /or young children learning Latin.'* 

J. G. Cromwell, 
St. Mark's College^ Chelsea. 

Small Svo, is. 6d, 

GrUdatim. An Easy Translation Book for Beginners. By H. R. 
Heatley, M.A., andVL, N. Kingdon, B.A., Assistant-Masters at 
Hillkroiv School f Rugby, 

The aim of this book is to provide translation for boys immediately on beginning Latin. 
With this view care is taken that the beginner encounters no difficulty of Grammar or 
Syntax without due warning. 

Crown Svo. is, 6d, 

7 he Beginner's Latin Exercise Book. Affording Practice, 

oral and written, on Latin Accidence. By C. J. Sherwill Dawe, 
B. A., Lecturer and Assistant Chaplain ai St, Marks College^ Chelsea, 

New Edition, Crown Svo. 2s, 6d, 

Latin Prose Exercises. For Beginners, and junior Forms of 
Schools. By R. Prowde Smith, B.A., Assistant-Master at 
Cheltenham College, 

Crown Svo. On a card^ gd. 

Elementary Rules of Latin Pronunciation. By 

Arthur Holmes, M.A., late Senior Fellow and Dean of Clare 
College, Cambridge. 
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Latin I BXl8> For use in schools, &c In stitched wrapper, 

THE AENEID OF VERGIL. Books I. II. III. IV. V. VII. 
VIII. IX. 7d. ^h. Books VI. X. XI. XII. yi. each. 

THE GEORGIC^F VERGIL. Books I.-IV. 2d. each. 

THE BUCOLICS OF VERGIL. 2d. 

Vergil. The Bucolics, Georgics, and ^Eneid in One Volume. Clcth 
2s, 6d. 

CAESAR DE BELLO GALLICO. Books L V. VII. VIII. i^/.each. 
Books IL III. IV. VL 2d. each. 

Caesar De BeilO GaiiiCO. in One Volume. OotA, IS. 6d. 
Fifth Edition^ Revised. Crown ^o. 3J. dd. 

Progressive Exercises in Latin Elegiac Verse. 

By C. G. Gepp, M.A., late Head-Master of King Edward VL 
School^ Stratford-upon-Avon. 

A Key for the use of Tutors only. %vo. 5j, 

Twelfth Edition. l2mo. 2s. 

A First Verse Book. Being an Easy Introduction to the Mechan- 
ism of the Latin Hexameter and Pentameter. By Thomas Kek- 
CHEVER Arnold, M. A. 

A Key for the use of Tutors only. i2nio. is. 
Crown %vo. y. 6d. 

An Elementary Latin Grammar. Byj. hamblin smith, 

M. A., ofGonvUle and Caius College^ and late Lecturer in Ckusicsat 
St. Peter^s College^ Cambridge. 

Twenty-fifth Edition. i2mo. jj. 

Henry 's First Latin Boo/i. By thomas kerchever Arnold 

Ayr A * 

• A Key for the use of Tutors only. i2fno. is. 
A New and Revised Edition. i2mo. jj. 

Arnold's Henry's First Latin Book. syc. o. gepp, m.a, 

late Head-Master of King Edward VI. School^ Strai/ord-up$ih 
Avon; Author of *^ Progressive Exercises in Latin Elegiac Verse." 

A Key for the use of Tutors only. Crown ^o. ^s. 
WATERLOO PLACE, LONDON. 
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Twentieth Edition, Svo, &s, 6d, 

A Practical Introduction to Latin Prose Com- 
position. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only, iztno, is, 6d, 
A New and Reinsed Edition. Crown ^o. 5 j. 

Arnold's Practical Introduction to Latin Prose 

Composition. By G. Granville Bradley, M.A., Master of 
University College^ Oxford^ and formerly Master of Marlborough 
College, 

A Key for the use of Tutors only. 5^. 

**An Introduction has been prefixed containing three parts, two of which are new, the 
other much modified. The first of these is an explanation of the traditional terms by 
which we designate the different ' parts of speech ' in English or Latin. The exposition 
is confined to the most simple and elementary points. This is followed by a few pages on 
the Analysis of the Simple and Compound Sentence. Such logical analysis of the lan- 
guage is by this time generally accepted as the only basis of intelligent grammatical 
teaching,^ whether of our own or of any other language. I have followed Mr. Arnold's 
example in preBxing some remarks, retaining so far as possible his own language, on the 
Order of Words ; I have added some also on the arrangement of clauses^ in the Latin 
Sentence. The matter for translation as comprised in the various exercises has been 
almost entirely rewritten. I have not, after full consideration, taken what would have 
been the easier course, and substituted single continuous passages for a number of sepa- 
rate and unconnected sentences. I found that for the special purpose of the present 
work, deaKng as it does with such manifold and various forms of expression, the employ- 
ment of these latter was indispensable, and I have by long experience convinced myself 
of their value in teaching or studying the various turns and forms of a language which 
differs in such innumerable points from our own as classical Latin." 

Extract from the Preface, 

Crown Svo, 

The /Eneid of VergiL Edited, with NoUs at the end, by Francis 
Storr, M.A., Chief-Master of Modem Subjects at Merchant Taylors* 
School, 

Books I. and II. 2s, 6d. Books XI. and XII. 2s. 6d. 

Small Sfi/o. is, 6d, 

Virgilf GeOrgiCS. book IV. Edited, with nU, Notes, voca- 
bulary, and Index, by C. G. Gepp, M. A., late Head- Master of King 
Edward VI, School, Stratford-upon-Avon, and Editor of **Amold s 
Henrys First Latin Book," revised edition. 

Small %vo, is. 6d, 

Selections from the Aeneid of Vergil, with Notes. 

By G. ll Bennett, M.A., Head-Master of the High School, 
Plymouth, 
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New Edition^ Revised, Crown ^o, 31. ddf. 

Stories from Ovid in Elegiac Verse, with Notes for 

School Use and Marginal References to the Public School Latin 
Primer. By R. W. Taylor, M. A., Head- Master oj Kelly College^ 
Tavistock^ and late Fellow of St, John^s College^ Cambridge, 

New Edition^ Revised. Crown ^0, 2s, 6d. 

Stories from Quid in Hexameter Verse. Meta- 
morphoses, With Notes and Marginal References to the Public 
School Latin Primer. By R. W. Taylor, M.A. 

New Edition^ Revised, i2mo, 2s, 6d, 

EcIOgCB OuidianCB, From the El^ac Poems. With English 
Notes. By Thomas Kerchever Arnold, M. A. 

Small Svo, 2s. 

Cicero de Amicitia. EdUed, ivUk Notes and an Introduction, by 

Arthur Sidgwick, M.A., Tutor of Corpus Christi QoUege, 

Oxford; late Assistant- Master at Rugby School, and Fello7v of Trinity 

College, Cambridge, 

Contents. — Introduction: Time and Circumstances— Dedication — Scheme of the 

Dialogue — Characters of the Dialogues : The Scipionic Circle — Pedigree of the Scipios— 

Conspectus of the Dialogue — Analysis. Laelius De Amiciti& — Notes— Scheme of the 

Subjunctive — Notes on the Readings — Indices. 

" No volume on our list is more valuable boys and students. It is Just the tvork to 

than Mr. SidgwicJ^s edition of Cicero's be placed in a young studenfs hands for 

treatise * De AmicitiAy prefaced by a re- translation and retrafislation ; and Mr. 

view of the circumstances and scheme and Sidgwick s explanatory and illustrative 

interlocutors of the dialogue ^ a conspectus notes are calculated to fix its matter in 

and analysis of the same, and an excellent the memory. fV'e can strtmglf 

appendix on the scheme of the subjunctive t recommend tJiis in every respect well- 

•which cannot fail to be useful to school- furnished edition" — Saturday Review. 

Crown Svo, 3J. 6d, 

Exercises on the Elementary Principles of Latin 

Prose Composition, with Examination Papers on the EIc 
mentary Facts of Latin Accidence and Syntax. By J. Hambllv 
Smith, M.A., of Gonville and Caius College, and late Lecturer itt 
Classics at St. Peter's College, Cambridge, 

A Key. Crown ^0, ^s. ' 

• 

Small Svo, is, ^d. 

Easy Exercises in Latin Prose. By charlks bigg, d.d., 

formerly Principal of Brighton College, 
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i6mo. 

A Latin-English Dictionary for Junior Forms of 

Schools, By C. G. Gepp, M. A. [In the Press. 

This work aims at supplying in a concise fonn and at ar low cost all the information 
required by boys in Middle Class Schools, or in the Junior Forms of Public Schools. 
Archaisms (wim the exception of such as occur in the most commonly read authorsX 
words peculiar to Plautus, and words found only in Late or Ecclesiastical Latin, have 
been excluded accordingly. On the other hand. Proper Names have been brieny yet 
adequately treated in alphabetical order in the body of the work. No effort has been 
spared to ensure completeness and accuracy, all references having been verified from the 
latest and most approved editions of modem scholars. While every legitimate aid has 
been given to schoolboys, with whom the looking out a meaning is often a very haphazard 
.process, it is hoped that the volume may be found a useful and handy companion to 
many who seek to renew their acquaintance with the favourites of bygone days. 

^0. On a card, is. 

Outlines of Latin Sentence Construction, By e. d. 

Mansfield, M.A., Assistant- Master at Clifton College. 
Second Edition, Crown %vo. 'js. 6d. 

Classical Examination Papers. Edited, with Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltenham College. 

Or, interleaved with writing-paper, half-bound, loj. 6^. 

New Edition^ re-arranged, with fresh Pieces and additional References,, 

Croivn %vo. 6j. 6</. 

Materials and Models for Latin Prose Composition. 

Selected and arranged by ]. Y. Sargent, M.A., Fellow and Tutor 
of Hertford College, Oxford, and T. F. Dallin, M.A., late Tutor 
and Fellow of Queen^s College, Oxford. 

New Edition, revised, with additional pieces. Crown Svo. ^s. 

Latin Version (116) of Selected Pieces from lUaterials 

and Models. By], Y. Sargent, M.A. 
May be had by Tutors only, on direct application to the Publishers. 

Small ^o. 3J. 6d. 

CoBsar. De Bello Galileo, books i.-iil Edited, with 

Preface, Introductions, Maps, Plans^ Grammatical, HistoriccU, and 
Geographical Notes, Indices, Grammatical Appendices, <Sr»r., by"]. H, 
Merryweather, M.A., and C. C. Tancock, M.A., Assistant- 
Masters at Charterhouse. 

Book I. separately. 2s. 

WATERLOO PLACE, LONDON. 
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Selections from Books VIII. and IX. of Lluy. wuh 

Notes and Map. By E. Calvert, LL.D., Sf, John^s College^ 
Cambridge; and R. S award, M.A., Fetlcw of St, Jokn^s College^ 
Cambridge; Assistant-Master at Shrewsbury School, 

Fifth Edition, i2mo, 4s, 

Cornelius NepOS, with Cntical Questions and Answers, and an 
Imitative Exercise on each Chapter. ^ T. K. Arnold, M. A. 

Crown Svo, 

Terenti ComosdicB. Edited by t. l. vktiu^oi^, m,a., Feiiow 

of New College^ Oxford, 

ANDRIA ET EUNUCHUS. With Introduction on Prosody. ^,6d. 
Or separately, ANDRIA. With Introduction on Prosody. 3^. 6d, 
EUNUCHUS. Sf. 

Crown Svo, 5j. 

Juuenalis Satins, thirteen satires. Edited by g. 

A. SiMCOX, M.A., Fellow of Queen's College^ Oxford, 

Crown 9fvo, 3J. 6d, 

Persii Satins. Edited by a. Pretor, M. a., of Trinity CoU^, 
Cambridge, 

Crown ^0, *js, 6d, 

Ho rati Opera. By J. M. Marshall, M.A., Under-Master at 

Dulwich College, 

Vol. I.— the ODES, CARMEN SECULARE, and EPODES. 
Also separately, THE ODES. Books I. to IV. \s, 6d, each. 

Crown Siz/o, 

Tacit i HistOriCB. Edited by W. H. Simcox, M.A., FeUow^l 

Queen's College, Oxford, L ^ 

Books L and II., 6j. Books III., IV., and V., 6j. I ^ 
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GREEK 

Second EdUtotty Revised. Crown Bivo, 3^. 6d. 

A Primer of Greek Grammar with a Preface ^^ john 

Percival, M.A., LL.D., President of Trinity College, Oxford ; 
late Head-Master of Clifton College. 

This book is in use at Eton, Rugby, Clifton, Edinburgh, Rossall, Uppingham, 
Felstead, &c 

Or separately^ crown %vo, 2s, 6d, 

Accidence. By Evelyn ABBorr, M.A., LL.D., Fellow and Tutor 
of BaUiol Collie, Oxford; and E. D. Mansfield, M.A., 
Assistant' Master at Clifton Collie, 

Crown ^0. IS, 6d, 

Syntax* By E. D. Mansfield, M.A., Assistant* McLster at Clifton 

Collie, 

This outline of the chief Rules of Greek Syntax, which is intended as a sequel to the 
'* Primer of Greek Accidence," lays no claim to originaUty of treatment. Tiie Editor 
has fre^ consulted the usual authorities, especially the well-known *' Greek Moods and 
Tenses, and the later *' Elementary Greek Grammar," of Professor W. W. Goodwin, 
and has only aimed at stating Rules simply and concisely, and so grouping them as to 
indicate general principles and prepare the beginner for the use of a fuller treatise. He 
is largely indebted in tne first part of the Syntax to material kindly placed at his dis- 
posal by Mr. Evelyn Abbott^ which, however, has for teaching purposes been thrown 
into a shape for which the Editor alone is responsible. — Extract front the Prtface. 

Contents. — Part. I. ^Agreement. The Cases. Accusative. Genitive. Dative. 
Prepositions. Article. Pronouns. Tenses. Notes on the Tenses. Moods. Infinitive. 
Participle. Verbal Adjective. Negatives od and M^. Conjunctions and Particles. 
Coi^unctions. Participles. Part II. — The Simple Sentence. Direct Statement. 
IMrect Command. Expression of a Wish. Direct Question. The Compound Sentence. 
Substantival Clauses : Indirect Statement — Indirect Command — Indirect Question. Ad- 
jective Clauses. Adverbial Clauses: Final — Consecutive — Temporal— Conditional — 
Concessive — Casual. Adjectival Clauses with Adverbial force. Further Rules for 
Indirect Speech. Dependent Clauses in Indirect Speech. 

Part I. Crown Svo, 3J. 6d. 

A Practical Greek Method for Beginners. Being a 

Graduated application of Grammar to Translation and Composition. 
By F. Ritchie, M. A., and E. H. Moore, M. A., Assistant-Masters 
at the High School, Plymouth, 

Containing the Substantives, Adjectives, Pronouns, and Regular Pure Verbs, with 
exercises (English-Greek and Greek-English), introducing the main rules of Syntax oC^ 
itfie Simple Sentence. 

The aim of this book, which is at once a Grammar and Exercise Book, is to 
H^miform method of teadiing Grammar, and to afford abimdant practice in ii ~ 
l^t Uie time that the Grammar is being learnt. 

PART II. in preparation. 
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Second EditioHy Revised. Crown Svo, y, 6d, 

A First Greek Writer By Arthur Sidgwick, M.A., TtOor 

of Corpus Christi Colligey Oxford, late Assistant-Master at Rugby 

School, and Fellow of Trisnty College, Cambridge. 

This book is in use at Eton, Harrow, Wincheste|r, Rugby, Clifton, Shrewsbury, 
Charterhouse, Edinburgh, &c. 

A Key for the use of Tutors only. Crown 8z/<7. 5^. 

General Contents. Hints on Writing Greek. The Articles. Pronouns. Attrac- 
tion. Adjectives. Cases. Infinitive. Participle. Tense Idioms. Adverbs. Dramatic 
Particles. About 120 Exercises, with special and general vocabularies. 

Third Edition, Revised. Crown $vo. $s. 

An Introduction to Greeli Prose Composition, with 

Exercises. Zfy Arthur Sidgwick, M.A. 

A Key for the use of Tutors only. 5^. 

Sixth Edition, izmo. 5J. 

Ttie First Greeli Book. On the plan of Henrys First Latin 

Book. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only, iznio. is. 6d. 
New Edition, Revised. Crown 8zv. 

Arnold's First Greek Book. By francis david morick, 

M.A., Assistant-Master at Rugby School, and Fellow of Queen's 
College, Oxford. [In pn^ration. 

Third Edition. Imperial i6mo. Ss. 6d. 

Maduig's Syntax of the Greek Language, espe- 
cially of the Attic Dialect. For the use of Schools. 
Edited by Thomas Kerchever Arnold, M.A. 

Recommended by the Cambridge Board of Classical Studies for the 
Classical Tripos. 

Ninth Edition. 8z^. 5^. 6d. 

A Practical Introduction to Greek Accidence. 

By Thomas Kerchever Arnold, M.A. 

Thirteenth Edition. Svo. $s. 6d. 

A Practical Introduction to Greek Prose Com- 
position. By Thomas Kerchever Arnold, M.A. 

A Key for the use of Tutors only. i2mo. is. 6d. 
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New Edition^ Revised, Crown Ssv. 31. 6d. 

Arnold's Practical Introduction to Greek Prose 

Composition, By Evelyn Abbott, M.A., LUD., FdUno and 
Tutor of Balliol CoUege^ Oxford, 

A Key for the use of Tutors only. Crown %vo. 3^. (hL 

" I have endeavoured to keep ever>'thing that seemed of value, and often I have 
adhered to the words of the explanations because I lA-ished to preserve, as far so posuble, 
the continuity of the book. But I have added illustrations, altered the order of the 
sections, and mdeed rearrang;ed the matter of the sections themselves, wherever I thought 
that, by doing so, I could gain in clearness or simplicity : I have also rewritten, almost 
entirely, the sentences in the exercises. The lists of accents, irregular verbs, &c., which 
Mr. Arnold prefixed to his book, I have omitted, because all that is required on these 
matters can be obtained from the Greek Accidence ; and I have also omitted the refer- 
ences to grammars now no longer in general use among scholars, the list of particles, and 
the questions on sj-ntax at the end of the exercises. The table of idioms is retained, with 
alterations, and references to it are given in the exercises — though I would strongly re- 
commend the student to learn this table by heart, and so render reference unnecessary. 
The vocabulary is, I believe, nearly complete, and the index of matters will serve as an 
independent table of references, whenever those given in the text are insufficient" 

Extract from the Pr^ace. 
Crown %vo, 4^. ddf. 

Elements of Greek Accidence. By evelyn abbott, 

M.A., LL.D., Fellow and Tutor of BaUiol College^ Oxford, 

Crown Svo, 4f, 6d, 

An Elementary Greek Grammar. By j. hambun 

Smith, M. A., of Gonidlle and Caius College^ and late Lecturer in 
Classics at St, Peter* s College^ Cambridge, 

Cloth limp J, Svo, is. 

A Table of Irregular Greek Verbs, classified 

according to the arrangement of Curtius's Ureek 

Grammar. By Francis Storr, M.A., Chief- Master of Motiern 
Subjects at Mei'chant Taylors^ School^ and late Assistant- Master at 
Marlborough College. 

Cloth limp, ^vo, 6d. 

Elementary Card on Greek Prepositions. By Rev. 

E. Priestland, M.A., Spoiuion House School, Derbyshire, 

Crown ^vo, 9^. 

A Short Greek Syntax. Extracted from "xenophon's 

Anabasis, with Notes." By R. W. Taylor, M.A., Head- Master 
of Kelly College, Tavistock, 
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Second Edition Revised, Small 2fvo, is, 6d. 

Zeugma; or, Greek Steps from Primer to Author. 

Sy the Rev. Lancelot Sanderson, M.A., Prinapal of Elstree 
School, late Scholar of Clare College, Cambridge; and the Rev. F. B. 
Firman, M.A., Assistant-Master at Sanroyd School, Cobham, late 
Scholar of Jesus College, Cambridge, 

Second Edition, Crown ^o. Js, 6d, 

Classical Examination Papers. Edited, wuh Notes and 

References, by P. J. F. Gantillon, M.A., Classical Master at 
Cheltenham College. 

Or interleaved with writing-paper, half-bound, los, 6d, 

Second Edition^ containing Fresh Pieces and additional References. 

Crown ^0, ^s. 

Materials and Models for Greek Pros& Com- 
position. Selected and arranged by J. Y. Sargent, M. A., Fellow 
and Tutor of Hertford College, Oxford; andT. F. Dallin, M.A., 
Tutor, late Fellow, of Queerls College, Oxford. 

Crown 2i7/o, 'js, 6d. 

Greeft Version of Seiected Pieces from Materials and 

Models. By J. Y. Sargent, M.A. 

May be had by Tutors only, on direct application to the Publishers. 

Crown 9vo, 2s. 

lophon : An Introduction to the Art of Writing 

Qreeli lambio Verses. By the writer of *'Nuces*' and 

" Lucretilis." 

Fifth Edition. Crown Svo. is, 6d. 

Stories from Herodotus. The Tales of Rhampsimtus and Poly- 
crates, and the Battle of Marathon and the Alcmaeonidae. Jn Attic 
Greek, Edited by J. Surtees Phillpotts, M. A., Head- Master of 
Bedford Grammar School. 

New Edition. Small %vo. 3^. 6t/. 

Selections from Lucian. with English Notes. Z?j/Evblyn 
Abbott, M.A., LL.D., Fellow and Tutor of Balliol College^ Oxford. 
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Small ^0, IS. 6d, each. 

Scenes from Greek Plays, rugby edition. 

Abridged and adapted for the use of Schools ^ by Arthur Sidgwick, 
M.A., Tutor of Corpus ChrisH College^ Oxford^ late Assistant' 
Master at Rugby School, and Fellow of Trinity College, Cambridge, 

Aristophanes, 

THE CLOUDS. THE FROGS. THE KNIGHTS. PLUTUS. 

Euripides. 

IPHIGENIA IN TAURIS. THE CYCLOPS. ION 
ELECTRA. ALCESTIS. BACCH.E. HECUBA 



Third Edition. Crown Svo. y. 6d. 

Stories in Attic Greeli. Forming a Greek Reading Book for 
the use of Junior Forms in Schools. With Notes and Vocabulary, 
By Rev. Francis David Morice, M.A., Assistant- McLster at 
Rugby Schooly and Fellow of Queen^s College, Oxford. 

Contents.— Hints to Beginners— How to look out words in a Vocabulary — Steins — 
Augments— Temporal Augments — Compoimd Verbs — Changes of Prepositions in Com- 
pound Verbs— Special Irregularities— List of Changes of Prepositions in Composition — 
Hints on Construing — Structure of Sentences — Conjunctions, &c. — Stops — Pronouns — 
Articles : (i) Marking subject. (2) Words placed between Article and Noun. (3) Repeti- 
tion of Article. (4) Article with a Participle. (5) Article equivalent to a Possessive Pro- 
noun. (6) Article with Infinitive — 250 Stories — Notes — Index to Stories — Vocabulary of 
Proper Names — General Vocabulary. 

Second Edition. Crowti Svo. 

The Anabasis of XenOphon. Edited, with Preface, intro- 
duction, Historical Sketch, Itifterary, Syntax Rules, Notes, Indices, 
Vocabularies, and Maps, by R. W. Taylor, M.A., Head-Master of 
Kelly College, Tavistock, and late Fellow of St. John's College, Cam- 
bridge. 

Books I. and II. y. 6d. Books III. and IV. 3^. 6d. 
Also separately,* Book L, 2s. 6d. ; Book II., ^2j. 

Croiun Svo. 2s. 6d. 

XenOphon 'S AgeSilaUS. Edited, with syntax RuUs, and Refer- 
ences, Notes and Indices, by R. W. TAYLOR, M.A. 

Small Szfo. 2s, 

XenopHon's Memorabilia, book l, with a few omissions. 

Edited, with an Introduction and Notes, by the Rev. C. E. Moberly, 
1 Vi.K., formerly Scholar of Balliol College, Oxford. 

4 \ 
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Small %vo, 2s. 

Alexander the Great in the Punjaub. Adapted from 

Arrian, Book V. An Easy Greek Reading Book. Edited^ with 
Notes and a Map^ by the Rev. C. E. Moberly, M.A., formerly 

Scholar of Balliol College, Oxford. 

Small Svo. 

Homer's Iliad, EdUed, wUh Notes at the endjor the Use of Junior 
Students, by Arthur Sidgwick, M.A, Tutor of Corpus Christi 
College, Oxford; late Assistant- Mtster at Rugby School, and Fellow 
of Trinity College, Cambridge, 

Books L and II. 2s, 6d. 

Contents. — Preface— Introduction— The Language of Homer — The Dialect — Forms 
— Syntax — General Text, Books I. and II. — Notes — Indices. 

Book XXI. is, 6d, Book XXII. is. 6d. 

Sffiall Svo, 2s. 

Homer without a Lexicon, for Beginners, iliad, 

Book VI. Edited, with Notes giving the tneanings of all the less 
common words, by]. Surtees Phillpotts, M.A., Head-Master of 
Bedford Grammar School. 

Fifth Edition. l2mo. y. 6d. 

Homer for Beginners, iliad, books i.-m. with English 

Notes. By Thomas Kerchever Arnold, M.A. 

Fifth Edition. i2mo. I2s. 

The Iliad of Homer. with English Notes and Grammatical 
References. By Thomas Kerchever Arnold, M.A. 

Crown Svo. 6s. 

The Iliad of Homer, books I.-XII. From the Text of Din. 
dorf. With Preface and Notes. By S. H. Reynolds, M.A., /j/^ 
Fellow and Tutor of Brasenosc College, Oxford, 

New Edition. i2mo. gs. 

A Complete Greek and English Lexicon for 

the Poems of Homer and the Homeridce. ByG. 

Ch. Crusius. Translated from the German. Edited ^ T. K- 
Arnold, M.A 
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^0. I dr. 

He/lenica. A Collection of Essays on Greek Poetry, 
Philosophy, History, and Religion. Edited by Evelyn 

Abbott, M. A., LL.D., Fellcw and Tutor of BdUiol CoUege, Oxford, 

CoNTBMTS. — ^Aeschylus. E. Myers, m.a.— The Theology and Ethics of Sophocles. 
£. Abbott, M.A., LL.D.— System of Education in Plato's Republics. R. L. Nettleship, 
M.A. — ^Aristotle's Conception of the State. A. C. Bradley, m.a. — Epicurus, W. L. 
Courtney, M.A. — The Speeches of Thucydides. R. C. Jebb, m.a.,ll.i>.— Xenophon. H.G. 
I>algrns,M.A. — Polybius. J. L.S. Davidson, m.a.— Greek Oracles. F. W. H. Myers, M.A. 

8z/0. I&r. 

The Antiquities of Greece, the state. Translated from 

the German of G. F. Schoemann. By E. G. Hardy, M.A., 
Head-Master of the Grammar School^ Grantham, and late Fellow e^ 
Jesus College, Oxford; and J. S. Mann, M.A., Fellow of Trinity 
College, Oxford, 

Crown Svo. 

HerOdoti HistOria. EdUed by H. G. woods, m.a., Fellmo and 
Tutor of Trinity College, Oxford, 

Book I. dr. Book II. 5s. 

Crown &1/0, 4J. 6d, 

Isocratis Orutiones. ad demonicum et panegyricus. 

Edited by John Edwin Sandys, M.A., Fellow and Tutor ofSL 
JokfCs College, Cambridge, and Public Orator of the University^ 

i2mo, 

Demosthenes. EdUed, with English Notes and Grammatical 
References, by Thomas Kerchever Arnold, M.A. 

OLYNTHIAC ORATIONS. Third Editum, Jf. 
ORATION ON THE CROWN. Second Edition. 4J. td. 

Crown ^0. 5j. 

Demosthenis Orationes PriuatcB. de corona. 

Edited iy Arthur Holmes, M. A., late Senior Fellow and Dean 
of Clare College, Cambridge, 

Crown Siz/o. 

Demosthenis Orationes Publicce. Edited by o. h. 

Heslop, M.A., late Fellow and Assistant- Tutor of Queen^s Collegt, 
Oxford; Head' Master of St, Bees, 

OLYNTHIACS, 2s, 6d. ) ^^ . p.„^ v«l«mi. a. f^ 
PHILIPPICS, ks, S ' volume^ 4x. 6d. 

DE FALSA LEGATIONE, 6*. 
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Second Edition^ Revised and Enlarged, Crmim Svo. los. 6d. 

Ail Introduction to Aristotle's Ethics, books l-iv. 

(Book X., c. yi.-ix. in an Appendix). With a Continuous Analysis 
and Notes. Intended for the use of Beginners and Junior Students. 
By tAeRew. Edward Moore, B.D., Principal o/St. Edmund Hail, 
and late Fellow and Tutor of Queen* s College, Oxford, 

Small ^vo. 4$". 6d. 

Aristotelis Ethica Nicomachea. Edidit, emendavit, 

crebrisque locis parallelis e libro ipso, aliisque ejusdem Auctoris 
scriptis, illustravit Jacobus E. T. Rogers, M. A. 

Interleaved with writing-paper, half-bound. 6s. 

Second Edition, Crown Svo. y. 6d, 

Selections from Aristotle's Organon. Edited fyjonv 

R. Magrath, D.D., Provost of Queen* s College, Oxford, 

izmo, 

Sophocles. Edited by T. K. Arnold, M.A., Archdeacon Paul, 
and Henry Brown, M.A. 
AJAX. y, PHILOCTETES. y. 

OEDIPUS TYRANNUS. 4J. 

Crown Svo. 

Sophoclis TragosdicB. Edited dyK. c. jebb, m.a., ll.d., 

Professor of Greek at the University of Glasgow, late Fellow and 
Tutor of Trinity College, Cambridge, , 

ELECTRiV. y. 6d. AJAX. 3^. 6d, 

Crown ^o, 

Aristophanis ComoBdice. Edited by w. c. green, m. a., 

late Pellow of Kin^s College, Cambridge; Assistant - Master at 

Rug^y School, 
THE ACHARNIANS and THE KNIGHTS. 4/. 
THE CLOUDS, y, ed. THE WASPS, y, 6d. 

Crown Svo, 6s, 

ThUCUdidiS Historia. books L and II. EdUed by Charles 
Bigg, D.D., late Senior Student and Tittor of Ckrisi Chmek, 

Oxford; formerly Principal of Bris^hion College, 

Crown %vo, 6s, 

Thucudidis Historia. books hi. and iv. jsd^ed ^ g. a 

SiMCOX, M. A., Fellow of Quern's College, Oxford. 
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F^ ESHon. ^o. 21/. 

A Copious Phraaeologieal English-Greek Lexicon. 

Fotmdtd on a Vfork pr^red by J, W. Fradeksdorff, ni.D., iatr 
Pnifascr of Modem Langua^a, Quem^s ColUgc, BiifasL Rtvised^ 
Enkujed^ and Improved by Thomas Kerchever Arnold^ M. A., 

TMrd Edition. Crown &vo. 2s. 6d, 

Short Notes on the Greek Text of the Gospel of 

St Mark, By J. Hamblin Smith, M.A.» of GomnUe and 
Ctdus ColUgt, CanAridge. 

Crown 8zv. 4/. (td, 

Notes on the Greek Text of the Acts of the 

Apostles. By J. Hamblin Smith, K. A., o/GonvSU ttmd Cmms 
CoH^Oy Cambridge. 

Crown Sfz/o, 6s. 

Notes on the Gospel According to S. Luke. 

By the Rev. Arthur Carr, M.A., Assistant-Master at WeUm^tm 
College^ UUe Fdlow of Oriel College, Oxford 

New Edition. 4 vols. S/vo. 102s. 

The Greek Testament with a CnacaUy Revised Text ; a 
Digest of Various Readings ; Marginal References to Veibal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical 
Commentary. For the use of Theological Students and Ministers. 
By Henry Alford, D.D., late Dean of Canterbury. 

The Volumes are sold separately, as follows : — 

Vol. L— THE FOUR GOSPELS. 28j. 
VoL IL— ACTS TO 2 CORINTHIANS. 2^. 
Vol. III.— GALATIANS to PHILEMON. i8x. 
VoL IV.— HEBREWS to REVELATION. 321. 

New Edition. 2 vols. Imperial Svo. 60s, 

The Greek Testament with Notes, introductions, and 
Index. By Chr. Wordsworth, D.D., Bishop of Lincoln. 

The Parts may be had separately, as follows : — 

THE GOSPELS, idr. 

THE ACTS. 8^. 

St. PAUL'S EPISTLES, zy. 

GENERAL EPISTLES, REVELATION, and INDEX. l6x. 
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CATENA CLASSICORUM 

Crown $zw. 

Aristoph^nis Comoediae. b^ w. c Green, m.a. 

THE ACHARNIANS AND THE KNIGHTS. 4s. 
THE WASPS, y. 6d. THE CLOUDS, y. 6d. 

Demosthenis Orationes Publicae. By G. H. Heslop, m.a 

THE OLYNTHIACS. 2s. 6d. \ ^^ . p.„^ v«inr«. .. c.^ 
THE PHILIPPICS, y. 1 °^» "^ ^^^ ^o\yxm% 4^. 6^. 

DE FALSA LEGATIONE. dr. 

Demostlienis Orationes Privatae. de corona. By 

Arthur Holmes, M. A. / 5^. 

HerodOti Historia. By H. G. Woods, M.A. 

Book I., dr. Book IL, 5x. 

Homeri Ilias. By S. H. Reynolds, M.A. 

Books L-XIL 6^. 

Horati Opera, By J. M. Marshall, M.A. 

THE ODES, CARMEN SECULARE, and EPODES. 7j. fid. 
THE ODES. Books I. to IV. separately, u. 6</. each. 

Isocratis Orationes. addemonicumetpanegyricu& 

i?y John Edwin Sandys, M.A. 4J. dt/. 

Juvenalis Satirae. By G. A. Simcox, m.a. sj. 
Persii Satirae. By A. Pretor, m.a. y. 6^ 
Sophoclis Tragoediae. z?v r. c. Jebb, m.a. 



t3. Zrt^ 
3^. (m. 



THE ELECTRA. 3^. d/. THE AJAX. 3J. 6d. 

Taciti Historiae. By W. H. Simcox, M.A. 

Books I. and II., dr. Books III. IV. and V., dr. 

Terenti Comcediae. andria and eunuchus. With 

Introduction on Prosody. /(^^ T. L. Papillon, M.A. 41. 6^ 

Or separatdy. 
ANDRIA. With Introduction on Prosody. 3^. ddT. 
EUNUCHUS. zs, 

Thucydidis Historia. Books I. and IL By Chablxs Bigo, 
D.D. df. 
Books III. and IV. By G. A. SiMCOX, M.A. dr. 
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Small Svo. y, 6d. each. Or each Book in Five Parts, is. each Part, 

Manuals of Religious Instruction. Edu^ t, 

John Pilkington Norris, D.D., Archdeacon of Bristol, Canon 
Residentiary of Bristol Cathedraly and Examining Chaplain to the 
Bishop of Manchester. 

The Old Testament. | The New Testament. 

The Prayer Book. 

Cheap Edition, Smcdl Sz/o, is. 6d. each. 

Keys to Christian Knowledge. ^j'M.Rev.j.n. 

Blunt, M. A., Edita,- of the ^*- Annotated Book of Common Prayer.''^ 



The Holy Bible. 
The Book of Common 
Prayer. 



The Church Catechism. 
Church History, Ancient 
ChurchHistory,Modern. 



^^ John Pilkington Norris, D.D., Archdeacon of Bristol. 

The Four Grospels. | The Acts of the Apostles. 



\%mo. is. 6d. 

Easy Lessons Addressed to Candidates for Con- 

fir/nation. By Johi< pilkington norris, d.d. 
JVew Edition. Small 8zv. is. 6d. 

A Manual of Confirmation, with a pastoral Letter instruct- 
ing Catechumens how to prepare themselves for their First Com- 
munion. By Edward Meyrick Goulburn, D.D., Dean of 
Norwich. 

l6mOf is. 6d. ; Paper Covers^ is. ; or in Three Parts, 6d. each. 

The Young Churchman's Companion to the Prayer 

Booh. By the Rev. J. W. Gedge, M.A., Diocesan Inspector of 
Schools for the Archdeaconry of Surrey. 

Part I.— MORNING and EVENING PRAYER, and LITANY. 
Part II.— BAPTISMAL and CONFIRMATION SERVICES. 
Part III.— THE HOLY COMMUNION. 

Crown Zvo. ^s. 6d. 

Some Helps for School Life, sermons preached at Clifton 
College, 1 862-1879. ^y ]' Percival, M.A., LL.D., President 
of 7 Hnily College^ Oxford, and laiv Head- Master of Clifton College, 
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New Edition, Small &ifo, y, 6d, 

Household Theology, a Handbook of Religious Information 
respecting the Holy Bible, the Prayer Book, the Church, the 
Ministry, Divine Worship, the Creeds, &c &c. By the Rev. John 
Henry Blunt, M.A., F.S.A., Editor of '^ Th^ Annotated Book of 
Common Prayer ^** dr'c, «2r»f. 

Second Edition, /Revised, Crown Svo, 7 j. 6d. 

Rudiments of Theology- a First Book for students. By 
John Pilkington Norris, D.D., Archdeacon of Bristol, Canon 
Residentiary of Bristol Cathedral, and Examining Chaplain to the 
Bishop of Manchester, 

Svo. 

The New Testament according to the Authorized 

Version, with introductions aftd Notes by John Pilkington 
Norris, D.D., Archdeacon of Bristol, Canon Residentiary of Bristol 
Cathedral, and Examining Chapknn to the Bishop of Manchester. 

Vol. I. The Four Gospels, xos. 6d. 

Vol. II. The Acts, Epistles, and Revelation, jos. 6d. 

Second Edition. iSmo, is. 6d. 

The Way of Life, a Book of Prayers and Instruction for the 
Young at School. With a Preparation for Holy Conamimion. 
Compiled by a Priest. Edited by the Rev. T. T. Carter, M.A. 

Crown i6mo. Cloth limp. is. 6d. 

A Manual of Devotion, chiefly for the Use of 

Schoolboys, By William Baker, D.D., Head- Master of Mer- 
chant Taylors' School. With Preface by], R. Woodford, D.D., 
Lord Bishop of Ely. 

Small Svo. is. 

Church Principles on the Basis of the Church 

CCLtBChlStn. For the use of Teachers and the more Advanced 
Classes in Sunday and other Schools. ^ John Macbeth, LL.D., 
Rector of Killegney, one of the Examiners under the Board oj 
Religious Education of the General Synod of the Church of Ireland. 

Crown Svo. is. Cloth limp, is. 6d. 

Study of the Church Catechism, Adapted for use as « 

Class Book. By C. J. Sherwill Dawe, M.A., Lecturer and 
Assistant- Chaplain at St. Mark's College, Chelsea. 
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GERMAN 

New Edition, Revised, ^o, 3^. 6d, 

A German Accidence for the Use of Schools. By 

J. W. J. Vecqueray, Assistant-Master at RugSy School, 

Crown Svo, 2s, 

First German Exercises. Adapted to Vecqueray*s "German 
Accidence for the Use of Schools.'' By £. F. Grenfell, M.A., 
late Assistant'Master at Rugby School, ^ 

Crown ^o, 2s, 6d, 

German Exercises. Part II. with Hints for the xransiatimi 

of English Prepositions into German. Adapted to Vecqueray's 
"German Accidence for the Use of Schools/' By £. F. Grenfell, 
M. A., late Assistant-Master dt Rugby School, 

Crown Svo, 4J. 6d. 

Selections from Hauff's Stories, a Fi^t German 

Reading Book. Edited by W. E. Mullins, M. A., Assistant-Master 
at Marlborough College, and F. Storr, M, A., Chief-Master of Modem 
Subjects in Merchant Taylori School, 

Also, separately, crown St^o, 2s, 

Kalif Stork and The Phantom Crew. 

Eighth Edition, i2mo, $s. 6d, 

The First German Booh. By t. k. Arnold, m.a., and 

J. W. Fradersdorff, Ph.D. Key, i2fno, 2s, 6d, 

Crown Svo. 2s, 6d, 

dressing's Fables. Arranged in order of difficulty. A First 
Gennan Reading Book. By F. Storr, M.A., Chief- Master of 
Modem Subjects in Merchant Taylors^ School^ and late Assistant- 
Master in Marlborough College, 

Crown Svo. Js. 6d. 

COethe 'S Faust. Part I. Text, with English Notes, Essays, and 
Verse Translations. By E. J. Turner, M.A., and E. D. A. 
MORSHEAD, M.A., Assistant-Masters at Winchester College. 
Crown Svo. 

WATERLOO PLACE, LONDON. 



34 MESSRS. RIVINGTON'S {pntXHOH. 




FRENCH 

New Editum, Small Siw. 2s, 

A Graduated French Reader, with an introduction on 

the Pronunciation of Consonants and the Connection of Final 
Letters, a Vocabulary, and Notes, and a Table of Irregular Verbs 
with the Latin Infinitives. By Paul Barbier, tme of the Modem 
Language Masters at the Manchester Grammar School^ and 
Examiner to the Intermediate Education Board of Ireland^ etc. 

Crown &V0. 

The Campaigns of Napoleon, The Text {in French) jhm 

M. TniEZs^ "Ifistoire de la Rhwlution Franfaise^'* and ^^ Histoire 
du Consulat et de I* Empire,** Edited^ with English Notes and 
Maps, Jor the use of Schools, by Edward E. Bo wen, M.A., 
Master of the Modern Side, Harrow School, 

ARCOLA. 4J. dd. MARENGO. 4r. 6*/. 

JENA. y. ed. WATERLOO. 6j. 

New Editions, Crown ^o, y. 6d. each. 

Selections from Modern French Authors. Edud, 

•with English Notes and Introductory Notice, by Henri Van Laun, 
Translator of Taine's History OF English Literature, 

HONORS DE BALZAC. H. A. TAINE. 

Small ^0, 2s, 

La Fontaine's Fables, books l and il Edited, tM 

English Notes at the end, by Rev. P. Bo wden - Smith, M.A, 
Assistant'Master at Rugby School, ' 

Sixth Edition, i2mo, $s, 6d, 

The First French Booh. By t. k. Arnold, m.a. 

Key, i2mo, 2s, 6d, 
Small Svo, 2s, 6d, 

The Bengeo French Grammar a rusage des ecoIcs 

Pr^paratoires. Par Emile de Tuetey, B.S. 
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MISCELLANEOUS 

WUh Maps, Small Sz/o, 

A Geography, Physical, Political, and Descriptive, 

for Beginners. By L. B. Lang. Edited by the Rev. M. 
Creighton, M.A., late Fellow and Tutor of Merton College^ 

Oxford, 

Vol. I. THE BRITISH EMPIRE. 2s, 6d, 
Part I. The British Isles, is. 6d. Part II. The British Possessions, is. 6d. 

Vol. II. THE CONTINENT OF EUROPE. [/» the Press, 

Vol. III. ASIA, AFRICA, AND AMERICA. [In preparation. 

Small ^0, 2s, 6d, each part. 

Modern Geography for the Use of Schools. 

By the Rev. C. E. Moberly, HI, K,^ formerly Scholar of BaUiol 
College^ Oxford, 

Part L NORTHERN EUROPE. 

Part II. THE MEDITERRANEAN & ITS PENINSULAS. 

Crown Svo, y, 6d, 

At Home and Abroad ; or. First Lessons in 

Geography. Byj, k. laughton, m.a., f.r.a.s., f.r.g.s., 

Mathematical Instructor and Lecturer at the Royal Naval College. 
Second Edition, Crown Svo, 2s, 6d, 

The Chorister's Guide. By w. a. barrett, mus. Bac. 

Oxon., Vicar-Choral of St, PauVs Cathedral^ Author of ^^ Flowers 
and Festivals y^^ <Sr-v. 

Crown Svo, 2s. 6d. 

An Introduction to Form and Instrumentation, 

for the use of Beginners in Composition. By w. A. 

Barrett, Mus. Bac. Oxon., Vicar-Choral of St. Paul's Cathedral, 
Sixth Edition, i2mo. ys, 6d, 

The First Hebrew Booh. By t. k. Arnold, m.a. 

Key, i2mo, y, 6d, 
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BY 7. HAM BUN SMITH. 

Elementary Algebra. Small Svo, y. without Answers, 2s, 6d. 

Key to Elementary Algebra. Crvwn ^o, ^. 
Exercises on Algebra, smaii ^0, 25, 6d. 
Aritlimetic. Smaii ^0, y. 6d. 
Key to Arithmetic. cr<rum ^vo, ^. 
Elements of Geometry, sniaii ^0, y. 6d. 

Books L and II., limp cloth, price is. 6d,, may be had separately. 

Key to Elements of Geometry, crtmm Svo, Ss. ea. 

Trigonometry. Smaii Svo, 4s. 6d. 

Key to Trigonometry. Crazm ^0, 7s. 6d. 

Elementary Statics, smaii Uo, 3J. 

Elementary Hydrostatics, smaii dvo, ^, 

Key to Elementary Statics and Hydrostatics. cr(rwH 

^0, 6s. 

Book of Enunciations for Hamblin Smith's Geometry, Al' 
gebra. Trigonometry, Statics, and Hydrostatics. Small 8z^, is. 

An Introduction to the Study of Heat. smaU &v, 31. 

Latin Grammar. Crawn 8w, y. 6d. 

Exercises on the Elementary Principles of Latin 

Prose Composition. Crown ^0, 3r. 6d. 

Key to Exercises on Latin Prose Composition. 

Crown %vo. 5j. 

An Elementary Greek Grammar. Cr<rum U'o, s^. ea. 

The Rudiments of English Grammar and Compo- 
sition. Crown SvOf 2s. 6d. 

Notes on the Greek Text of the Acts of the Apostles. 

Crown %vo, \s, 6d. 

Notes on the Greek Text of the Gospel of St. Mark. 

Crown 9ivo, 2s, 6d. 



WATERLOO PLACE, LONDON. 



EDUCATIONAL UST. 37 



BY AR THUR SIDG WICK. 
An Introduction to Greek Prose Composition. 

Crcwn Svo, $s. A Key. $s. 

A First Greek Writer. CroTtm Svo. y. 6d, A Key. ss. 

Cicero de Amicitia. smaii Svo, 2s. 

Homer's Iliad. Smd/i Svo. books I. and II. 2*. 6d. BOOK 
XXI. IS. 6d. BOOK XXII. IS. 6d. 

Scenes ftrom Greek Plays. Small Svo, each u. ed. 

ARISTOPHANES : The Clouds, The Frogs, The Knights, Plutus. 
EURIPIDES I Iphigenia in Tauris, The Cyclops, Ion, Electra, 
Alcestis, Bacchae, Hecuba. 

BV GEORGE L. BENNETT. 

First Latin Writer. Cr(mm Svo. y. 6d. A Key. ss. 

First Latin Exercises, cnrum Svo. 2s. 6d. 

First Latin Accidence, crawn Svo. is. 6d. 

Second Latin Writer. Crozvn Svo. y. 6d. A Key. sj. 

Easy Latin Stories for Beginners, with Vocabularies and 

Notes. Crown Svo. 2s, 6^. A Key. $s. 

A Second Latin Reading Book. CroTvn Svo. 
Selections ftrom Caesar. The Gallic War. Smaii Svo. 2s. 
Selections from Vergil, smaii Svo. u. 6d. 

BY R. W. TAYLOR. 

XenOphon'S Anabasis. Crmvn Svo. Books I. and II., 3J. 6d.\ 
III. and IV,, 3^. 6d. Also separately. Book I., 2s. 6d. II., 2s. 

Xenophon's Agesilaus. crovm Svo. 2s. 6d. 

A Short Greek Syntax. Cr(rwn Svo. gd. 

Stories ftrom Ovid in Elegiac Verse. Crozvn Svo, y. 6d. 

Stories from Ovid in Hexameter Verse, metamor- 
phoses. Crcnvn Svo. 2s. 6d. 

Scott's Lady of the Lake. Forming a Volume of the «* English 
School Classics." Small Svo, 2s. ; or in Thru Parts, each gd, 
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BY FRANCIS STORR. 

Small $vo. 
COWper's Task. 2s,; or in Three Parts, each gd. 

Cowper's Simple Poems, u. 

Twenty of Bacon's Essays, u, 

Milton's Paradise Lost. Book i., gd, ; Book 11., gd. 

Macaulay'S Essays : Moore's Life of Byron, gd.; BosweU's Life 
of Johnson, gd, 

Gray's Odes, and Elegy Written in a Country 
Church-yard. is. 

Forming Volumes of the ^*' English School- Classics,** 



Crown Svo, 

The ^neid of Vergil. Books L and IL, 2s, 6d. 
Books XL and XII., 2s. 6d, 

LeSSing'S Fables. Arranged in order of diflSculty. A First German 
Reading Book. Croivn ovo, 2s. 6d, 

Selections from HaufTs Stories. Edited by w. E. Muluns, 

M.A., and F. Storr, M.A. CroTvn $z/o, 4s. 6d, 

Also, separately, 

Kalif Stork and the Phantom Crew. Cmvn 8w, 2s, 



BY C. G. GEPP. 
Progressive Exercises in Latin Elegiac Verse. 

Crown Svo, y, 6d, A Key, 5^. 

Arnold's Henry's First Latin Book. i2mo, 3^. a Key, y. 

Vil^il, GeOrgiCS. Book rV. Small ^o. is. 6d. 

A Latin-English Dictionary. i6mo. 

WATERLOO PLACE^ LONDON. 
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Catena CIssslMrtiai 



Clarke <A. D.), Examinatioo Papeis 
Comelius Nepos. By T. K. Anold 
Cornisli (F. W,), OliMT CtomweU . 
Courtney {W. L.), Pliilosopliical Sabjoc 
Crake(A.D.),HutofyoftlieChurdi 
Cieighton (L.), Fiisl HiM. of Eng. 
— Histarical KoEiaphiei 
Crusius (G. C). Homeric Leriton . 
Cuneis{A. M,>.The Roman Empire 



ys(Bis 



Dawe (C. J. S). Latin Ei 
— Study of Church Cat 
Demosthenes . 






Gepp(C.p.),Ai 

— Latin Eleeiac Verse . 

— LaiiD-English Dictionary . 

— Vii^l 

— Works by ... . 
Girdlestone (W. H.), Anlbmetic 

Goolden(W. T.), Intro, toChemii 
Goulburn (Dean), Confirmation 
Greek Antiquities. Sludy of . 
Green (A. H,), Geology for Stud. 

— (W. C), ArislopliaMS 
Grenfell(6. F.) (Srman E.erc 
Gross{E.J.),Alaeta.. Partu. 

Hahdy (E. G.), Anliq,. of Greet 

H™iley (h"r'.), Gradaiim . 

— Latin Translation Book . 
Hellenica, Essap . 
Herodotus, Stories from, Phillpol 

— By H. G. Woods 

Heru (H- A.], Short Readings 
Heslop (C. H.), Demosthenes 
Historical Biographies . 

Holmes (A.), Demosthenes '. 

— Rules rf Latin Pronuncialioi) 
Homer's Iliad .... 
Horgct By J. M. Marshall . 



aerates. ByJ.E. Sandys . 
tBB (R. C), Sophocles . 
mninasCA-CAEcclesiaAng 
IvenaL By G. A. Simcoi ■ 



er (F. A.), A Year's Botany 



INDEX. 



Kii«doa (H. N.), Gnuladm . 

— Latin Translation Book . 

Latin Tbxt Books 
La Fontaine's FaUes. By P. Smith 
Lang (L. B),Gempaphy for fieginnars 
Lau£hton(J.), At Home and Abroad 
Laan (Van. H), French Sdections 
Lessing's FaUes. By F. Storr 
Livy, SdecticHis from 

— Book II. By H. Belcher . 
Ludan, Sdections from . . 

Macbbth (J-)i Church Principles 
Madvig^ &eek Syntax . 
MagraUirr. RA Aristotle's Organon 
Maguire CT. M.), Test Questions . 
Mann (J. S^» iUitiqaities of Greece 
Mansfield <£. D.), Latin Sentence 
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